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FOR CERTAIN CLASSES OF MAPPINGS
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ABSTRACT. We prove fixed point theorems for nonspreading-
type mappings and obtain convergence theorems for approxi-
mation of common fixed points of k-strictly pseudocontractive
mappings of Browder-Petryshyn type and §-strictly pseudonon-
spreading mappings.
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1. INTRODUCTION

Let H be a real Hilbert space. A mapping T': D(T) C H — H
is said to be L-Lipschitzian if there exists L > 0 such that

|Tx =Tyl < Lllz —yll, Va,y e D(T). (1)

If L <1in (1), T is said to be strictly contractive , while T is said
to be nonexpansive if L = 1. T is said to be Quasi-nonexpansive If

F(T)={x € D(T): Tz =x} # 0 and
| Te —pll < llz—pll, Vpe F(T),ze D(T). (2)

T is said to be firmly nonexpansive if
|Tw = Ty|? < (z -y, Te — Ty), Va,yeDT).  (3)

Every nonexpansive mapping with nonempty fixed point set F(T)
is quasi-nonexpansive, and firmly nonexpansive mappings are im-
portant examples of nonexpansive mappings.

A mapping T': D(T) C H — H is called a k-strictly pseudocon-
tractive mapping of Browder-Petryshyn type (see [2]) if there exists
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k € ]0,1) such that

1Tz = Tyll* < |z — yl* + kll(z = Tzx) = (y = Ty)|*, Yo,y € D(a))-
The class of nonexpansive mappings is properly contained in the
class of k-strictly pseudocontractive mappings.

Recently, Kohsaka and Takahashi [6],[7] introduced an important
class of mappings which they called the class of nonspreading map-
pings. Let E be a real smooth, strictly convex and reflexive Banach
space, and let j : E — 2F denote the duality mapping of E. Let C
be a nonempty closed convex subset of E. They called a mapping
T : C — C nonspreading if

o(Tz,Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, v),

for all 7,y € C where ¢(z,y) = ||2]|>—2(x, j(y))+]||y||?, for all 2,y €
E. They considered the class of nonspreading mappings to study
the resolvents of a maximal monotone operator in real smooth,
strictly convex and reflexive Banach spaces. This class of mappings
is deduced from the class of firmly nonexpansive mappings (see
[4],[6]). Observe that if F is a real Hilbert space, then j is the
identity and

$a,y) = llz]* = 2z, y) + |lylI*
Thus if C' is a nonempty closed convex subset of a real Hilbert
space, then T : C' — C' is nonspreading if

2|7z — Tyll* < ITz —yl* + [Ty — 2| Yo,y C. (5
It is shown in [5] that (5) is equivalent to
[T —Ty|” < |lz —y|* + 2(z = Tw,y — Ty), Ve,yecC. (6)

Observe that if T' is nonspreading and F(T') # (), then T is quasi-
nonexpansive. In [10], we introduced another important class of
mappings more general than the class of nonspreading mappings
which we called the class of k-strictly pseudononspreading mapping
of Browder-Petryshyn type. We called a mapping 7' : D(T) C H —
H a k-strictly pseudononspreading if there exists k € [0,1) such
that

T2 ~Ty||* < [lo—ylI*+kll(z—T2) = (y=Ty)|* +2{z — T,y = Ty),

(7)
for all x,y € D(T). We showed that the class of nonspreading
mappings is properly contained in the class of S-strictly pseudonon-
spreading mappings and obtained a weak mean convergence theo-
rem of Baillon’s type [1] which is similar to the one obtained in
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[8]. Also using an idea of mean convergence, we proved a strong
convergence theorem similar to that obtained in [8].

In [5], Iemoto and Takahashi studied the approximation of com-
mon fixed points of a nonexpansive mapping 7" and a nonspreading
mapping S of C' into itself in a Hilbert space. They considered the
iterative procedure similar to the one used in Moudafi [9].

If TS :C — C are respectively nonexpansive and nonspreading
mappings, they considered the iterative scheme {x,}5°; generated
from an arbitrary x; € C by

Tpr1 = (1 — an)xy + au[BnSzn + (1 — 5)Txy), n>1

where {a,} and {f,} are suitable sequences in [0, 1].
They proved the following main theorem:

Theorem 1 [([5]) Theorem 4.1]: Let H be a real Hilbert space.
Let C be a nonempty closed and convex subset of H. Let S be
a nonspreading mapping of C' into itself and T a nonexpansive
mapping of C into itself such that F(T)(F(S) # (. Define a
sequence {x,}>2 in C as follows:

xr1 € C,
Tnt1 = (1 - an)xn + an[ﬁnsxn + (1 - Bn)TZL’n],

for all n € N, where {a,}°2,, {8.}°2, C [0,1]

Then the following hold:

(i) If iminf o, (1 — @) > 0, D07 (1 — B,) < oo, then {z,}7>,
n—oo

converges weakly to v € F(S);
(i) if > an(l — ay) = oo, and > 07, B, < oo, then {z,}°°,
converges weakly to v € F(T);
(iii) if li7£r_1>i£f (1l —a,) >0, liggiorgf Bn(l = B,) > 0, then {x,}>2,

converges weakly to v € F(T) [ F(S).

It is our purpose in this paper to first prove fixed point theorems
for [-strictly pseudononspreading mappings. We then extend the
above theorem of Iemoto and Takahashi [5] to the more general
case where T' is a k-strictly pseudocontractive mapping and S is
[-strictly pseudononspreading mapping.

2. PRELIMINARY

Throughout this paper, we denote by N the set of positive integers,
and by R the set of real numbers . Let H be a real Hilbert space with
inner product (.,.) and norm ||.||, then the following well known
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results hold:

(i) laz+ (1 =a)yll* = aflz|*+ (1 -a)y|* —a(l—a)z—y]* (8)
for all z,y € H, a € [0, 1].

(ii) 2(z —y,u—v) = [l —v[I*+ ly —vlI* = lz —w|* — [ly —ul*, (9)
for all z,y,u,v € H (see [5]).

(iil) If {z,}>2, is a sequence in H which converges weakly to z € H,
then

limsup [l — gl = limsup|[z, — 2[| + || — yl| ¥y € H.  (10)

n—oo n—o0

Let C' be a closed convex subset of H and let T" be a mapping
of C into itself. We denote the set of fixed points of T' by F(T).
A point p € C is called asymptotic fized point of T if there exists
a sequence {x,} C C such that {x,}>%, converges weakly to p
and {z, — Tr,}>2, converges strongly to 0. We denote the set of

asymptotic fixed points of T by F(T).

Theorem 2([10]): Let H be a real Hilbert space, let C' be a
nonempty closed convex subset of H and let S be a k-strictly
pseudononspreading mapping of C' into itself. Then F'(.S) is closed
and convex.

Lemma 1 ([11,14]): Let {a,}2%,, {b,}22,; be sequences of non-
negative real numbers such that a,.1 < a, + 0, for all n € N. If
Yoo by < 00, then lim,_, a, exists.

Lemma 2 ([10]): Let C' be a nonempty closed convex subset of
a real Hilbert space H. Let T': C' — C' be a f-strictly pseudonon-
spreading mapping of C' into itself, then (I — T') is demiclosed at
7Z€ero.

Lemma 3 ([12]): Let C' be a nonempty closed convex subset of a
real Hilbert space H. let T : C' — C be a k-strictly pseudocontrac-
tive mapping of C' into itself, then (I — T') is demiclosed at zero.

An example of a nonspreading mapping which is not nonexpansive
is given in [4]. The following example shows that a nonexpansive
mapping need not be nonspreading so that the class of nonspreading
mappings and the class nonexpansive mappings are independent.
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Example 1: Let R denote the reals with the usual norm and define
T:R— R by

Ty =—x.
Then T is nonexpansive. Now for arbitrary x # 0, y = —x we have
Tz — Ty]* = 42% > —42? = |v — y|* + 2(x — Tz,y — Ty). Hence,
T is not nonspreading.

The following examples show that the class of k-strictly pseudo-
contractive mappings and the class of §-strictly pseudononspread-
ing mappings are independent.

Example 2: Let R denote the reals with the usual norm and define
T:R— R by

Tr = —3z.
Then for all x,y € R we have

1
Tz —Ty|* =9z —y|> =z —y[* + sle=Te—(y - Ty)|>.

Thus T is %—strictly pseudocontractive. However, if we take x = %,
Yy = —%, we obtain

Tz =Ty =9 = |z -y +|z—Tr—(y—Ty)
+2(x — Tx,y — Ty)
> o —yl* + Blz — Tz — (y — Ty)[*
+2(x — Tx,y — Ty)
for all 5 € [0,1). Thus T is not [S-strictly pseudononspreading.

Example 3: Let R denote the reals with the usual norm, for each
x € R define T : R — N by

B 0, =€ (—o0,2|
Tx—{ 1, € (2,00).

Then for all z,y € (—o0,2] and for all g € [0,1), we have

[z =y + Ble = To — (y = Ty)> + 2(x — T,y — Ty) = 2> + y* +
Blz —y|* >0 = [Tz —Ty|*.

Furtheremore, for all x,y € (2,00) and for all 5 € [0, 1), we have
[z =yl + Bz =Tz — (y = Ty)|* +2(z = Tz,y = Ty) = [z — y|* +
Blz P +2(z — 1)(y— 1) > 0 = [Tz — Ty’

Finally, if z € (=00, 2] and y € (2, 00), then |z—y|*+Blz—Tx—(y—
Ty)?+2(x—Tz,y—Ty) > (x—1)*+y*—-1>3>1=|Tz—Ty|%
Thus, for all z,y € R and for all 8 € [0,1), we have

Tz — Ty]* < |z —y[> + Blo — Te — (y — Ty)|* + 2(x — T,y -
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Ty). Hence T is [-strictly pseudononspreading. Since every k-
strictly pseudocontractive mapping 7' : D(T) C H — H satisfies
the Lipschitz condition

1+Vk
1- vk
it is clear that T' is not k-strictly pseudocontractive.

1Tz —Ty|| <

|z = yll,

Definition 1: Let C' be a nonempty closed convex subset of a
real Hilbert space. A mapping T : C' — (' is said to be a J-type
nonspreading if there exists 6 € R such that

1Tz = Ty|* < ||z = yl* + 6(z — T2,y — Ty), Va,y€C.

3. MAIN RESULTS

We now prove the following;:

Proposition 1:

Let C' be a nonempty closed convex subset of of a real Hilbert
space and let T : C' — C be a -type nonspreading mapping with
nonempty fixed-point-set F(T'). Then F(T) is closed and convex.

Proof:
Let {z,}22, € F(T) be a sequence which converges to . We show

n=

that © € F(T). Observe that
[Tz =zl < Tz = Trn|| + |20 — [,
< 2|z, —z|| = 0 as n — oc.
It then follows that x = T'z. Hence z € F(T).
Next, let p1, ps € F(T'), we show that Ap; + (1 — X\)py € F(T'). Let
z = Ap1+(1=A)p2.Then p1 —z = (1-A)(p1 —p2), p2—2 = A(p2—p1)
Iz = T2|* = [[Api+ (1= XN)p2 = T2

= Apr = T2) + (1= N)(p2 — T2)||*
Allpr = Tz|* + (1 = M) |lp2 — T=|*
A1 =N)p1 = po?
Allps = 212 + 64ps = Ty, = = 72)]

+(1—=A) [HPQ — 2|+ 6(py — Ty, 2 — Tz>]
—A1 = N)lp1 — pal?

IN
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= Alpr = 2[° + (1 = Mllp2 - 2/
~A1 = N]pr = pe* = 0.
Hence, z = T'z which implies that z € F(7)). O

Proposition 2: Let C be a nonempty closed convex subset of a
real Hilbert space H, and let T': C' — C' be a é-type nonspreading
mapping. Then (I — T') is demiclosed at 0.

Proof: Let {z,}>°, be a sequence in C' which converges weakly
to p and {z, — Tx,}>2, converges strongly to 0, we prove that
p € F(T). Since {x,}22, converges weakly, it is bounded. For each
x € H define f: H — [0,00) by

f(z) :=limsup ||z, — z|[*.
n—oo

Then using (10) we obtain
f(z) =limsup ||z, — p|* + ||p — z||* Vz € H.

n—oo
Thus
f(x) = f(p)+|lp — z||* Vz € H and

f(Tp) = f(p) + |lp— Tpl||*. (11)
Observe that
f(Tp) = limsup ||z, — Tp||>

n—oo

= limsup ||zn — Ton + T2, — Tpl||?

n—oo

= limsup ||Tx, — Tp||?

n—oo

< limsup |||z, — p|[* + 6(zn — Tz, p — Tp)

n—oo

— limsup |z, — pl2 = /(7). (12)

n—oo

Hence it follows from (11) and (12) that |[p — Tp|| =0. O

Proposition 3: Let H be a real Hilbert space, and C' a nonempty
closed and convex subset of H. Let T': C' — C' be a é-type non-
spreading mapping. Then F(T) = F(T).

Proof: Let p € F(T) be arbitrary, from Proposition 1 F(T) is
closed therefore there exists a sequence {z,} C F(T') C C such
that x, — p. Observe that x,, — Tz, = 0 for all n € N so that
Zp — Tz, — 0. Hence, p € F(T). Next, let p € F(T) then there
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exists a sequence {x,} C C such that x,, — p and x,, — Tz, — 0.
From Proposition 2 (I — T') is demiclosed at zero, therefore p €
F(T). O

Theorem 3: Let H be a real Hilbert space and C' a nonempty
closed and convex subset of H. Let T : C' — C be a d-type non-
spreading mapping. Then the following are equivalent:

(i). There exists x € C such that {T"x},>¢ is bounded;
(ii). F(T) # 0.

Proof: (ii) implies (i) is obvious since T"p = p for all n. Now let
us assume (i) and prove (ii).

Suppose there exists € C' such {T"z}2; is bounded.
Then for all y € C' we have

[T e —Ty|* = | T(T"z) — Tyl

< Tz —y||? + 6(T"x — T(T"x),y — Ty).
Thus
0 < [[T"z—y|*+0(T"x =Tz, y — Ty)

—| T e — Ty|?
= |T"z —yll> + 6Tz — T 'z, y — Ty)
Tz —y|* + |ly — Ty|* + 2Tz — y,y — Ty)|.

Summing this inequality with respect tom =0,1,2,3,...,n—1, we
have

0 < |lz—yll* = 17" — ylI* = nlly — Ty|*

n—1
+2<Z Ty —ny, Ty —y) + 0(x — T"x,y — Ty).
m=0

Dividing this inequality by n, we have

1
0 < —|lz =yl = 17" = yI?| — lly - Ty)*
1n—1
2({= Tm+1 . Ty —
+<nmz::0 -y, Ty —y)

)



FIXED POINT AND CONVERGENCE THEOREMS. .. 155

1 mn
= |l =l = 1772 = yI?| — lly = Tyl
4]
+2(S, Tx —y, Ty —y) + E<$ —T"zx,y — Ty),

where S,v = 13" Ty, for all v € C. Since {T "z}, in
bounded by assumption, {S,(7z)}>, is also bounded. Thus we

n=1
have a subsequence {S,,(Tz)}2, of {S,(Tx)}5°, such that
{Sn,(T'z)}>, converges weakly to p € C. Hence

1 mn
0 <—lle = 9ll* = 1772 = yl] = lly — Tyl
J (13)

5
+ 25y Te —y, Ty —y) + —{x = Tj'w,y = Ty).
J

Letting ¢ — oo in (13) we have
0< —lly—Tyl*+2(p -y, Ty —y). (14)
Setting y = p in (14) we have
lp — Tp|* < 0.

Hence p = Tp. Therefore F(T) is nonempty. This completes the
proof. [

Corollary 1: Let H be a real Hilbert space and C' a nonempty
closed convex subset of H. Let T" be a k-strictly pseudononspread-
ing mapping of C' into itself. Define T3 : € — C by Tsx =
Bz + (1 — B)Twx. Suppose there exists x € C' such that {TFz}p2, is
bounded. Then F(Tj) = F(T) # 0.

Proof:

2

= |z —ylI* + 6(z — Tpx,y — Tpy),

2

7 Hence the result follows from Theorem 3.2. [

where § = (

Corollary 2: Every nonempty bounded closed convex subset of a
Hilbert space H has the fixed point property for k-strictly pseudonon-
spreading self mappings.

To Prove a common fixed point theorem we need the following
Lemma.
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Lemma 4: Let H be a real Hilbert space and C' a nonempty
bounded closed convex subset of H. Let {T},75,T53,...,Tnx} be a
commutative finite family of k-strictly Pseudononspreading map-
pings of C into itself. Then {7}, 75, T3, ..., Ty} has a common fixed
point.

Proof: We prove by induction. For N = 2 by Proposition 1 and
Corollary 2, F(17) is nonempty bounded closed convex. It follows
from T\T, = TyT; that F(17) is Te-invariant. In fact, if p € F(T}),
then we have T1Top = ToT1p = Top.

Thus we have Top € F(T7). Hence the restriction of T to F/(17)
is k-strictly Pseudononspreading self mapping. By Corollary 2 T5
has a fixed point in F'(T7), thats is we have p € F(T}) such that
Top = p. Consequently p € F(T7) () F(T5).

Suppose for some n > 2, P = (_, F(T}) is nonempty. Then
P is nonempty bounded closed convex subset of C' and the restric-
tion T},11 to P is k-strictly Pseudononspreading self mapping. By
Corollary 2 T,,41 has a fixed point in P.This shows that P () F'(T,,41)
is nonempty, that is ﬂzg F(T}) is nonempty. This completes the
proof. [J

Theorem 4: Let H be a real Hilbert space and C' a nonempty
bounded closed convex subset of H. Let {T,},ca be a commutative
family of k-strictly Pseudononspreading mappings of C' into itself.
Then {7, }aca} has a common fixed point.

Proof: By Lemma 1 F(T,) is closed convex subset of C' for each
a € A. Since H is reflexive and C is bounded, closed and con-
vex, C' is weakly compact. Therefore to show that (1, , F'(Ts) is
nonempty, it suffices to show that {F(T,)}aca has finite intersec-
tion property. By Lemma 4 {F(T,)}aca has this property. This
completes the proof. [

Lemma 5: Let H be a real Hilbert space, and C' a nonempty closed
and convex subset of H. Let S be a (-strictly pseudononspreading
mapping of C' into itself and T" a k-strictly pseudocontractive map-
ping of C' into itself such that F(T) [ F(S) # 0. Define a sequence
{z,}52, in C as follows:

X € C,
Tp+1 = (1 - O‘n)xn + O‘n[ﬁnsxn + (1 - BH)T‘:E”]’
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for all n € N, where {a,}22,, {8,}5°, are sequences in (0,1) satis-
fying 0 < o, <1 —max{5,k}, 0< 5, <1.

Then hm ||z, — ul|| exists for all w € F(T) N F(S), and hence
{z,}, {T:cn} and {Sz,} are bounded.

Proof: Observe: Put u, = 3,54 (1—,)T. We show that {z,}°°,
is bounded. Now for each u € F(T) () F(S)

(1 = an)rn + an(BuSwy + (1 = Ba)Tx,) — UH2
= [[(1 = ) (@ — u) + an(upzn — u)H2
= (1—an)|lzn — u”2 + apl[upzn — uH2
—an (1 — ap)||Tn — up,]]?. (15)

41— ul?

Observe that

[tny — UJH2 = ||Ba(Szn — Su) + (1 = B8,) Tz — TU)H2

= BallSz, — SuH2 + (1= B[ T2, — TUH2
—Bn(1 = Bu) || S0 — TanQ

< Balllen = ull® + Bllzn — Sza?]
+(1 = Ba)[llzn — ull? + Kl|zn — Tnl|”]
_5n<1 - Bn)stn - Ta:n”2

= |20 — ul® + BuBllzn — Swalf?
+(1 = Ba)kllzn — T,
—Bn(1 = Bn) || Szn _Txn||2' (16)

(15) and (16) imply that

[E— u||2 < (1—ap)llzn - UH2 + an |z, — UH2
+nBn B2 — an|l2
+an (1 — Bn)kl|zn — Tanz
— 0 B (1 — Bn)stn - Txn”Q
—an (1 — ap) |z, — unanQ
= lon —ull?* + anBBlz, — Swn|®
+an(l = B)k||zn — Ty
~ 0 B(1 = B,) || Sy — Ty
—a, (1 — ap) || zn — wnzn . (17)
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Also

|2n — unmn”2

18nSxy + (1 = Bn)Twn — an2
= ||B,S%n — Bun + Butn — Tn + (1 = )T, |2
1Bn (S = ) + (1 = Bu)(Ty — x|
= BullSwn — | + (1 = )| T2y — x|
—Bn(1 = B[Sy — Ty ||*. (18)
It follows from (17) and (18) that
|z —ul* < lzn —ull® + anBuBllen — Szl
+an (1 = Bn)k|zn — Txn”2
—an (1 = Bp) || Sz — Txn”2
—an (1 — ) [Bullzn — Sz
+(1 = Ba) |2y — Tg?
—Bn(1 = Bu) || Sz — Tanz}
= |lzn — UH2 + [0 BB — an(1 — an) Bul ||z — an||2
o (1 = Ba)k — an(l — an)(1 = Bo)lllzn — TanQ
o (1 — an)Bu(1 = Bn)
—anBa(1 = Bo)]l|Szn — Tanf?
= |[lan — U||2 — anBul(1 = an) — B, — an||2
—an(1 = B,)[(1 — an) — k]2, — TanQ
— (1 = Ba)[1 = (1 = an)]|[Szn — Ta|*. (19)
<l — . (20)

Therefore, from Lemma 1 and (20), we have that lim ||x,, —u|| exists
so that {z,}>2, is bounded and so are {T'z,, }°°; and {Sz,}>2,. O

Lemma 6: Let H be areal Hilbert space, and C' a nonempty closed
and convex subset of H. Let S be a (-strictly pseudononspreading
mapping of C' into itself and T" a k-strictly pseudocontractive map-
ping of C' into itself. Let {z,,}>°, be a sequence in C' generated as
follows:

X € C,
Tp+1 = (1 - O‘n)xn + O‘n[ﬂnsxn + (1 - ﬁn)TfEn],

for all n € N, where {a,}2,, {8,}22, are sequences in [0, 1] satis-
fying the condition 0 < o, <1 — k. Then

Hanrl - T$n+1|’2 < Hxn - TanQ + Dﬁn

for some positive real number D.
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Proof:

||xn+1 - Txn-H”2

Observe that

|0 = Tl =

IN

Also,

Huna:n — Tanrl ‘ |2

= ||(1 = an)(zn — TTpi1)

+a, (upxy, — Txps)| |2

= (I —ap)l|lz, — T$n+1||2

+ | [untn — Txpia||®

—an (1 — ) ||2n — unwal|*. (21)

|2 — Tnp1 + Tngg — Tngq ]

|20 = @ [[? + [[2nsr = Tan ||

+2(xp — Tpi1, Tng1 — Tpar)

ai”‘rn - unInHQ + |Tnt1 — T"En-&-lH2
+2a, (xy — UpTp, Ty — TTpyq)

ajllxy, = Tan = Bu(Sw, — Ty)|”
H|Tnt1 — Txn—H“2

2o, (xy — TTp, Tpyr — TTpiq)
=20, 80 (Sxy — Ty, Tpyr — Txpin)
Ozinn - Txn”2

4202 B, |20 — Tul||| Sz — Tnl|
+0‘721ﬁ721”5xn - Ta:nHQ + ||Tng1 — TﬁCnHH2
20, (ry — TTp, Ty — TTpyq)
—200, B (Sxy, — Ty, Tpyr — TTpyq). (22)

HTJ;TL - T'ITL+1 + Bn(sxn - Txn)HZ

< ||T$n - T'IT’L+1||2 + 25n||Txn - Tl'n—&-l“
X||Szn — Tan|| + B2||Sxy — Ty ||?
< ||xn _xn-H”2

+k||zn — Ty — (Tng1 — Txn+1)||2
+28,||Txy, — Txpia]|||Sxn — Ty
+Bal[Sy — Ty

= O‘?@Hxn - unanQ + K[|z, — Txn||2
—2k(xy, — Txp, tpy1 — TTpya)
+k||Tp1 — Topa|)? + 28l |Tn — Ty
X||Say — Tay|| + B[ Sn — Tyl
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||z — Ty — Bu(Szn — Tay)||?
hl[z0 = Taall? + Kl — Tl
—2k(xy, — Txp, xpe1 — TTpyq)
28,|[T 5 — T [1Sn — T
+32(|Sx, — Ty [?

< O{ELH'Z.TL - Txn||2 + aiﬂiHan - T$n||2
+202 By ||z — Ty ||| S — Tz
i — Tl kllnar — T
—2k(xy, — Ty, Tpy1 — TTpyq)
+268,|| Tz — Txpir||||Sxn — Ty
+8011S @, — Ty [*. (23)
|Zn — un@nll®* = |70 — Tanl||* + B2||S7, — Ty
—26,(xy, — Ty, Sty — Txy). (24)

Thus using (22), (23) and (24) in (21) we obtain

|zns1 — Tapia|]? <

(1 - an) a?@Hxn - T$n||2

+202 By |0 — Tayl|||Szn — T
+a721672z||8xn - T‘mnH2 + ||xn+1 - T1=77n—|—1||2

+2an <'rn - Txnu Tpy1 — T'rn+1>

=20, B (S — Ty, Ty — Txn+1>]
tan 02 llan = Taal? + a2 8215w, — Tl

4202 Bul|wn — Tap|||Sn — Tan|
+hllwn — Tag|® + kllwpes — Topn |
—2k(xy, — Txp, tpy1 — TTpya)
+2B, || Ty — Txpsa|||| S0 — Tn|

+82||Sz, — Txnw] —an(1— )
X |||@ — Tan||* + B2||Szn — Tan|)?

—26,(x, — Ty, Sty — Txn>]
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||$n+1 - T$n+1||2 S

Hence

IN

IN

IN

IN

(1 = ) + @] ||znss — Ty

Fa[(1— o) + o + &k — (1 — ay)]

X |z — Tan||* + [2(1 — ), — 200,K]
X{(xp — T, Tny1 — Txpi1) + [2(1 — )
X028, + 203 Bl |0 — Tn||| Sz — T
+[(1 = )l B2 + o) B2 + B

— (1 = ) B3]||Swn — Ty

=200, B (1 — ap){(Sxy — Ty, Tpy1 — TTpiq)
+200, (1 = ) Bo{xn — T, Sy — Ty)
+20, 8 || Tz, — Txpia]||||Sxn — Ty

(1= a2)||ns1 — Tl + 02|z — T
+202 B, |20 — Tn||| Sz — Tnl|

+202 32]|Sx,, — Tap|* + 20,80 (1 — )
X(xy — Txp — (Xnt1 — Tp41), Sy — Txy)
+20, B0 || Ty, — Txpia|||STn — Ty

(1 = a2)|zni1 — Tt | + o ||@n — Tyl
4202 Bul|zn — Tnl||| S0 — Tnl|

+202 B2||Sxp — Tap|* + 200,80 (1 — )
X||#n = @ni1 — (Tap — Txpe)|||[ Sz
—Tx,|| + 20, 8n L||xn, — Tpsr||||STn — Ty
(1= a2)||ns1 — Tnpa|[* + a2z, — Ty
1202 B[00 — T |||Szn — T

+202 32|Sx, — Tap|* + 20,80 (1 — )

X (L4 L)||#nt1 — ||| Swn — Tn)|
+202 B, L2y — tnn|||| S0 — Ty

(1= a)|zps1 — Tappa||* + @il |zn — Tanl?
202 B[00 — T ||| Sz — T

+202 32||Sx, — Tay|* + 2028, (1 — )
X(1+ L)||xn — upxn|||| Sz — Ty
+202 B, L2 — ||| S0 — T,
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|1 — T"En-&-lHQ < |, — Tgvn”2

+2Bnl|zn — T |[|[Sn — Tay]|

+282(|S@y, — Ty ||* + [2B,(1 — o) (1 + L)

+26nL] l|zn — unznl||| ST — Ty

= ||In - Txn||2 + B, [2||$n - Tmn”

X ||Sxn — Tn|| + 28,520 — Ty |?

+[2(1 — o) (1 + L) + 2L]

X||zn — unzn||||Sxn — T:EnH]
Theorem 5: Let H be a real Hilbert space, and C' a nonempty
closed and convex subset of H. Let S be a (-strictly pseudonon-
spreading mapping of C' into itself and T" a k-strictly pseudocontrac-

tive mapping of C' into itself such that F(T) () F(S) # 0. Define a
sequence {x,}>, in C as follows:

T € C,
Tn+1 = (1 - an>xn + Oln[ﬂnSI‘n + (1 - BH)TZE”],

for all n € N, where {a,,}22,, {B8,}52, are sequences in (0,1) satis-
fying 0 < o, <1 —max{s,k}, 0< 6, < 1.

Then the following hold:

(i) If h,{&?.}f an(l1—a,—p) >0, liggggf Bn > 0, then {z,} converges

weakly to p € F(5).
W)Y (1=, —k) =00, > 0| B, < 00, then {x,} converges
weakly to p € F(T).
(iii) If liggolf an(l — a,, — max{p,k}) > 0, h,{gg}fﬁn(l — ) >0,

then {x,} converges weakly to p € F(T)( F(S).

Proof: Since 0 < a,, < 1—max{f3, k}, for all n € N then, we have
from (19) that

O‘nﬁn[(l - O"ﬂ) - ﬁ]”xn - Sajn”2 < ||xn - U||2 - Hx'ﬂ-i-l - uH2

Hence, > a,3,[(1—ay) — B]||z, — Sz, ||* < co. Since lim inf v, (1 —
a, — ) > 0, liminf 8, > 0 we have that lim ||z, — Sz,| = 0. But
{xn )52, is bounded therefore there exists a subsequence {z,;} C
{x,} such that {x,,} converges weakly p. Also, lim ||z, — Sz,| =0
implies that lim ||z, — Sz,,|| = 0. From Lemma 2, (I — 5) is
demiclosed at zero and hence we obtain p € F(S). To show our
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conclusion, it suffices to show that for another subsequence {x,,,} C
{,} such that {z,,} converges weakly to ¢ € F(S), p = q.
Suppose p # g we have from Opial’s Theorem [13] that

lim [z, —pll = lim e, - pll < lim |, — gl
n—00 Jj—00 j—00
= lim [, — gl = lim [l — gl
n—oo 71— 00

< lim ||z, — p|| = lim ||z, —p|.
71— 00 n—oo

This is a contradiction. Therefore, {x,} converges weakly to p €
F(S).
(ii). From (19) we have

an (1 = Ba)[(1 = ) = klllzn — Tanl* < 2 — ull* = 20s1 — ull®.

Since lim (1 — f,) = 1, then there exists a positive integer N
n—oo

such that (1 — 3,) > 3 V n > N. Therefore 3 3 o, [(1 — o) —
k|, — Ta,|)* < oo. Since > 07 an(l — ey, — k) = o0, we have

that liminf ||z, — Tx,|| = 0. It now follows from Lemma 5 that
n—o0

lim ||z, — Tx,|| = 0. Using Lemma 3 and argument similar to the

n—oo

proof of (i) the conclusion follows.
(iii).  Since liminf o, (1 — o, — max{s,k}) > 0, liminf 3,(1 —
Bn) > 0, we have from (19), (20), Lemma 2 and Lemma 3 that
there exists a subsequence {z,,} C {z,} such that {z,, } converges
weakly p € F(S)( F(T). Using argument similar to ones in the
proofs of (i) and (ii), the conclusion follows. [

As direct consequences of Theorem 3, we get the followings.

Corollary 3: Let H be a real Hilbert space and let C' be a
nonempty closed convex subset of H. Let S be a [3-strictly pseudonon-
spreading mapping of C' into itself such that F(S) # (). Define a
sequence {x,} as follows:

xr1 € C,
Tpr1 = (1 — ap)zp + 0 STy,

for all n € N, where {a,,} C[0, 1]. If liminfa,(1 — a, — 8) > 0,
Then {z,} converges weakly to p € F(95).

Proof: Putting 8, = 1 for all n € N in Theorem 3, we get the
conclusion. [
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Corollary 4: Let H be a real Hilbert space and let C' be a
nonempty closed convex subset of H. Let T" be a k-strictly pseudo-
contractive mapping of C' into itself such that F(T) # (). Define a
sequence {x,} as follows:

X € C,
Tn1 = (]- - an)xn + anT‘rna

for all n € N, where {a,} C[0,1]. If0 < o, <1—Fkand Y, o, (1—
a, — k) = oo, then {z,,} converges weakly to p € F(T).

Proof: Putting 8, = 0 for all n € N in Theorem 5, we get the
conclusion. [

4. CONCLUDING REMARKS

Remark 1: Theorem 1 follows as a simple corollary of our The-
orem 3 since every nonexpansive mapping is a special case of k-
strictly pseudocontractive mapping for which £ = 0 and every non-
spreading mapping is a special case of S-strictly pseudononpreading
mapping for which g = 0.

Corollary 4 is Theorem 3 of a popular result of Marino and Xu
[3].
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