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AN INERTIAL SELF ADAPTIVE ALGORITHM FOR
SOLVING EQUILIBRIUM, FIXED POINT AND
PSEUDOMONOTONE VARIATIONAL INEQUALITY
PROBLEMS IN HILBERT SPACES.

0.J. OGUNSOLA !, 0. K. OYEWOLE 2

ABSTRACT. In this paper, we study an iterative approximation of
a common solution to equilibrium, fixed point and variational in-
equality problems. We introduced an inertial Tseng method with a
viscosity approach for approximating a solution to the problem in
a Hilbert space. The two methods used in this research work en-
hance the convergence rate of the proposed algorithm. Under mild
conditions, we show that the sequence generated converges strongly
to a common solution of the fixed point and variational inequality
problems associated with demicontractive and pseudomonotone op-
erator which is also a solution to a generalized equilibrium problem.
Our results extend and improve several existing results in literature.

1. INTRODUCTION

Throughout this paper, R denotes the set of real numbers, N = {n €
Zln > 0} denotes the set of natural numbers, H a real Hilbert space
and C a nonempty, closed and convex subset of H. Let H be a real
Hilbert space with inner product (-,-) and induced norm || - ||. Let C be
a nonempty, closed and convex subset of H, let ® : C x C — R and
¢ : C x C — R be two bifunctions. Then, the Generalized Equilibrium
Problem (GEP) is defined as finding a point x* € C such that

P(x*,x)+(x*,x) >0, VxeC. (1.1)
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The set of solution of inequality is denoted by GEP (&, ¢). When
¢ = 0 the GEP reduces to classical Equilibrium Problem (EP) intro-
duced by Blum and Oettli [7]. Over the years, the equilibrium problems
have proven to be very effective for studying a wide class of problems
in Network, transportation, image recovery, finance and Economics; see
[2, 19,110, 13} 14} 31} 32} [35] 137, 140, |44 147]] and the references therein.
Also, the EP has served as a unifying framework for the study of Fixed
Point Problems (FPP), Saddle Point Problems (SPP), variational inclu-
sion problems, variational inequality problems, nonlinear complemen-
tary problems, the Nash equilibrium problems and so on. Many iterative
algorithms for solving EPs and related OPs have been studied and pro-
posed by several authors, see [} 3,11} 16} 24} 25, 28, 41}, 54-56] .

Let S : C — C be a nonlinear mapping. A point x* € C is called a fixed
point of S if Sx* = x*. The set of all fixed points of S, denoted by F(S)
is given as

F(S)={x"eC:8x" =x"}. (1.2)

A lot of problems in sciences and engineering can be formulated as
finding solution of FPP of a nonlinear mapping. Recent studies of op-
timization problems (OPs) dealing with finding a common solution of
the set of fixed points of a nonlinear mapping and the set of solutions
to equilibrium problems have so far been carried out by many authors.
Some authors who have considered the problem of finding a common
solution between the sets of solution of equilibrium problems and fixed
point problems of a nonlinear mapping in inequality (I.1)) and equation
(I.2) are in [26} 52, 55].

Let A : C — H be a nonlinear mapping. The VIP denoted by VI(C,A)
is to find x* € C such that

(Ax*,x—x") > 0,Vx e C. (1.3)

Ever since the independent introduction of variational inequality theory
by Fichera and Stampacchia, it has become a vital tool in mathemati-
cal analysis and has applications in many fields of study such as opti-
mization theory, physics, economics, engineering and many others (See
(6, 20, 133, 134]] and the references therein ). Over the years, various ef-
fective solution methods have been investigated and developed to solve
the problems of VIP (See [12,46,57] and the references therein).

It is our concern in this article to study a common solution to the equi-
librium problem, variational inequality and fixed point problem. The
potential application to mathematical models whose constraints can be
expressed as fixed point problems and equilibrium problems is the mo-
tivation for studying such a common solution problem. For this reason,
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several researchers have considered iterative approximations of solution
to fixed point and optimization problems in different spaces of choice
(see [26,127,29,150] and the references therein). In 2008, Plubtieng et al.
[43] introduced the following iterative scheme for finding the common
element of the set of fixed points of a nonexpansive mapping, the set of
solutions of an equilibrium problem and the set of solutions of the vari-
ational inequality for an ¢-inverse stongly monotone mappings. They
showed that the sequence converges strongly to a common element of
the three sets under consideration. To be precised, they proposed the
following iterative method:

Algorithm 1.1.

F(uy,y)+ %(y—un,un —x,) >0VyeC.

Yn = Pc(un — AnAuy).

Xn+1 = Ot + BuXn + VaSPC(Yn — AnAyn).
Recently, Gang et al. [22] proposed the following inertial Tseng’s ex-
tragradient algorithm for approximating the common solution of pseu-

domonotone variational inequality problem and fixed point problem for
nonexpansive mappings in real Hilbert spaces:

Algorithm 1.2,

'X(),xl €EH.
W = Xp+ 0, (xp —Xp—1).
Yn = PC(Wn - yAWn)-
in=Yn— Y(Ayn _AWn)~
(X1 = O f (Xn) + (1 — Q) [BnSzn + (1 — Bn)zn)-

where f i1s a contraction, S is a nonexpansive mapping, A is pseu-
domonotone, L-Lipschitz and sequentially weakly continuous and y €
(0, %) The authors proved a strong convergence result for the proposed
algorithm under some suitable conditions.

Owolabi et al. [42] proposed the following iterative scheme for finding
common solutions to equilibrium problem, variational inclusion prob-
lem and fixed point problem for an infinite family of strict pseudocon-
tractive mappings.

Algorithm 1.3.
. {min{oc,m_e—;nl' }7 if Xn # Xn—1,

an -
a, otherwise.
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Wy = Xp + Oy (X — Xp—1),
F(”m)’)"”%n(y_”na”n_wn) >0,Vy€eH,
Vi = Owy + (1 — &) uy,

2n = I+ A,B) 1 (I — AA) vy,

Xn+1 = ﬁnf(xn) + gnxn + W Wizy.

\

Motivated by the above results, we consider the problem of approximat-
ing a common solution to an equilibrium problem, fixed point problem
and variational inequality problem in a real Hilbert space. An inertial
Tseng iterative method is introduced and combined with the viscosity
technique. We showed that the ensuing sequences from this method
converge under some mild conditions to a common solution to the fixed
point problem and variational inequality problem associated with demi-
contractive and pseudomonotone operators which is also a solution to a
generalized equilibrium problem.

The organizational structure of our paper is built as follows. In Section
we give relevant definitions and lemmas needed for use in the subse-
quent sections. In Section 3] we propose an algorithm and analyze its
convergence in Section[d We give numerical examples of our proposed
algorithm in Section [5] and finally in Section [6] we give a concluding
remark.

2. PRELIMINARIES

Let H be a real Hilbert space and C be a nonempty, closed and convex
subset of H. The weak convergence of x, to x is denoted by x,, — x as
n — oo, while the strong convergence of x,, to x is written as x,, — x as
n — oo,

Lemma 2.1. [[15)] For each x,y € H and 6 € R, there holds

(D) a4yl < [lx]? +2¢y,x+)

Q) e+ yI1? = [lxl? +24x, ) + [Iyl|.

(3) [+ (1= 8)y[|* = 8]Jx[]* + (1 = 8)[Iyl[* — (1 — &) [lx — y||>.
For all x € H, there exists a unique nearest point in C, denoted by Pcx,
such that

Jx— Pexl] < lhr—yll, vy e C.

P is called metric projection of H onto C. It is known that P¢ is nonex-
pansive.
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Lemma 2.2. [23] Let C be a nonempty, closed and convex subset of a
real Hilbert space H. For any x € H and z € C, we have

z=Px& (x—z,z—y) >0VyeC.

Lemma 2.3. /23] Let C be a closed and convex subset in a real Hilbert
space H and let x € H. Then we have the following:

(1) ||Pcx—Peyl||* < (Pcx—Pey,x—y)Vy € H.

(2) = Pex|* < [lx = y|> = lly— Pex|* Yy € C.

Definition 2.4 ([48][58]). Let H be a real Hilbert space and let C be a
nonempty, closed and convex subset of H. For any elements x,y € C, a
mapping A : C — H is said to be:

(1) c-strict pseudocontractive, if there exists ¢ € [0, 1) such that

JAx = Ay|[* < = y[]* + cllx — Ax — (v — Ay) |2,
(2) c-demicontractive, if for any x € C and g € F(A) with ¢ € [0,1),
1Ax = g1 < [lx = q|* + cllx — Ax] %,

(3) pseudomonotone, if
(Ax,y—x) > 0= (Ay,y —x) >0,

(4) sequentially weakly continuous on H, if for each sequence {x, }, we
have
X, — x = Ax, — Ax.

Definition 2.5. [19] A bounded linear operator D on H is called strongly
positive if there exists a constant ¥ > 0 such that

(Dx,x) > fllx|]?, x € H.

Lemma 2.6. [[/8] Let ®:CxC — Rand ¢ : C x C — R be two bifunc-
tions satisfying the following assumptions:

(Cl) ®(x,x) >0Vx €C,;

(C2) @ is monotone i.e (x,y) +P(y,x) <0Vx,y € C;

(C3) ® is upper hemicontinuous , i.e for each x,y,z € C limsup ®(tz +

t—yo0
(1 - t)x,y) < q)(xvy);

(C4) For each x € C fixed, the function y — ®(x,y) is convex and lower
Semicontinuous,

(C5) @(x,x) >0 forall x € C;
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(C6) For each 'y € C fixed, the function x — @(x,y) is upper semicontin-
uous;

(C7) For each x € C fixed, the function y — @(x,y) is convex and lower
semicontinuous,

and assume that for fixed r > 0 and z € C, there exists a nonempty com-
pact subset K of H and x € C N K such that:

1

Cb(y,X) —|—(p(y,x)+;(y—x,x—z) < 07vy € C\K

Lemma 2.7. [I8] Let C be a nonempty, closed and convex subset of a
real Hilbert space H. Assume that the bifunction ®,¢ : C x C — R be
bifunctions satisfying the assumptions CI1-C7 in Lemma and @ is
monotone.

For r > 0 and for all x € H define a mapping Tr(cp’(p) :H — C as follows:

1
T (x) = {z€C: (2,y) + 0(z,) +oy-zz-x) 20,YyeCh.

Then, the following hold:
(i) Tr(‘b’(p) is single-valued;
(ii) T,((b’(p) is firmly nonexpansive i.e

H Tr((bv(p)x _ TI‘(CD(P)yHZ S <Tr(q>7(p)x _ Tr((D?(P)y,x _ y> vx7y c H.
(iii) F(T\*?)) = GEP(®, ¢).
(iv) GEP(®, @) is compact and convex.

Lemma 2.8. [45)] Let {a,} be a sequence of non-negative real numbers,

{0} be a sequence in (0,1) with Y. &, = and {b,} be a sequence
n=1

of real numbers. Assume that a,1 < (1 — ay,)a, + o,by, for alln > 1.

Iflimsupb,, <0 for every subsequence {an, } of {a,} satisfying

k—oo

1i1?l>glf(a"k“ —ay,) >0,

then lim a, = 0.
n—oo

Lemma 2.9. [39] Let D be a self-adjoint strongly positive bounded lin-
ear operator on a Hilbert space with coefficient ¥ > 0 and 0 < p <
IDI|~". Then || — pD|| < 1~ p7.
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Lemma 2.10. /5] Consider the problem with C being a nonempty, closed,
convex subset of a real Hilbert space H and A : C — H being pseu-
domonotone and continuous. Then p is a solution of inequality (1.3) if
and only if

(Ax,x—p) >0, VxeC.

3. MAIN RESULTS

In this section, we introduce a new inertial projection and viscosity ap-
proximation method with a self adaptive technique for solving general-
ized equilibrium problem, fixed point and variational inequality prob-
lems. The following conditions are assumed throughout the paper.
Assumption 3.1. Suppose:

Condition A.

(A1) The feasible set C is a nonempty, closed and convex subset of a
real Hilbert space H;

(A2) The associated operator A : H — H is pseudomonotone, L-Lipschitz
and sequentially weakly continuous on bounded subset of H;

(A3) @, ¢ :C xC — R are two bifunctions satisfying the assumptions
in Lemma 2.6/and GEP(®, @) is the solution set of generalized
equilibrium problem of the two bifunctions.

(A4) The mapping S : H — H is c-demicontractive.

(A5) The solution set Q:= GEP(®,¢)NF(S)NVI(C,A) is nonempty;

Condition B.

(B1) The function f : H — H is p-contractive with p € [0,1) and
the mapping D : H — H is a strongly positive bounded linear
operator with coefficient ¥ such that 0 < y < %;

(B2) The control sequence {a, }, satisfy

{a,} € (0,1),lim o, =0and ¥ o, = oo;
n—yeo n=0

(B3) The control sequence {&,}, such that {g,} C [0,%0) and g, =
O((Xn),

(B4) lirginf(ﬁn —c)>0.

We now present our Algorithm.

Algorithm 3.1. Inertial self adaptive method.
Initialization: Given 8 >0,y >0,¢ € (0,1). Let xo,x; € H be two ini-

tial points.
Iterative steps: Calculate x,1 as follows;




ITERATIVE METHOD... 37

(50 = X+ 8 (0 — X 1),
ty = T2 (5,),
vn = Po(up — VAuy), (3.1)
in=Vn— Yn(AVn _Aun)a

(Xn+1 = anéf(xn) +(I - anD)(ﬁnZn + (1 - Bn)SZn)a

where &, and 7y, are updated by (3.2) and (3.3)) respectively.

. £, .
5, — {mm{_uxn—xnll’ 5}’ f 0 7 Xn-1 (3.2)

0, otherwise.

o Ol[un—vall . _
ml:{mm{'Au”‘AV’“"%}’ ity = Av 70 (3.3)

T otherwise.

Remark 3.2. By condition B3, one can verify from equation (3.3) that

li_r>n %Hxn —Xp—1|| = 0. Indeed, we see that &,||x, —x,—1|| < &, Vn
n—yoo Yn

combined with lim £ = 0 gives lim 2+|[x, —x,_;|| < lim & = 0.
n—soo %n n—so0 On n—yoo &n
4. CONVERGENCE ANALYSIS

We first establish some lemmas needed to prove the strong convergence
theorem for the proposed algorithm.

Lemma 4.1. /58] The sequence ¥, given by Equation (3.3)) is nonin-
creasing and lgn Yo =Y > min{y, %}
n—oo

Lemma 4.2. Let {u,} and {v,} be two sequences generated by Algo-
rithm such that conditions (Al)-(A3) hold. If there exists a subse-
quence {uy,, } which is weakly convergent to u € H and limy_.. ||u,, —
Vn || =0, thenu € VI(C,A).

Proof. From Equation (3.1), v, = Pc(u, — ¥,Au,). By the characteriza-
tion of the projection map we have

(Un, — Y Altp, — Vi, X — V) <0, Vx € C,

which implies that

1
y_<”nk — Ve, X — Vi) < (At , x—vp), Vx € C.
ny,
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From this we obtain

1

N
Since the subsequence {u,, } is weakly convergent to u € H, then {uy, }
is a bounded subsequence. By the Lipschitz continuity of A and |u,, —

V|| = 0, we have that {Au,, } and {v,, } are bounded as well. Since
Yo, > min{yi, %}, by applying inequality (4.1]) we have

lilgninf<Aunk,x —uy,) > 0,¥x€C. 4.2)

o0

Observe that

(Avp, X — V) = (Avp, — Aty , X — U ) + (At , X — Uy, ) + (AVp U, — Vi, )
4.3)

Since ||up, — vp, || — O, then by the Lipschitz continuity of A we have
limy_ ||Attp, — Avp, || = 0. This combined with inequality (4.2) and
Equation (4.3)) implies

liminf(Av,, ,x — v, ) > 0.
k—oo

Now, let {®;} be a decreasing sequence of positive numbers such that
@, — 0 as k — oo. Let Ny represent the smallest positive integer for any
k such that

(v x =V ) + @ >0 Vj> N, (4.4)

Clearly, the sequence { Ny} is increasing since {®y } is decreasing. From
{vn,} C C, for any k, suppose Avy, # 0 (otherwise vy, is a solution of

inequality (1.3)), let
Aka

Bl ||Aka||2 .

Then, (Avy,,¥y,) = 1 for each k. From inequality (4.4), we obtain
<Aka,X+ q)klPNk — ka> >0 Vk.

By the pseudomonotonicity of A, we get

(A(x+ PPy, ), x + B PN, — i) >0,

Y,

which gives

(Ax,x - VNk> > (Ax —A(x+ q)klPNk),x—f— (I)k\PNk — ka> - CI>k<Ax, \PNk>-
4.5)

We now show that lim_,_ ®;¥y, = 0. We get that vy, — u since u,, — u
and lim,___ |lup, — vy, || = 0. From {v,} C C, we have u € C. By the
sequentially weak continuity of A on C, we have {Av, } — Au. We
can assume that Au # 0 (otherwise, u is a solution of inequality (1.3)).
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Since the norm mapping is sequentially weakly lower semicontinuous,
we have:
0 < ||Au|| < lim ||Av,,||.
k—roo

By the fact that {vy, } C {vy, } and ®; — 0 as k — oo, we have

lim sup ®;
0 < limsup|| PPy, | = limsup( s ) < Jo= =0
T ke T ke MAva )/ T liminfllAv, ||

which implies that limsup ®;¥Wy, = 0. From the facts that A is Lips-
k—yoo
chitz continuous, {vy, } and {¥y, } are bounded and klim O Wy, =0, it
—yo0

follows from inequality (4.5)) that

liminf(Ax,x —vy,) > 0.
k—yo0

Hence, we obtain

(Ax,x —u) = 1im<Ax,x— VN,) = lilgi;lf(Ax,x— vn,) >0, Vx e C.

By invoking Lemma [2.10, we obtain u € VI(C,A) as required. O

Lemma 4.3. Let {uy, } be a subsequence of {u,} defined by Algorithm
such that u,, — u € C. Suppose |up, — Sy, || — 0 as k — co. Then
e GEP(®, ).

Proof. Since u,, = Tr(cb’(p) (Sn,), we have
1
q)(unkay) + (P(unkay) + ;<y_ unkyunk _Snk> Z O’ vy 6 C
It follows from the monotonicity of ® and ¢ that

1
;<y_ unkyunk _Snk> 2 CI)()’» Ltnk) + (P()’a unk)-

It follows from |[u,, — sy, || — 0 and u,, — u, that
P (y,u) +@(y,u) <0, VyeC.

Lety, =ty+ (1 —t)uforany ¢ € (0,1] and y € C. Then, we have y; € C
and hence
D(ye,u) + @ (vi,u) < 0.
Using the assumptions C1 and C4 in Lemma[2.6] we get
0 <D(yr,yr) + @y, )
< U(P(yr,y) + @ (e,y)) + (1 =1)(Pyi,u) + @ (yr, 1))
< D(yr,y) + @, y)- (4.6)
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Hence we have ®(y;,y) + ¢ (yr,y) > 0. Letting  — 0 and using assump-
tion C3 in Lemma [2.6] by the upper semicontinuity of ¢, we have

D(u,y) + @(u,y) >0, Vy € C.
Therefore u € GEP(D, ¢). O

Lemma 4.4. Let sequences {u,}, {v,} and {z,} be given as in Algo-
rithm and suppose Assumptions A and B hold. Then we have the
following.
2 2 > T 2
120 = pPII” < llun = plI” = (1 = 0" =) lun —vul", Vp € Q.
n+1

Proof. Using the definition of z,,, we have

e _PH2 = |lvi — Ya(Avn — Auy) _P||2
= [[vn = P> + 12 1 Avn — Atta|* = 29 (v — P, AV — Autn)
= [lun =PI+ [[vn = un|* + 20V =ttt — p) + % AV — Aty |
— 2% (vn — p,Avy, — Auy)
= |un _PH2 + [lva = ”nHz —2(Vn — Un,Vn — Un) +2(Vp — tn, v — p)
+ V21| Avy — Au||? = 29, (v — P, AV, — Auy,)
= Hun —p||2 - ||Vn - ”nHz +2<Vn — Up,Vn _P> + 7’5||Avn _A”n”2
— 2% (vu — p,Avy, — Auy). 4.7)
From v, = Pc(u, — ¥,Au,) and the property of metric projection, we

get (v, — up + WAup, vy, — p) < 0 which implies = (v, — uy, v, — p) <

—Yu (At v — p).
Using this and Equation (3.3)) in Equation (4.7)), we have:

2
||Zn_P||2§ ||”n_p||2_||Vn_”n||2_27n<A”n7Vn_p>+¢2 Zn ””n_vn”2
n+1
_2Yn<vn_paAVn_Aun>
2 > % 2
< Mltn = pI2 = (1= 972 ) it = Va2 = 270y = p,Ava).
yn—i—l

(4.8)

From p € VI(C,A), we have (Ap,v, — p) > 0. We obtain from the fact
that A is pseudomonotone, that

(Avy, v, — p) > 0.



ITERATIVE METHOD... 41

It follows therefore, from inequality (4.8), that

2
2 2 2 7 2
lzn =PI < Ml = pI2 = (1= 073 )ty — v .

O

Lemma 4.5. Let {x,} be a sequence generated by Algorithm Then,
{xn} is bounded. Consequently, the sequences {z,},{vn}, {u,} and
{wn} are bounded.

Proof. Let p € Q, then from Equation [3.1| we have that

Hsn_P“ = Hxn+8n(xn_xn—l) _PH
< |xn = Pl + 620 — x—1]|

o)
= ||xn_l7||‘*‘O‘n-_onn_xnle- 4.9)
Oy

From Remark we have % || — x4—1]| — 0, thus there exists a con-
stant N1 > 0, such that

2%
2y — 0t | SNy, V2 1, (4.10)

n

Hence,
Isw = pll < [Pn = pll + 01, ¥ > no. (4.11)
Again from Algorithm we have
lun = pll = 11795, = T2 p|
<llsn = pll- (4.12)
Now, let y, = Byz, + (1 — B,)Sz,. Then,

yn — PII* = |Bazn + (1= Ba)Szu — pl|*
= 1Bu(za — P)+ (1= Ba) (Sza — p)|I>
= Bullza — P>+ (1 = B) 1Sz — pII> = Bu(1 = Ba) |20 — Szal >
< Ballzn = pIP + (1= Ba)llzn = pII* + cllzn = Szall*] = Ba(1 = Ba)llzn — Szal?
= llzn = pII* + (1= Bu)cllzn — Szall® = Bu(1 = Ba) llzn — Szall?
= ||z _pH2 — (1= Ba)(Bn—©)llzn _Szrt”2
<|lzs — plI%, (4.13)

which implies that ||y, — p|| < ||z, — p||-



42 O .J. OGUNSOLA AND O. K. OYEWOLE

Finally,

%011 = Pl = 10 f(xa) + (I — 0uD)y, — p|
= ||ew& f (xn) — 0Dp + (I — 0.D) (yn — p)||
< o||§f(xn) = Dp|| + (1 — & F) |20 — Pl
< o ([|Ef(xn) = EL () + 18 (p) = Dpll) + (1 — 0w )l|zn — Pl
< o &pllxn — pll + o4 |lE f(p) — Dp|| + (1 — o4 F) (Ilxn — pll + uN1)
= (1= (7= E€p))llxn — pll + allE £ (p) — Dp|| + (1 — 0t F) 0tuNy

PR o o 1S£(p) = Dpl| | (1—0n7)
= (1= an(7=&p))llm =l + an(= Ep) {5 S+ S N |
<(U—o(7=Ep)luu—pl+ou(f=EpINa.  (414)

where N, = SMPneN{ Héf;;:)g;DpH + (;:%‘Z?)Nl}. Therefore, {|x, — p||}

is bounded and thus {x, } is bounded. Consequently, {s,},{un},{z.}, {A(un)}
and {S(z,)} are bounded. O

Lemma 4.6. Suppose {x,} is the sequence generated by Algorithm
then the following inequality hold for all p € Q and n € N

200, (Y —
bt —pl2 < [1- ”—g”)} o — pI12

(1-0Ep)
207 =80) (O (=T e P
(= 0,8p) \200—Ep) ™ " 20, (7— Ep) nIn — 7=
: (l_an'f’)z
+ (’}A/_ép) <§f(p) —Dp,x,41 _p>> - m(l _Bﬂ)(ﬁn_c)”Zn—SZnHz,
(4.15)
and
20,(7—Ep)
Hxn—H_pHZS l—m} ”xn_P||2
207 2P (_tuF 4 (= 07)" 0|20 — X1 ||?
(1—aép) \2(7—Ep) " 20u(7— Ep) T~ =
_ _ o1 — _ (1—0,7)? S 2
T =gp) P Pr p>> (azo)ln
IO ORI A VI
(1—a,&p) (1 ¢ ﬁﬂ)“ n—Vall” (4.16)
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Proof. Clearly, it follows from Equation (3.2) that

s = pII* = 1% + 8, (60 —x0—1) — P
= [|%n — p+ 8 (xn _)Cnfl)”2

= ||xn = PII* + 285 (X0 — P20 — Xu—1) + 87 %0 — X1 ||

< Jn = pII* 428100 — Pl 10 = 5n—1 ][ + 8 [0 — 01|

= [l = pI1% + 8allxn — 11|20 — Pl + Slxn —xa-1]])

0,
< [Jxn _sz + 0 - _nN3Hxn —Xn—1l,
oy

where N3 = sup,,cn(2|x, — p|| + 6n||xn — xn—1]]). From Equation (3.2)),
we have,

P = pII* = llow(Ef (xa) = Dp) + (I — 0uD) (va — p) I°

< (1= 06 9)?[lyn — pII* +206(§ £ (Xa) = Dp, X1 — ).
4.17)

Observe that

2038 f (xXn) = Dp, X1 — p) = 20 (f (Xn) = £(P)s Xnt1 — P)
+20,(& f(P) — Dp,Xnt1—p)
< & p([xn — plI* + 201 —p1%)
+20,(8 f(P) — Dp,Xnt1—p)
= 0,Ep||xn — pII* + 0&p|lxas1 — pl?
+20,(Ef(p) —Dp,xni1—p).  (4.18)

Combining inequality (4.17)) and inequality (4.18)), we have

41 _pH2 <(1- an'f’)z”)’n —P||2+2an<§f(xn> —Dp,xu+1—p)
= (1= 09)*llya = PI* + & pllxa — pII* + & pllxur1 — plI?
+20,(G f(P) = Dp,Xn1— )
< (1= 0 9)*(llzn = pII* = (1= Bu) (Bu = ) lzn — Szal|)
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+ &P 50 =PI+ 0Pt = Pl +200(E £(p) ~ Dpoxs — p)

< (1= @) (lbon = pII> = (1= B) (Bu = )lleu — S

+ &P a1 =PI+ uEp Il — Pl +200(E £(p) ~ Dpoxuss — p)

< (1= ) (lIsu =PI = (1= 1) (Bs =) |20 — Sz

+ 08Pl = plI*+ & pllxn — plI* + 20 (E £ (p) = Dp,xus1 — p)

< (1= (I = pIP+ a2 Nslben =54l = (1 = B) B — e S )
+0u&p i1 — plI* + 0 plben — plI* +206(& £ (p) = Dpxas1 — p)

= [1-20 7+ (0 7) + @&l o = Pl +204(E £ (p) ~ Dp. i1 — p)
(=) (2Nl —sat | = (1= B) (B =)o — S

n

+ & plnss — pl*.

Consequently, we obtain

e e e O
— (1= Bu) (B =) in— 550 1P) + g7 (€)= Dot =)
e e
— (1= Ba)(Br = )llzn—Sz|1?) + %HM ~pl?

+ Ui%(éf(p) —Dp,Xns1—p)

= |1

20,,(Y—
2T =52 2
200(7-&p) ( af . (-0
(I—ongp) \2(Y=8p) ~ 20(7—5p)
1
(—5p)

OCnH)Cn_xnle2

_|_

(1 - an?)z
(1—aép)

+ (1_ﬁn)(ﬁn_c)||zn_szn”2a

(Ef(p) —Dp,Xns1 —p>> -
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where Ny := sup{||x, — p||* : n € N}. Similarly, we have

xas1 = plI* < (1= ) lyn — plI* +200(E £ (Xn) — Dp,Xns1 — )
= (1= 7)?llyn — P> + 0 pllxn — plI* + & pllxns1 — plI°
+20¢n<§f( ) —Dp,Xn11—p)
< (1= ) llzn = pII* + 0 pllxa — pII* + 0 p|lxas1 — pl?
+20,(S f(p) — Dp;Xnt1— P)
2
< (1= )P (Jun = pIP = (10725 )l = i)
+ & xns1 — PlI* + 0 pllxn — plI> + 200 (E £ (p) — Dp,xns1 — p),

which implies

2
¥

w1 = I < (1= )2 (llsn = I =t = sl = (1= 9> )t = v
yn+1

+ &Pt — pl* + el plbi — pll> +20u(E f(p) = Dp.xus1 —p)

. 0,
<(1- an7)2{||xn _P||2+an anN3||xn —Xp—1|| = ||un _Sn“2
n

2
Y 2 2
— (1= 0> ) ltw —vall* } + & p a1 — pl|
(1-02-) }

+ @l p |y — plI* + 206 (E £ (p) — Dp,Xns1 — P)

= [1 — 20,7+ (an?)z + O‘nép] ||xn - pH2

T R L A e

-(1- ¢2]" Mitn = val®} + @& pliass = pl* +200(E £ (p) ~ Dp.xas1 = p).

n+1
Thus
1 =206,7+ () + b p)
Hxn+1_p||2 < ( (1—(06 ép) ||Xn—p||2
1— OCn’}? 2 6}1
<(—1 e 52) (Nl = a1 | = 1t = 5
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2
(102 Y = valP) (€ F(p) ~ Dprass — p).

Vi1 (1—-0&p)

= (2T 0080 i+ 2 P
+ 28 (& f(p)— Dpxuss —p)

(1—a.&p)
e (el sl =l (1= 072 )
- e [ pi S (2(;i?§p)m

e T
+ ﬁ(iﬂp) —Dp,xni1 —p>> - %Hun —sull?
—8:7%(1 g2 yzl)nun—vnnz.
Thus the required inequalities are obtained. ([l

Theorem 4.7. Suppose that conditions A and B hold. Then the iterative
sequence {x,} generated by Algorithm 3.1 converges to u € Q where

u=Pof(u).

Proof. Let u = Po f(u). From Lemma4.6] we obtain

20, (7 —
L [1—”—5”)] o — ]

(1 - anép)

206,,()7— €p> ( anf’z N, (1 - O‘ﬂf’)z

(I—08p) \2(7—Ep) 20,(7—&p)
1 (1_0%’)7)2

(7—Ep) (1-a:ép)

O‘onn_xn—le

(1=Bn)(Bn—c)llzn — SanZ,
4.19)

+ (EF(P) = Dpyxnst — 1)) ~
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and

20‘n(f5\/_ fép)
X1 — ul|* < [1 - m} 0 — u]|?

2an(?—€p>< o9 Nat (1—au9)?
2(

+ O‘n“xn_xn—le

<1—anép> 7—E&p) " 20,(7—Ep)
—u _M U, —§ 2
= iip)@f() Dp.srsr 1) (—agp) "
_ 2
_%O ‘Z’zyyil)HMn vall?, (4.20)

From inequality (4.19), it follows that

1 — o, 9)2 rer (5
=D (1 ) By ) Sanll® < on — P — s — e + 22T =5P)

(l_anép) (1—06,16[))
(4.21)

where M' = sup{b, :n € N} and

n 1-a,

b; = Nyt a0 0 oy — 1|2+ e (8 £(0) — Dt g1 —

u).

Next we show that {x,} converges to u. Set a, := ||x, — u||* and &, :=

20‘}1(5\/—6[))

. It is easy to see from inequality (4.19) that the inequality:

apt1 < (1 - én)an + 5nbn

holds. To conclude, we have to show that limsupb,, < 0 whenever a
k—yoo

(1—oucp)

subsequence {a,, } of {a,} satisfies

liminf(a,,, —ay,) > 0. (4.22)

Indeed, let {a,, } be a subsequence of {a,} satistying inequality (.22)),
we obtain from inequality (4.19)) that

: 1—o,9)? :
hmsup wg - ﬁnk)(ﬁnk - C)Han - SanHz < hmsup(ank - ank+1)

k—>oo (1_05711(5/)) k—soo0
+2M/% lim o, = —liminf(ay,., —ay) <O (4.23)
Mg

which implies that
gl_r}olo \|zn, — Szn, || = 0. (4.24)
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Using inequality (4.20) and following the same process as in inequality
(4.19), we have that

B [l — | = i [, = v || = 0. (4.25)

. On
From Algorithm[3.1}, we see that |[sy,, — Xy, || = O, 5 [|%n, —Xn,_, ||- Thus
s
Jim [[si, — x|} = 0. (4.26)

It follows from ||y, — X || < ||ttn, — S|l + ||Sn, — X, ||, Equation (4.25)
and Equation (4.26)), that

Tim e, — 5, || = 0. (4.27)

Observe also that
Hynk _an“ = Hﬁnk(an _an) + (1 - ﬁnk)(San _an)H
< ﬁnkH(an _an)H + (1 - ﬁnk) H (San _an)H-
Thus, by Equation (4.24)), we obtain

]<h_r>rolo Hynk - an” =0. (4.28)
By using Equation (4.25]) and Equation(@.27)), we get
Vi = X |l < Vi — ttg || + |y, — X || = 0, as k — oo, (4.29)

From the definition of z,,, Equation (4.24) and Equation (4.29) we have

Han _xnkH = ”Vnk — Xy — ynk(Avnk _Aunk)H

< Vi = X[l + Yoy 1AV, — At |

N1
By using triangular inequality, Equation (4.28)) and Equation (4.30), we
obtain
3 =5 < [ =2+ o, =] 0, as kv em, (@31)

Again, from Algorithm [3.1] we have by using assumption B, and in-

equality (4.31)), that
Hxnk+1 _xnkH = Hankgf(xnk) + (I_ ankD)ynk _'xnkH
= Ha’lkéf(xnk) - anka’lk + (I_ ankD)(ynk _xnk) H

< ank”éf(x”k) _Dx”kH + (1 - a"k’?)Hy”k _x”k“ — 0, as k — oo.
4.32)
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We next show that limsupb, < 0. Clearly, it suffices to show that
k—yoo
limsup(& f(u) — Du,x,,,, —u) < 0. Let {xnkj} be a subsequence of
k—ro0
{xn, } such that

lim (€ (u) — Du,x,, —u) =limsup(& f(u) —u,x,, —u). (4.33)
jree !

k—yo0

Since {x,, } is bounded, there exists a subsequence {xnkj} of {x,, } such
that Xy, — u* € H. Thus, we have by inequality (4.30), that 2y, =
u*. Since I-S is demiclosed at zero, it follows from ([#.24), that u* €
F(S). Also, from Equation @#-23), and Lemma[4.2] we obtain that u* €
VI(C,A). Again from Equation (4.25)), inequality and Lemma
4.3] we get that u* € GEP(®, ). We therefore conclude that u* € Q.
From u = Pqo f(u), it follows from Equation (4.33)), that

limsup (G f (u) = D(u),n, — ) = 1im (& f(u) — D(u), X, — u)

k—ro0

= (6.f(u) = Du,u” —u) <O0.
We obtain from this and inequality (4.32)), that

timSup(& (1) ~ D)., ) = BmSup(& £(u) = D) o, — 30

k—yo0
+limsup(€ () — D(u), 3, — )
k—ro0

= (Ef(u) — Du,u* —u) <0. (4.34)

Applying Lemma [2.§] to inequality (4.19) together with the fact that

lim % ||Xn —xn—1|| = 0 and condition B2, we deduce that lim ||x, —u|| =
n—yoo0 U k—so00

0 as desired. ]

Remark 4.8. This result has extended the result obtained in [42] and
other results in this direction.

As direct consequences of Theorem we obtain the following corol-
laries.
If ¢ =0, then we obtain the following as a consequence of Theorem

Corollary 4.9. Suppose conditions A and B hold. Let C be a nonempty,
closed and convex subset of H. Let S : H — H be a c-demicontractive
mapping and ® be a bifunction from C x C to R satisfying conditions
(C1) — (C4) in Lemmal2.6|such that Q = EP(®) N F(S)NVI(C,A) # 0.
Choose 8,71 >0, ¢ € (0,1) and 8, be given as in (3.2)). Let {x,} be the
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sequence generated as follows:

(Sn :xn+5n(xn_xn71>7

D (14, y) + 7=y = thny ty — $0) > 0Vy € H,

Yn = Pc(un — YuAuy), (4.35)
Zn = Yn — Yn(Ayn — Auy),

[ Xn+1 = @ f (Xn) + (I = 0, D) (Buzn + (1 — Bu)Szn,

and

L fmin{ el n ) ran - an 0
] =
Y otherwise.

Then {x,} converges strongly to u € Q where u = Po f(u).

If S =1 and 9, = 0, then we obtain the following as a consequence of
Theorem

Corollary 4.10. Suppose conditions A and B hold. Let C be a nonempty,
closed and convex subset of H. Let S : H — H be a c-demicontractive
mapping and let ® be a bifunction from C x C — R satisfying (C1) —
(C4) such that Q = EP(®)NVI(C,A) # 0. Choose v, >0 and ¢ €
(0,1). Let {x, } be the sequence generated as follows:

D(up,y) + %(y—un,un —x;) >0Vy€cH,
Yn = PC(un - YnAun>7

Zn = Yn — Yn(Ayn — Auy),

Xn+1 = an(Pf<xn) + (1_ aﬂD)Zm

(4.36)

and

L fmin{ el n ) ran - an 0
] =
Y otherwise.

Then {x,} converges strongly to u € Q where u = Po f(u).

5. NUMERICAL EXAMPLE

In this section, we present a numerical example to illustrate the be-
haviour of the sequence generated by Algorithm 3.1. All the programs
are implemented in MATLAB 2023b on a Intel(R)Core(TM) i5-8250S
CPU @1.60 GHz computer with RAM 8.00 GB.
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Example 5.1. Let H = />(R) be the linear space whose elements are
all 2-summable sequence {x;}7 , of scalars in R that is />(R) := {x =
(x1,%2,%3,-+ ), € Rand ¥ | |x;|> < oo} with the inner product (-,-) :
0y x y — R defined by (x,y) := ¥ | x;y; and the norm ||.|| : ¢, —
R by [l i= (57, bt where x = {5} 1,5 = (i} Let € i
{x€6(R): |x]l,, <1} and A : C — £, be defined by A(x) = (||x||gz +

|\x\|/l +1')X, Vx € C.Let @ :C x C — R be defined by ®(x,y) — x2 + Xy —
2

2y? and @(x,y) = —2x> +xy+y* forall x,y € C.
By some simple calculations, we arrive at
T¢7(p n = Sn .
r T 2
Let S: £>(R) — £>(R) be defined by Sx = txwithp = 1. LetD: H — H
be defined by Dx = 3 for all x € H with ¥ = %, then we take Yy = 1 which
satisfies 0 < y < %.

We choose f(x) =3, =41,6=0.8,5,= ﬁ,yl =3.1,0=0.7,0, =

Fll and B, = %. We demonstrate the numerical behavior of the se-
quences generated by Algorithm using different starting points of
xo and x;. The process is terminated by using the stopping criterion

|Xps 1 — Xn|| < €, where € = 1074,

(Case 1): xo = (0.6,0.5,---,0,---) and x; = (1.1,0.1,---,0,---);
(Case 2): xo = (0.1,0.5,---,1,---) and x; = (1.1,1.2,---,0,---);
(Case 3): xo = (1.1,1.5,---,0,---) and x; = (0.7,0.9,---,0,---);

0,---)

(Case 4): xo =(1.3,0.0,---,0,---) and x; = (1.9,0.0,-- -,
The report of this example is given in Figure

Example 5.2. Let H = R? be the two dimensional Euclidean space of
the real number with an inner product (-, -) : R? x R? — R be defined by
(x,y) =x-y =2x1-y1 +x2 -y, where x = (x1,x2) € R? and a usual norm
R? — R be defined by [|x|| = y/x? +x3 where x = (x1,x) € R Let
the mapping A : R? — R? be defined by Ax = (2x1 —x2, x| +2:x2) for all
x = (x1,x2) € R?. Let the mapping @, ¢ : R? x R? — R be defined by
®(x,y) = —x* +y* Vx,y € R?, and @(x,y) = —2x* +xy+y* Vx,y € R%.
As before, it is easy to see that

Sn

Sr+1°

Let the mapping S : R> — R? be defined by Sx = %Tx. Let D : R? — R?
be defined by Dx = ¢,Vx € R? with ¥ = %, then we take ¥ = 1 which

Tr¢7¢sn —
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FIGURE 1. Example Top left: Case 1; Top right:
Case 2; Bottom left : Case 3; Bottom right: Case 4.

satisfies 0 < y < 2—)7. Let the mapping f : R?> — R? be defined by f(x) =

3,Vx € RR? then with p = % and let r = 1. The numerical behaviour of the
sequences generated by Algorithm [3.1] using different starting points is

shown as follows. We choose &

:§’

%,yl =33, = ﬁ and 3, = sfﬁ.
x0 = (0.6,0.5) and x; = (1.1,0.1);
x0 = (0.1,0.5) and x; = (1.1,1.2);
xo = (1.1,1.5) and x; = (0.7,0.9);
xo=(1.1,0) and x; = (1.9,0.7).
The report of this example is given in Figure 2]

(Case A):
(Case B):
(Case O):
(Case D):

§=09,5,=——

(n+1)2’¢ = 0'87 Oy =
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FIGURE 2. Example Top left: Case 1; Top right:
Case 2; Bottom left : Case 3; Bottom right: Case 4.

6. CONCLUSION

In this paper, we have considered a problem of finding a common solu-
tion to an equilibrium, variational inequality and fixed point problems.
We introduced an iterative method which combines the inertial, Tseng
and viscosity techniques. The method is self-adaptive and thus indepen-
dent of the Lipschitz constant of the cost operator. Using these meth-
ods we have established a strong convergence result for approximating
a common solution to variational inequality problem and fixed point
problem associated with pseudomonotone and demicontractive opera-
tors and also a solution to a generalized equilibrium problem. By the
way of numerical illustrations, we displayed the convergence of our
proposed method.
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