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THE CYCLICPOID LIFE STAGES OF A STAR-LIKE
MATHEMATICIAN

DEDICATED TO PROFESSOR ADEWALE ROLAND TUNDE SOLARIN ON
THE OCCASION OF HIS 70TH BIRTHDAY

ABSTRACT. The star-like mathematician Adewale Roland Tunde
Solarin (ARTS) is a role model and mentor in pure mathematics
who established the coexistence relations between particular alge-
braic operators and functional theory. The influence and contribu-
tion of ART'S on the novel class of star-like semigroups (students)
and the characterization of cyclicpoid C,Pw, functions indicate a
major relationship between group theory, semigroup theory, and
tropical algebra. The present study uses a classical approach to
build an equivalence relation between the ranks of the development
phases of a star-like mathematician ART'S.

1. INITRODUCTION

One common use of graph theory is the algebraic theory of semigroups.
The cyclicpoid class was employed as a model to present rank devel-
opment, contribution and the work done by the star-like Mathematician
ARTS on the geometric and combinatorial theories within this frame-
work. A recent study by [2]] described various star-like relations on
CyPw,;. Similar findings were made by the writers in [4], who looked
into the combinatorial functions of specific P, subsemigroups. Never-
theless, comparable findings for the star-like CyP@) cyclic transforma-
tion semigroup or some of its subsemigroups have not kept pace with
all these advancements regarding the combinatorial functions of P, and
some of its subsemigroups.

A cyclicpoid class is conceptually related to group theory, which is
best understood on a digraph. Star-like cyclic semigroups, unless they
are cyclic groups in the first place, do not resemble circles. They do,
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however, contain a circle, and the cyclicpoid, which is the subject of our
investigation in this paper, is precisely the circle. The list of publications
and books that illustrate how this work relates to earlier studies in the
field are shown below; it is by no means comprehensive. Some of the
authors include [} [3, 5 16, 9]]. For basic and standard concepts in the
theory of transformation semigroups, refer to [3, 5,7, [8].

2. PRELIMINARY

Some basic concepts and preliminary results that will be useful in the
next sections were presented:
Definition 1: If all of the elements (students) of a star-like Mathemati-
cian are generators and one of them produces the other (students), the
cyclic is considered ARTS cyclic if C,Pw; = (B*) is a star-like partial
cyclic Mathematician in which CyPw;; has two possible values if B* is
a generator such that

(i) p™ = BP* = m = p, forall m, p € D(B*)

(ii) There exist m # p such that B = BP* where (B*) is iso-

morphic to N, U{0} € R,.
Definition 2: A cyclicpoid life stages Gy, of ARTS in C,Pw, is a star-
like transformation class with a unary operation (~1) : G7, — G, and
a star-like partial function (-) : Gy, X Gy, — Gy, that satisfy the fol-
lowing axioms for all o*, B*,7* € CyPw;:

(i) If a*-B* and B* - y* are defined, then (o* - B*) - v* and a* -

(B*-v") are defined and are equal.

(i) = - a* and o* - a~!* are defined for any B* in P

(iii) If a* - B* is defined, then o* - B*B~1* = a* and = - ™ -

B =p*.

From these axioms (i-iii), if B* is a generator such that B* €

CyPw,, two easy and convenient properties follows.

(iV) Ifﬁm*zﬁp*:m:p; (Bfl*)flzﬁ*.

(v) 3m# p: B = BP*,if a* - B* is defined, then (a* - B*)~! =

ﬁ_l* . OC_I*.

For any given star-like transformation with a rule A* : M — N where
M and N are cyclicpoid, such that o* € C,Pw,. Then a finite cyclicpoid
stage of C,Pw), is said to be star-like if

|o* ki —wig1| < |0 kiy1 —wil, (1)

for all w; € D(a*) and k; € I(a*) such that
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x w1 wo . wi
Cwan - ( a*ky ok, ... o*k; )7 2)
where i € NU {0} € R where 0 is assumed to be zero for all a* in
CyPw,.

3. THE CYCLICPOID STAGES Gy, OF f(n,ARTS)

Let C,Pw;, represent ART'S and let {U; :i €1} (withI#0); 0 #1=
Ni=tU; be a star-like subsemigroup of CyPw;. Suppose B* is a non
empty star-like cyclicpoid transformation of CyP®,, there is at least
one subsemigroup of C,Pw;; containing 3%, (CyPw;, itself). The inter-
section of all star-like cyclicpoid subsemigroups of CyP®, containing
B* is generated by the singleton element {f*} € C,Pw, denoted by
(B*).

There are two transformation possibilities for (f*). The set of ele-
ments of (B*) is {B*, %", ...}.

@) pm™ =pr* —m=p,B " CB;(j ).
(ii) If U* is a subsemigroup of C,Pw;; containing B*, then (f*) =
U; foreach j€ 1,3 m+# p: ™ = P

In the former case, ($*) is isomorphic to ({1,2,3,...},+) of natural
numbers under addition. In such a case, (B*) is an infinite star-like
cyclicpoid transformation, and the element (*) is said to have infi-
nite order. In the latter case, suppose there exist two smallest positive
integers m and p (the star-like index and star-like period of any given
cyclicpoid transformation in C,Pwj;) such that B = B** for some pos-
itive integer x # m and that B = BUm+r)" If CyPw; is a monoid, then
we can equally talk of the subsemigroup of C,Pw,, generated by B* that
will always contain at least one idempotent set.

The order of B* is defined as m+ p — 1, such that the star-like period
and the star-like index must satisfy the following axioms:

(i) = plmter

(i) B0 = Bm+¥)" if and only if m +x = m+ y(mod p)

(iii) (B) = {B™,B* B> ... gt~}

(iv) Kg« = {Bm*, BUmtD)" pom+27  Bimtr=1"} 'where Kg. is

called the star-like kernel of ($*) and it is cyclicpoid.
Notably, the pair (m, p) determines the structure of the star-like CyPwj;
cyclicpoid semigroups, represented by C,Pwj (m, p), such that C,Pwj; (1, p)
is the cyclicpoid of order p. The new class of transformation C,Pw,
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semigroups is a promising class of results that can be used to show in-
triguing and useful results to link pure mathematical fields of study like
real analysis and discrete mathematics, among others.

Lemma: 3.1 An element (student of ARTS) { € CyPw; is star-like
cyclicpoid if and only if v*f(*) <I(L*).

Proof. Let v*f(£*) <I({*), which means that for every m € I({*), we
have m({*) = m.
Recall that I({*) = {m{* :m € Z,,}.

Then [C*| = [C Py | <= [C(w1)" —C(mp)*| <[C(ma)" = C(w1)*[ < &
= m{v*|E(w1)" = C(ma)*| < [E(ma)* — C(w1)*[} <mC*

Let [E(w1)" = C(m2)"| < [C(m2)* = E(w1)*| < K

= (V'K )" <w* foreach m € (L)

< mf* <v*forallmeI({*)

= VL) < 1), )

Proposition: 3.2 Let C,Pw, be a star-like cyclicpoid abelian semi-
group, then the following statements are true:

(i) 0-B* =0 for any B* € C,Pw;

(i) (—c)-B* =c-(B*) forany c € R and B* € C,Pwj;

(iii)) c-0=0forany c e R

(iv) If ¢- B* = 0 then, either c =0 or B* = 0.

Proof. (i) Suppose B* € CyPw; such that C,Pw;; C Pw;, then
from definition (1), using (viii), (v), and (ii), we get:

B*+O'ﬁ* — 1_[3*_1_0.[3*
= (1+0)-p°
= B*+0
adding (—fB*) to both sides of the equality:
_ﬁ* +B* +O'ﬁ* — _B*+B*+O'
Thus, 0-B* =0
(ii) If —(c-B*) is an element of CyPw, that satisfies property
(iii) of definition (1), we can replace 8* by ¢- B*.
We need to show that ¢-0 = 0 for any ¢ € R holds if
—(c-B*) = (=c)-B~.
Now using (—c)-B* =c-(—B*) and c- B* = 0 such that
(—¢)-B*+c-B* = (—c+c)-B*=0-B* =0
Thus, (—c)-B*=0
c-(=B*)=0.
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(iii) Generally, for any a,, € C,Pw,, we see that:
c:0 = c- (B, —By)
= ¢ B+ (=B)
= ¢ By +e-{(=1)-B,}
= ¢ B+ (=c)-By
= c¢-B;—cB;, =0.
Therefore, c-0 =0 for any c € R

(iv) Suppose ¢ # 0, then ¢f* = 0 It is sensible to consider %;
therefore,

B = 1B’
!

= —(cB7)

c
1

= -0=0.
c
Thus, either B* =0orc=0if ¢f* =0.
U

Proposition: 3.3 Let f* € P, p) Where I <p <n—1and |Kp+(CyPwy)| =
70 (ART S is 70yrs). Then, there exist {* in CyPw;_, and B* in Py, 1)
such that every element of Pa);;’ p—1 1s expressible as a product of ele-

ments in CyPw,;_, where f* = {*B*.

Proof. Foreachi=1,2,...p),leth;~'* =W, andletI(B*) = {b1,bs,...b,}.
It is easy to write

B* = Wi W Wz Wy ... W,
by by by by ... b, )’
Since not all of the sets W; are singletons, we can assume that W; =

{wi,w,,w;,w, ...} contains at least four items without losing general-
ity. We can see that the sets W; form a partition of [n].

w1
L ow . Wi\ {wi} W\ {wm} ... W, {wi Hwa}
C - Wi’ ’ﬁ _< bl b2 pr bp-i—l >
Wi

It may be shown that B* = {*B* when b, | ¢ I(B*). It is now necessary

to demonstrate that each element of Pa),;"(m p—1) can be expressed as a
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product of elements in C,P®;_,, such that C,Pw; , C Pw; ,. With
any B* : [n] — [n], we employ a graph I'B*. I'B* has the following
labels on its vertices: 3, 82*,...8"*. If and only if iB* = j, there is an
edge i — j. (B'*,...B3"*) may not be connected, but the connected
components are the cyclicpoid-stages Gﬁy, where the equivalency joint
Gy is provided by

Gey ={(i,)) € [n] x [n] - (3 p,m = 0) iB”" = jB™"}.
Each G, has a kernel K- defined by
Kg-={i€ G, : (3 p>0)ifr =i}

Finding K-, we find that for any {i € G}, =i,i8", iB?*,...}, there exists
m > 0 and p > 1 such that

iB"tP = iB™. if™ € Kg., as a result, every star-like cyclicpoid life
stages G, of CyPa, is categorized into the subsequent groups:

acyclic life stage: 1= [Kp:| < |G|,

tricyclic life stage: 3 < |Kp+| < |Gy, ],
cyclic life stage: 2 < |Kg:| = |Gyl

retired life stage: 1 = |Kg:| = |G,
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Their associated digraph are illustrated below:

ﬂsa' ﬂ.w ﬂ-qz ﬂ*ﬂ ﬂ% ﬂ*ﬂi ﬂau ’352' ﬂaqr ﬁEﬁ'

ACOOT

:I.' ﬂEB ﬂq.s ﬂq.z ﬂq.g ,34? ﬂgg ﬂEl ﬂE?' ﬂ55'

FIGURE 1. star-like acyclic life stage

ﬁus.:l. ﬂﬁ? ﬂ?ﬂl

PPy

ﬂEB ﬂﬁﬁ ﬂﬁ? ﬂ?z

FIGURE 2. star-like tricyclic life stage
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FIGURE 3. star-like cyclic life stage
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FIGURE 4. star-like retired life stage

Assume that any element (student) in CyPwj;; is B*. At least one el-
ement not in I(*) is present in each of the four life stages of Gyy:
acyclic, tricyclic, cyclic, and retired. Taking an element (any student of
ARTS) uj in G, \ Kg+, we can then consider the following life stages. If
wicuiBV us € u*l‘ﬁ_lf,... g eusfY, .. then elements students
uj,u;, ... cannot all be distinct. Consequently, there exist p, p +m with
m>1andu,,,, = Cwa;7(m7p)' up =u,f? = u;ﬁerp = uyB™ is the
logical conclusion. Consider B* in C,Pw;_,. Since [I[(B*)| = (n—1),
all the model stages of B* are either acyclic, tricyclic, cyclic or retired:
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ARTS acyclic life stage: Initially, we will assume that ART'S life stage
is acyclic such that

222 {un ) fn s}

. Inthis case, A} is acyclic, z},z5, ... z; are cyclic, and {u }, {3 },... {u/}
are trivial such that |A}| = a* and |z%i| =z fori=1,2,...,c.

c
a’+Y 7 +vi=2n (3)
i=1
Let x; be the unique element in a* \ I(B*), then a* = {x],x3,...x}.},
where x; ;= x;B* for u=1,2,...,a" — 1 and x}.* = x}.. Also,
let z; = {vj}, v, .. Vi), for i = 1,2,...c where v | = v};B* for u =
1,2,...,z; = land v, f* = v;. Then

B =By, %, 4)

B* _ [ Far—1 Xa*—2 X1
Xy Xgo—1 )\ x )]

and fori=1,2,...c,

e O I B I B OO (L N (R DR )
i X1 Vl'7Z?‘ vi7Z;_1 Vi2 Vil

By adopting the star-like operator, Figure (1) shows that
G5 (AD)] = BP* < |Kp-| <G,

— B <10<|G;,

=B <B>-B> < |G,

=1<(B%)?<20

=pr <p" <|G}

where the number of idempotents in the product of |Gy, (A7)| is

where

C C
@-1)+Y (G+)=a"—1+)Y g+c=n+tc—1"—1.
i=1 i=1

Thus, B* is a product of idempotent in CyPw;_,.

ARTS tricyclic life stage: Let the ART'S life stage be tricyclic and *
be as follows:

T2,z {ui b s {ug )
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In this case, 7 becomes tricyclic, and the remaining life stages remain
as before, so that |T*| = v* and || = z] fori=1,2,...,c. Consequently
C
T+ Y 5 +vi=n. (6)
i=1
Let x; once more represent the unique element (student) in T," \ I($*).
Then, let x,, = x; B 1* € Kpg+(T;+), where m is selected to be as min-
imal as feasible. Then 7" = {x],x3,... X, ,}, with x; B* = x}, | where

fori=1,2,...,m+p—1andx;, ,B* = x,. If we were to define

(Xl* _ [ Xmtp Xm+p—1 Xm+p—2 Xm—1 Xm—2 X1
Xm—1 Xm+p Xm+p—1 Xm Xm—1 X2

We see that

B =a*Yv,... 1, @)
such that we have from Figure 2. The expression
|G&y (T = B < |Kp-| < |Gy,
— B <6< |Gy
=B < BB’ <Gy
=3<(B*)? <18
=B < B < |Gy,
where the number of idempotent in the product of |Gz, (T.")| is

C
m+p+2(z?‘+l) =n+c—Vv"
i=1

, where ¥1,7,..., % are as in Equation (5). Hence, B* is once again an
idempotent product from C,P®;_ .

ARTS cyclic life stage: Let us assume that some of the students of *
exhibit cyclic behavior such that The set

Pz, -z {ui b s {u},

with P} being now star-like cyclic, and the remaining of their life stages
remaining as before, so that |P —c*| =n+1 and |z/| =] for i =
1,2,...,c. Thus,

p+Y g +m=r(B"). )

i=1
Let x| be the unique element in P\ I(B*), and suppose that x,, + 1 =
x B e Kg-(P}), with m chosen as small as possible. Then
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P = {X],25, Xy 4 pbs With B = x5y fori= 1,2, (m+ 1) +

p—landx, . B*=x, . Also,if we define

o = ( Hm+1)+p ) ( X(m+1)+p-2 ) ( Xm—2 ) ( Xm—3 ) ( X1 ) .
Xm—2 x(m—i—l)—i—p Xm+1 )C(m+1)72 X3

Then
B =a"RB, ., 9
and from Figure 4
|Gey ()| = BP < |[Kp-| <Gy
= Bp* <6< |G>cky
=pr < p*-p’ <|G,
=4<(B)? <12
=B <B™ <Gy
where 71,7, ..., Y are as in Equation (5). Thus,

(m 1)t pt Y (1) = (1) 47 (B%) —m,
=1

1

gives the number of star-like idempotent products in |Gy, (Py)|.

ARTS retired life stage: Considering the retired life stage of ART'S, let

c
Ri+Y 5 +p=|Gl. (10)
i=1
Once more, let x| represent the first retirement year. Assume that x,, +
2=xB" 3 ¢ Kg-(R;), where m is selected to be as minimal (2024)
as feasible such that

B =a v, .1, (11)
and from Figure 4
G5y (RE)| = BP” < |Kp-| < |Gy,
— B <6 <G
=pr < p’-p’<|G;,
—1< (B2 <6
=p7 <p" <|G;,
where ¥, 1, ..., % are as in Equation (3), and the number of idempotent
in the products of |Gy (R;)] is

C
(m+2)+p+Y (7 +1) =G| +n,
i=1
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which shows that B* is a product of idempotent from CyPw;;. We can
observe from the aforementioned life stages of ART'S that the products’
length is n+cycl B* — fix B*. Where cycl* is the number of cyclicpoid

stages such that
fix B =i€n]:if" =i}|
such that m and p are index and period of Gﬁy(ﬁ *). Therefore, we

showed that the career achievement year of ART' S was periodically con-

verged
.

Kg- (C,Po;)| = Y |KgCyel(iB*)]
i=1
= m(G,P}) + p(Gly) — 1
—=28443—1=170
[

Remark: A star-like cyclicpoid transformation may have many gen-
erators. Although, the lists 372%, B~1*, 8% B1*, B*. .. has finitely many
entries such that the element (student) B : n € NU{0} € R has only
finitely many elements students since B*B/* = B/+* = Bi/* Thus, ev-
ery star-like cyclicpoid life stage of ART S produces an abelian (star-like
students).
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NOMENCLATURE

The following list of nomenclatures gave the account of mathematical
symbols and their interpretations as used in this paper:

ARTS  Star-like Mathematician

C,Pw, Star-like cyclic transformation

Gyy ARTS cyclicpoid

A7 ARTS acyclic life stage

T; ARTS tricyclic life stage

P ARTS cyclic life stage

R ARTS retired life stage
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