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ABSTRACT. In this paper, we derive a family of three step
hybrid linear multi-step method type with one to three off-step
points. Orders and error constants and convergence analysis of
the proposed method are established. Numerical experiments on
special third order initial and boundary value problems (IVPs,
BVPs) are performed to show the efficiency and accuracy of the
proposed methods over existing method found in the literature.

Keywords and phrases: Boundary value problems, Initial value
problems; Ordinary differential equations
2010 Mathematical Subject Classification: 35G, 35F, 65L

1. INTRODUCTION

The mathematical formulation of some physical phenomena in sci-
ence and engineering [1, 2, 3] leads to special third-order initial and
boundary value problems of the type:

y" = f(z,y),y(a) = yo.y'(a) = no,y" (a) = 1, (1)
y" = f(z.y),y(a) = yo,y'(a) = b0, y(b) = yu, (2)
y" = f(z,y),y(a) = yo,y'(a) = 60,y'(b) = yu- (3)

Various approaches can be used to find the analytical solutions
of third-order ordinary differential equations (ODEs). However,
only a limited number of numerical methods are available for solv-
ing Equations (1)-(3) directly without reducing to an equivalent
first-order system of differential equations. Some authors have pro-
posed a solution to third-order of ODE using different analytical
techniques, for instance, the linearizing tangent transformation [4]
leads Equation (1) into the second-order ODE, the extension of
Stackel transform [5].
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For the numerical integration of general third-order of ODEs,
Awoyemi et al. [6, 7, 8] derived a p-stable linear multistep method
(LMM) which is in form of predictor-corrector and like most LMMs,
which requires one-step method to get starting values. The predic-
tors are also developed in the same way as correctors. Moreover,
the block methods in Fatunla [9] are discrete and are proposed for
non-stiff special second-order ODEs in form of a predictor-corrector
integration process. Zainuddin et al. [10] solved third-order ODEs
directly by using the block backward differentiation formula. Also
like other LMMs, they are usually applied to the IVPs as a single
formula but they are not self-starting; and they advance the nu-
merical integration of the ODEs in one-step at a time, which leads
to overlapping of the piecewise polynomials solution model.

Approaches for finding approximation solutions of IVP and BVP
are actively developing, for example, the geometric representation
concept was proposed by Hairer etal. [11] have been developed in
more details as systematic tri-colored tree theory [12].

There is the need to develop a method which is self-starting,
eliminating the use of predictors with better accuracy and effi-
ciency. Recently, several researchers [13, 14, 15, 16, 17] proposed
LMMs for the direct solution of the general second-order IVPs,
which were shown to be zero-stable and implemented without the
need for either predictors or starting values from other methods.
Jator used the LMMs developed for IVPs and additional methods
obtained from the same continuous k-step LMM to solve third or-
der boundary value problems with Dirichlet and Neumann bound-
ary conditions and also Awoyemietal. [8], Olabode and Yusuph
[18] developed a LMM for the direct solution of IVP for a special
third order of ODEs. Also many authors have solved third order
BVP by transforming them to IVPs and then solving using Runge-
Kutta method (see, [12, 19]). Many methods like single finite dif-
ference method, spline method proposed by Khan and Aziz [20],
non-polynomial spline proposed by Islam and Tirmizi [21], quartic
splines studied by Pandey [22] and high order difference method
by Salama and Monsor [23] are used in solving third order BVP.
These methods were applied by reducing the BVP to an equivalent
system of first order ODEs which consume a lot of time and hu-
man effort. Bialaet al. [24] studied the efficiency of Boundary Value
Methods (BVMs) in combination with methods of lines on second
order BVPs. Jator [25] derived a LMM for direct solution of third
order BVP without reducing it to initial value problem or system
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of first order equivalent. Sahietal. [26] derived a continuous forth
derivatives method for third order BVP. Fazal-i-Haget al. [27] pro-
posed a collocation method with the Haar basis functions for the
numerical solution both BVPs and IVP without transformation of
BVPs into IVPs. Aboiyaret al. 28] proposed the continuous LMM
based on Hermite Polynomials as basis functions.

In this research, we extended the works of Jator [25] and Ola-
bode and Yusuph [18] into a hybrid linear multi-step method using
collocation and interpolation procedures by considering one-three
off-step points in order to solve special third order IVPs and BVPs.

This study, therefore proposes a block hybrid multistep method
for the direct solution of third order initial value problems of ordi-
nary differential equations.

The paper is organized as follows. In Section 2, we derive a con-
tinuous approximation Y (x) for the exact solution y(z). Section 3
is devoted to the specification of the order and error constant of
proposed hybrid linear multi-step methods. In Section 4, stability
of proposed hybrid linear multi-step methods is shown. A brief
discussion of numerical results is presented in Section 5.

2. DERIVATION METHOD

The main objective here is to derive a modified linear multi-step
algorithms. This algorithm shall be in the form shown below

r—1 k
Z ajyn+j - h3 Z BjynJrj + hgﬁnfnJrn + h36ufn+u + h36ufn+u (4)
Jj=0 J=0

where «j, 35, B,, B, and 3, are unknown constant and 7, v and
1 must not be specified as an integer, h is the step size. It is
important to note here that ay, = 1, ;. # 0, ap and Sy are non-zero.
Equation (4) is obtained by assuming the approximate solution y(z)
as

y(@)= 3 aa’ (5)

where a; are coefficients and r = k and s > 5 are distinct inter-
polation and collocation points. The continuous approximation is
then constructed with the imposition of two conditions stated in
next equations:

y(anrj):ynJrj?j2071727"'7T_17 (6)
ym(mn-i-j) = fn-i-j‘ (7)
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Equations (6) and (7) result to a (r+s) system of equations which
can be evaluated for solution through matrix inversion algorithm.
This is with a view to obtaining values for a;. The construction
of final approximation is executed through the substitution of the
values of a; into Equation (5). The method of continuous approxi-
mation can be adequately expressed as

Zaa yn+y+h ZB] T)Ynt;

+ hgﬁn(x)frﬂrn+h3ﬁ1’(x)fn+u+hgﬁu(x)fn+u (8)

where «a;(z), B;(z), B,(x) and f,(r) are continuous coefficients.
The first and second derivative formulae are as follows:

Z Oé yn+] + h3 Z ﬁ yn+]

+ hgﬁn(x)fn-i-n + hgﬁu(x)fn—f—v+h36:¢(x)fn+u)7 (9)

r—1 k
1
y”(l‘) - 12 (Z a;,(x)yn+j + h3 Z B;I(I)yn-iﬂ
=0 =0

+ hgﬁg(x)fnJrn+hgﬁylj/(x)fnJru_‘_hgﬁZ(x)fnJru)a (10)

to obtain additional equation and derivative by imposing that
y'(x) =d(z),y"(x) = (), (11)
y’(&) = 0o, y”(&) = 7o- (12)

2.1. THREE-STEP HYBRID LINEAR METHOD
WITH ONE OFF-STEP COLLOCATION POINT (3SHLM1)

We use Equation (8) to obtain a 3-step HLM with the following spec-
ification: r =3, s =5, n = %, k = 3, and oj(x), Bj(x), By(x) can be
expressed as functions of ¢, given that t = #=*= to obtain the continuous
form as follows

y(x) = aoYn + a1Yni1 + 2Yni2
+ B[Bofa+ Bifast + Bofuio + B8 frys + Pafural (13)

Initial value problem. Evaluate Equation (13) at x = x,43, z =
z, s to get the following
3

Yn+3 = Yn — gyn—i—l + gyn—i—Q
3

h
+ 300 ——[6fn + 376 fr41 + 460 f 42 — 81fn+% + 40 fr43], (14)
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5 16 20
Ynts = §yn - gynﬂ + Eyn+2
h3
+ 3748 [31fn + 2268 frut1 + 2436 fri12 —675fn+8 + 260 fn+3]  (15)

to start the IVP for n = 0, the additional method can be obtained from
Equation (12) as follows

3 1
= —= Ny — —
héo Y0+ 251 — S
3
-2 234 — 102 1

+ Tegog 1970 0 + 55961 — 2300f, + 23495 — 1020f3], (16)

v = yo—2uy1 +yo
h3
+ Tpgg 4010 — 13081 +782f> — T29fs +3163). (17)

Boundary value problem. We need two additional methods which
can be combined with Equations (14)-(15) to simultaneously solve third
order BVPs. Hence, we assume that §(z) and ~(x) are continuous at
* = Tp43. Hence, the following two additional methods were obtained

Yn+5 — 4yn+4 + 3Yn+3 + SYnt2 — 8Yn+1 + 3Yn

61 599 353 27
_ 137 -
[ 33607" " 207"t T 168f”+2 Ti20n+s ~ gagfnts
1399 783

17
B L 18
2100fn+4 84fn+5 + 2800fn+% 140fn+6]7 ( )

yn+5 - 2yn+4 + Yn+3 — Ynt2 + 2Ynt1 — Yn

81 659
[@fn 15Ofn+1+ fn+2+200fn+3 144Ofn+3

109 61 81
n n orndn 1
120f 14— 120f 15+ 160f”+ 360f +6] (19)

173 5
o(z) = 7 [_yn —4dypy1 + §yn+2

353
+h <—fn 84Ofn+1+ %fn—f—?

6720
27 61
_2MM@%+§mﬁ%ﬂ74%<w<xma (20a)
1] 3 1
(5(.’E) = E |:_§yn+3 + Qyn+4 — iyn+5
1399 93

B =, - :
i (224f +3 T 190050 n+4 ~ g e

783

5600 f”+1?7 B @f”%)} Tnts < T < Tpye. (20b)
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1
y(w) = w3 [?/n = 2Yn+1 + Ynio2

h3
+ <m <10fn + 876 fni1 + 1725fn+2>}

+ 729fn+% + 260fn+3>], Tp < < Tpys, (21a)

1
y(w) = ) [?/n+3 = 2Yn+4 + Yn+s

h3
+ <% <_451fn+3 — 1308 fr44 + 732fn+5>]

_ 729fn+g + 316fn+6>], Tpts < T < Tyt (21b)

2.2. THREE-STEP HYBRID LINEAR METHOD
WITH TWO OFF-STEP COLLOCATION POINTS (3SHLM?2)

Using Equation (8) to obtain a 3-step HLM with the following spec-
ification as: r = 3, s = 6, v = %, o= %, k=3, By(xz) = 0, and
a;(z), Bj(x), Bu(z), Bu(x) can be expressed as function of ¢, given that

t = =™ to obtain the continuous form as follows

y(r) = ao¥Yn + 01ynt+1 + @2Yni2
+  h*[Bofn + Bifut1 + Bafate + ﬂ%fnJr% + ﬂ%fnJr% + Bafuys], (22)

Initial value problem. Evaluating Equation (22) at © = z,43, © =
T, 8, v =1, 5, we get the following
3 2
Yn+3 =  Yn — 3Yn+t1 + 3Yni2
h3

+ 1200

[11fn 4536 frs1 +900 fr2 =896, 5 +729F, . s —80fusa], (23)

16 20

5
§yn - gyﬂri’]. + 3yn+2
h3

+ g (27U + 81304 ns1 + 19716 fs0 — 21760, 5

+ 16605, 5 — 1840 3], (24)

ynJr%

3 5 15
Ynts = gYn T gUnt + g Ynt2

3
101590 [1729f, + 81304 fp 11 + 115740 f 42 — 135424, .5

+ 101331f,, 5 — 11080f,+3]. (25)
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In order to start IVP for n = 0, the additional method can be obtained
from Equation (12) as follows

3 1
héo = —5y0 + 2y — 53/2
5039 626 347 . 3244 20331 47
B? S A okl il L 2
+ W oos00 0 T s 5602 T 15ms 3 T 1120078 T 1m0/ (29)
hQ’Yo = yo—2uy1+y2
5. 5723 8 . 3809, 788 14823 1201
_ _2 T s e )
+ P ore0 T 7 T Tee0 2 10573 Y oa0 S5 T 1e0 B (D)

Boundary value problem. We need two additional methods which
can be combined with Equations (23)-(25) to simultaneously solve third
order BVPs. Hence, we imposed that 6(x) and «(x) are continuous at
* = Tpy3. Hence, the following two additional methods were obtained

Yn+5 — YYnta + 3Yn+3 + OYnt2 — 8Yn+1 + 3yn
271 1709 21 704 2349
== Toos0 7" ~ 1260 T F 2 gip et T oo et
15319 1252 347 6488 20331 47
ey 0 pogreyum—_ 0} — AondJn I yey— e — - SAJn ) 28
*50a007" 2 T 15757 2507+ T Tems ot ¥ T Booo o+ ¥ godmrel (28)

2

Ynts5 — 2Yntd + Ynt3 — Ynt2 + 2Ynt1 — Yn
1919 412 12879

168072 ~ 525 7n+3 t Tig00 0+

6163 8 3809 788 14823 1201
+mfn+3 + ;fn+4 - @fws + ﬁfnp_zl - %fmug + %fn%]- (29)

869
100800

=h%[

647
fn+ Toofmrl +

2.3. THREE-STEP HYBRID LINEAR METHOD
WITH THREE OFF-STEP COLLOCATION POINTS (3SHLM3)

Using Equation (8) to obtain a 3-step HLM with the following spec-
ifications as: »r =3, s =7, n = %, v = %, W= %, k = 3, and o;(x),
Bj(x), By(x), Bu(x), Bu(x) can be expressed as functions of ¢, given that
t = 5 to obtain the continuous form as follows

y(x) = QoYn + 01Ynt1 + Q2Ynt2
+ h3[ﬂofn+ﬂ1fn+1+ﬁ2fn+2+ﬂ%fn+%+ﬂ%fn+%+ﬂ%fn+%+ﬁ3fn+3](30)

Initial value problem. Evaluating Equation (30) at © = z,43, © =

Ty 8y T =Ty ys, T =T, 7, We get the following
Yn+3 =  Yn — 3Ynt1 + 3Yny2
B fn gaas ftt + o fuk = s fu s — 1oe e
bR el (31)



8 U. MOHAMMED et al.

_ 5 16 20
yn+% = 9yn 9 Yn+1 + 9 Yn+2
oW 1189943 s 4077487 fro 200850 5167
931472080 ° " T 165337207 " T 55112472 T 556+
1022144 48217 63127
— 5 — n 2
5066715773 T 136080775 ~ 1e5azra’ ) (32)
3 5 L1
Ynts = gyn—'zyn+1 3;yn+2
W 167729 it 570841 5 25293 5 138753 138753
181689607 " 34406407 T 114688/ T Teos6327n+5
677 611631 9469
= Toso’"+3 T 2203760 m+% T 342062 ") (33)
2 7 14
Yntl = §yn—§yn+1+§yn+2
5. 979 231251 21853 877
+ W lrasea ™+ 2361060 7+ + Tosssa /"2 T 9207t
85408 347 20797
= 295225 7+3 t Toaa/n+5 ~ Tisoeso (34)

In order to start IVP for n = 0, the additional method can be obtained
from Equation (12) as

héy = —gyo +2y1 — %?/2
* Zg[zifééo Jot 1?000383030 hi= %f 2t 329264009 i 317587352
T 1) (35)
Ky = yo—2y1 + yo
+ P 27822428410 fo= ﬁf ! 43538(3‘203f - 22?227f it 120 I3
| dmeeel 28507 (36)

4480 “3 10080

Boundary value problem. We need two additional methods which
can be combined with Equations (31)-(34) to simultaneously solve third
order BVPs. Hence, we imposed that d(z) and v(x) are continuous at
x = xp4+3. Hence, the following two additional methods were obtained

Ynts — 4Wnya + 3Yn+3 + 9Yn+2 — 8Ynt+1 + 3Yn
1207 34009 4617 112
fn—f—g

241007 ~ 2520007+ T 35"[”+2 3920 /m+1 T 235
891 29331 50333 4117

~70077+% T To0s007"** * 502007 ~ oo I+
39609 75664 236601 1091
fn+6] (37)

T120 T T a7 Il T a0 T

= h3[—
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Yn+5 — 2Yn+da T Ynt3 — Ynt2 + 2Unt1 — Un

505 . 205 4297 12393 8
= W lgags I+ 448f”+1 T 33607 T Taes0/nS T arined
2673 91493 487 45823

+ 1507+ T 38922043 T 30074 T 3360 4
206307 1880 176661 928597

ikl _ o i a 38
3136 1n+e T o1 feri T Tggg Fert  Toogo el (88)

3. ORDER AND ERROR CONSTANT OF HYBRID LINEAR
MULTI-STEP METHOD

With specific reference to the works of Fatunla [9] and Lambert [29],
the local truncation error attributed to the conventional form of Equa-
tion (8) is defined by the linear difference operator

— Z {ajy(z+ jh) = h°Biy" (x + jh)}

—h3Byy" (x + nh) — BBy (x + vh) — b3 By (x + uh). (39)

Suppose it is assumed that y(x) can be adequately differentiated. It is
possible to expand Equation (39) in the form of Taylor series about the
point x to arrive at the expression

Liy(z); h] = Coy(z) + C1y/(z) + ...+ Cohlyi(z) + . .. (40)

where the constant coefficients C, are given as shown below:

Co = Za],C’l Z]Ocj,...,

k k
€y = 3 erata a2 (S ).

Jj= j=1
q = 2,3,

According to Henrici [30], the method (8) has the order p if
C() :Cl = ... = Cp - Cp+1 :O,Cp+2 :O,Cp+3 750

Therefore, Cpy3 is the error constant as shown in Table 1.In order to an-
alyze the methods for zero stability, we normalize the schemes and write
them as a block method from which we obtain the first characteristic
polynomial p(R) given by

p(R) = det(R- A® — AWy = RF(R - 1)

where A©) = 1(k41)x (k+1) 18 the identity matrix of dimension (k + 1),
A = L(kt1)x1 'igwrl),(kﬂ) is the matrix of dimension (k + 1), here i,
is the k-th column of an n x n identity matrix.
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Case 1. 3SHLM1. It is easily shown that Equations (14)-(17) are
normalized to give the first characteristic polynomial p(R) given by

p(R) =det(R-A® — AW) = R3(R—1)

where A(O) = ].4><47 A(l) = 14><1 . i},‘l’
Case 2. 3SHLMZ2. It is easily shown that Equations (23)-(27) are
normalized to give the first characteristic polynomial p(R) given by

p(R) = det(R- A® — AWy = RYR —1)

where A(O) = 15><5, A(l) = 15><1 . 1%:5
Case 3. 3SHLMS3. It is easily shown that Equations (31)-(36) are
normalized to give the first characteristic polynomial p(R) given by

p(R) = det(R- A© — AWy = RS (R — 1)
where A0 = 14,6, AD = 155 - i6T,6-

Table 1. Order and Error Constants
for the Modified Linear Multi-step Methods.

Methods, Equation Order, p Error Constant, Cp+3
(14) 5 ggoo
_1571464

_ 5040
I785641768
_123865)1040

1058508
STA9R369500
65{)%?809960

— 1530550080

ENEEN RN PN i o Nl e N =S}

(15)
(23)
(24)
(25)
(31)
(32)
(33)
(34)

4. STABILITY OF HYBRID LINEAR MULTI-STEP METHOD

To evaluate and plot the region of absolute stability of HLM, the meth-
ods were reformulated as general linear method expressed as:

Y A U hf(Y
[ Yi+1 ] - [ BV ] [ i‘if ] (41)
where
ayy a2 ... Qs bir b1z ... bis
A= : ST B=1| + 1 ;
(sl Qg2 ... Ggg bs1 bs2 ... Dbss
Y = zZH yYitl = [ Ynth ] yYi-1 = [ Ynth-l ]
Yn+k—1 Yn+k—2

YUn+k
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Also the elements of the matrices A, B, U, and V were obtained from in-
terpolation and collocation points and then substituted into the stability
matrix as

M(z) =V +ZB(1—-ZA)™'U (42)

and the stability matrix (42) was substituted into the stability function

pl, ) = det(nl — M(2)) (43)

and then computed with Maple software to yield the stability polyno-
mial.
Case 1. 3SHLM1. The coefficients of Equations (14)-(17) are shown

below:

0 0 0 0 0 0 0 1
_ 13 1399 23 _ 783 17 1 g 3
448 8400 336 11200 560 4 4
451 109 _ 61 81 719 0 2 —1
1440 120 120 800 360
31 7 203 _ 2 65 20 _16 5
8748 27 729 324 2187 9 9 9
1 47 23 &1 1
60 00 0 800 % 3 -3 1
1 47 23 &1 1
60 00 0 800 % 3 =3 1
451 109 _ 61 81 _ 719 0 2 —1
1440 120 120 800 360
131399 23 783 17 S0 0o 1
L 448 8400 336 11200 560 : 4

By substituting the entries of the above matrices into Equations (42)-
(43), the stability polynomial of 3SHLMS1 is

(11520m32% — 45601%2* + 2349191323 + 434649n2° — 3472783n>
23 4+ 5925795122 + 23165565122 — 11542202 — 10024914012 2>
6789276001z — 213889502z + 1433007001°2 — —528679350n>~

— 969570000 + 2041200007 — 1173690000%> + 19391400007)

/ (115202* 4 23491923 4 592579522 + 1433007002 + 204120000).

f(2)

+ +

The region of absolute stability for 3SSHLM1, 3SHLM2, and 3SHLM3 are
shown in Figures 1-3 respectively. From the Figures 1-2 it was found that
the interval of absolute stability for 3SHLM1 is (—27,0), for 3SHLM2 is
(—1,0). Thus, the methods have a moderate wide interval of stability.
While from Figure 3 it was found that the 3SHLM3 is A(«a)-stable.
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_6 I I I I I I
-30 -25 -20 -15 -10 -5 0 5

Fig. 1. Stability region of 3SHLM1.

Case 2. 3SHLM2. The coefficients of Equations (24)-(28) are shown
below:

0 0 0 0 0 0 : 0 0 1
5039 313 347 1622 20331 a4t 1 0 3
201600 1575 1120 1575 22400 360 : 1 1
5723 8  _ 3809 788 14823 1201 : 0 9 _1
20160 7 1680 105 2240 1260 :

1729 10163 1929 529 33777 _ 277 .15 5 3
491520 61440 8192 1920 163840 12288 : 8 P 8
271 1616 1613 2720 205 230 .20 16 5
52488 6561 4374 6561 648 6561 : 9 9 9

11 67 3 56 243 1
1200 150 1 75 400 5 3 -3 1

11 167 3 56 243 1
1200 150 P 75 400 5 3 3 1
5723 8  _ 3809 788 14823 1201 0 9 _1

20160 7 1680 105 2240 1260
5039 _ 313 347 1622 20331 4T 1 0 3

L 7 201600 1575 1120 1575 22400 360 1 1

By substituting the entries of the above matrices into Equations (42)-
(43), the stability polynomial of the 3SHLM2 is
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+ +

1
E(1579355625772,z5 + 47315670007 2° — 2368718908027 2*

37665885040n2* — 3409560658687 2* — 10579345534728n% 23
62429126052967° 23 + 2888996401800723

— 1547809344002 — 183509896632480n2 22

_|_

73185538176000m2% + 35312810034240° 22

—  126794922177602% — 7149713635008001° 2

_|_

207411219993600n° 2 + 8610352265088007 2

—  2507632053696002 — 4543025356800007°

+ o~ +

Im(z)

75058679800007 + 790091366400007> + 6584094720000)
(39429725025 + 284130054892% + 5202427171082°
29427341695202% + 172842683328002 + 6584094720000).

0.5 T T T T T T

04F

0.3

0.2f

0.1f

Fig. 2. Stability region of 3SHLM2.
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Case 3. 3SHLMS3. The coefficients of Equations (32)-(37) are shown
below:
0 0 0 0 0 0 0 0 0
_ 8611 _ 50333 4117 _ 39609 18916 _ 236601 1091 1 0
403200 201600 2240 4480 1575 44800 2880 4
72481 478 __ 45823 206307 __ 1880 176661 __ 28597 0 2
282240 320 3360 3136 21 4480 10080
979 231251 21853 877 85408 347 20797 14 7
472392 2361960 196830 9720 295245 1944 1180980 9 9
167729 570841 25293 138753 _ 677 611631 _ 9469 15 _5
48168960 3440640 114688 1605632 1680 2293760 344064 8 4
1189943 4077487 201851 5167 _ 1022144 48217 _ 63127 20 _ 16
23472080 16533720 551124 95256 2066715 136080 1653372 9 9
433 1499 429 729 64 243 103 3 _3
47040 3360 560 7840 105 448 1680
433 1499 429 729 64 243 103 3 _3
47040 3360 560 7840 105 448 1680
72481 487 _ 45823 206307 _ 1880 176661 _ 28597 0 2
282240 320 3360 3136 21 4480 10080
__ 8611 __ 50333 4117 __ 39609 18916 __ 236601 1091 1 0
L 403200 201600 2240 4480 1575 44800 2880 4

By substituting the entries of the above matrices into Equations (42)-
(43), the stability polynomial of the 3SHLM3 is

f(2)

1
172519788

—342259827577240584162816002 — 75927391965739210941902"

NS

|
—

olot wlw ol

[y

oo

—  3103088016498671459420822" + 22437315453962429684899202>

—  6118453306997029232640000 + 12880954330520061542400007°
302538364280315066751127° 2° 4 13630732307428074169665607° 2
17913796064214199501363200n° 2 + 852109736889600007° 2°
130795967129131579807° 2° + 4511374918730279223961° ~*
2112943795986161257° 2° — 1256153472622446929907° 2°
21173744633227501132884n° 2" — 8862434232270568635975661° 2°
—  142163465325202012263264007° 2° — 639131563715393407357440001° 2
—  74065487400490353868800007> + 3668166590223653229957 2"
11280330928349493317988n2* — 4933386235811424567506472°
6178669396758571686412320n2" + 819428036424518745229824001 2
122369066139940584652800007)

(4939200002° + 758150520852 + 26149898345172"
1753644424141742° + 79009674573841202°

1038361817614464002z + 7466363412480000).

+ o+ o+ o+

e S

5. NUMERICAL EXPERIMENTS AND DISCUSSION
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Fig. 3. Stability region of 3SHLM3.

In this section, the results of the proposed method developed in Sec-
tion 3 are presented for some IVP and BVP of third order differential
equations.

Our method is implemented efficiently by combining the MFDMs as
simultaneous numerical integrator for IVPs and BVPs. For instance, the
method (14)-(17) are combined as instantaneous numerical integrators
for IVPs without looking for any other methods to provide the start-
ing values by explicitly obtaining the initial conditions at x,y3, n =
0,3,..., N — 3 using computed values y(Tn+3) = Yn+t3, 0(Tn+3) = On+3
and Y(Zp+3) = Ynts over sub-intervals [xg,x3],..., [Tn—3,2,]. On the
other hand, the methods (14)-(19) are combined to give the single ma-
trix of finite difference equation which simultaneously solves BVPs for
both linear and non-linear differential equation.

Problem 1. Linear non-homogeneous problem [18]

y" =3sinz, y(0) =1, y'(0) =0, y'(0) = —2.
22
Exact solution is y(z) = 3cosx + — — 2.
Problem 2. Non-linear homogeneous problem [12]
"

y" + exp(—y) — 3exp(—2y) + 2exp(—3y) = 0,

y(0) = In2, ¢/(0) = 1/2, y(0) = 1/4.

Exact solution is y(z) = In(exp(x) + 1).
Problem 3. System of third order non-homogeneous equations

Ta— 6—18(817y + 13932 + 448w), y(0) = —2,v'(0) = —12,3"(0) = 20,

2 = —%(1141y + 2837z + 896w), 2(0) = —2, 2/(0) = 28, 2”/(0) = —52,

"' = 135 (3059y + 4319z + 1592w), w(0) = ~12,w/(0) = ~33,w"(0) = 5.
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The analytical solution of the problem 3 is given by
y = exp(x) — 2exp(2z) + 3exp(—3z),
z = 3exp(x) + 2exp(2z) — Texp(—3z),
w = —1lexp(x) — bexp(2x) + 4exp(—3x).
Problem 4. Application problem [27]
y"y" = 1Ly(0) = 1,5/(0) =0,y"(0) = \.

The above third order initial value problem was derived by Fazal-i-
Hag et al. [27] to investigate wave solution of the form: h(x,t) = y(z),
x =& — Vt, where V is the wave velocity and y is the height of a thin
film on a solid surface.
Numerical results of problems 1-4 are represented in Figures 1-4.
Problem 5. Linear non-homogeneous problem [26]

222 — 52 —3)e®, y(0) = 0,y(1) = 0,5/(0) = 1,0 < = < 1.

Exact solution is y(z) = x(1 — z)e".
Problem 6. Non-linear third order BVP

4
mﬂ(@ = an(l) = 1H2ay/(0) =1,0<z<1

Exact solution is y(z) = In(1 + z).

y/// _ ZEy+(£C3—

y" = —2exp(—3y)+

Table 2. Maximum Absolute Error,
EMAX = _max |y(x;) — yi| for Problem 5.

1=1,2,...,

h 3SHLM1 3SHLM?2 3SHLM3 Sahi [26]
1/6  1.079 x 1079 9.13 x 107% 833 x 107%® 1.52 x 107°
1/9 1210x 1077 6.80 x 1079 3.30 x 107" 2.93 x 1076
1/12 2770 x 1078 1.10 x 1079 9.53 x 10719 9.26 x 1077
1/15 8900 x 1072 2.00 x 10710 1.13 x 10710 3.85 x 1077

Table 3. Maximum Absolute Error,
EMAX = _max ly(x;) — yi| for Problem 6.

s Ly

h 3SHLM1 3SHLM?2 3SHLM3
1/6 193 x107% 7.783 x 10797 8.62 x 107 %
1/9 293 x107%7 816 x 1079 595 x 107
1/12 818 x 1079  1.68 x 1079  1.82 x 107%
1/15 3.05 x 1079 510 x 1079  1.03 x 10710

The proposed schemes were applied to both initial value problem and
boundary value problems arising from third order differential equations.
These problems were also characterized variously by linearity, homo-
geneity and coefficient-wise (variable and constant).

All the proposed three-step hybrid schemes with one, two and three
off-grid points (3SHLM1, 3SHLM2, 3SHLM3) at collocation were more
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—{—3SHLMI
—O— 3SHLM2
—/— 3SHLM3
—/— Olabode et al. (2009)

Absolute Errors
=
I

10"

0,0 0,2 0,4 0,6 0,8 1,0

Fig. 4. Absolute Errors of Methods for Problem 1 [18].

accurate than the schemes of Olabode and Yusuph [18] for the linear
non-homogeneous problem (problem 1, Fig. 4) due to the number of
off-grid points that were considered.

Problem 2 considered a non-linear homogeneous problem solved by
You and Chen [12]. The results for this problem were shown in Fig. 5.
Comparison was made when the same problem was reduced to the sys-
tem of first order ODEs and the results of the proposed method per-
formed better than that of fourth-order Runge-Kutta method.

Problem 3 involved system of third order non-homogeneous equations
and the results were displayed in Fig. 6. Component-wise, the errors of
the proposed method with three step and one off-grid point are of low
order indicating good performance for problem 3 (Fig. 6, a). The three
component of solution are more accurate for the proposed method with
three step and two off-grid points than those of the three step with one
off-grid point for problem 3 (Fig. 6, b). Also, the proposed schemes of
three steps with three off-grid points at collocation, perform better than
the three step with two off-grid points for problem 3 (Fig. 6, c).

Problem 4 considered a third order initial value problem derived by
Fazal-i-Hag et al. [27] to investigate wave solution. It was noticed that
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107 B
g 10" L
~ £
23 .
5 C
§ L
> -9
<10’
E ——3SHLM1
L —O—3SHLM2
L —/—3SHLM3
10" & —/— You et al. (2013)
E | | | | |
0,0 0,2 0,4 0,6 0,8 1,0

Fig. 5. Absolute Errors of Methods for Problem 2 [12].

Absolute Errors

Fig. 6. Absolute Errors of Methods for Problem 3:
a) 3SHLM1, b) 3SHLM2, ¢) 3SHLM3.
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F ——3SHLMI
E —o— 3SHLM2
[ ——3SHLM3

10° £

Absolute Errors
=
T

Fig. 7. Absolute Errors of Methods for Problem 4 [27].

the proposed schemes compared favorably with the existing method as
shown in in Fig. 7.

Problem 5 considered special third order BVP which was also solved
by Al-Said [31], Islam [21] and Jator [25] with a smaller step size h = £.
However, the proposed method used lager step size h = % and it was
found that error was better than the existing methods found in the liter-
ature. Furthermore, it has the advantage of estimating the solution and
it derivatives at every point within the range of integration as presented
in Table 2.

Problem 6 considered the non-linear third order BVP. It was observed
from Table 3 that the maximum errors of the proposed method reduces
as the hybrid point increases.
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We have derived a three-step continuous hybrid linear multi-step
(HLM) method from which multiple finite difference methods (MFDMs)
are obtained and applied to solve third-order ordinary differential equa-
tions (ODEs) without first adapting the ODE to an equivalent first-order
system. The proposed method is universal and it is possible to apply it
for solving directly third-order initial value problems as well as boundary
value problems.

The proposed MFDMs are applied as simultaneous numerical integra-
tors over sub-intervals which do not overlap and hence proposed methods
are more accurate than corresponding to single finite difference methods
(SFDMs) which are generally applied as single formulas over overlapping
intervals. We consider three numerical examples to test the efficiency
of the derived hybrid linear multi-step method. Numerical results are
presented which show that the new method is more efficient in terms of
approximation in solving the third-order ODEs compared to the existing
MFDMs.

We have shown that the proposed methods are stable convergent. Our
approach is quite general and has the potential to design methods for
solving high-orders ODEs.

The further research of our study can be continued in the following
directions. At first, it is an adapting the proposed MFDMs to solve
third-order partial differential equations. At second, it is a using our
approach to derive methods for the solution of high-orders initial value
problems as well as boundary value problems.

The implementation of the method was coded using Maple software
environment.
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