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HARMONIC INDEX AND RANDIC INDEX OF
GENERALIZED TRANSFORMATION GRAPHS

H. S. RAMANE!, B. BASAVANAGOUD AND R. B. JUMMANNAVER

ABSTRACT. The harmonic index of a graph G is defined as the

sum of weights m of all edges uv of G and the Randié
index of a graph G is defined as the sum of weights m

of all edges uv of G, where dg(u) is the degree of a vertex u
in G. In this paper, the expressions for the harmonic index
and Randié¢ index of the generalized transformation graphs G*Y
and for their complement graphs are obtained in terms of the
parameters of underline graphs.
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1. INTRODUCTION

Let G be a simple, undirected graph with n vertices and m edges.
Let V(G) and E(G) be the vertex set and edge set of G respectively.
If v and v are adjacent vertices of G, then the edge connecting them
will be denoted by uv. The degree of a vertex w in G is the number
of edges incident to it and is denoted by d¢(u).

The Randic¢ index [20] R(G) is one of the most successful molec-
ular descriptors in the studies of structure-property and structure-
activity relationships [6, 10, 11, 19] and is defined as

1
RG) = Y L
uUGZE(@ Vda(w)da(v)

For mathematical properties of this graph invariant, see [7, 12].
The harmonic index [4] is defined as

2
HE = 2 oy v dato)

weE(G)
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The harmonic index and Randi¢ index are well correlated [12].
Bounds for the harmonic index have been reported in [13, 23].
Favaron et al. [5] considered the relationship between the harmonic
index and the eigenvalues of graphs. Deng at al. [3] studied the
relationship between the harmonic index and chromatic number of
a graph. Harmonic index of trees was considered in [2, 17]. Har-
monic index of unicyclic graphs and bicyclic graphs was obtained
in [8, 18, 26, 27, 28]. Bounds for the harmonic index of graph op-
erations were obtained by Shwetha Shetty et al. [22]. For other
results on harmonic index one can refer [2, 14, 15, 24, 25].

The generalized transformation graph G*Y, introduced recently by
Basavanagoud et al. [1], is a graph whose vertex set is V(G)UE(G),
and «, 8 € V(G™). The vertices a and f are adjacent in G™ if
and only if (a) and (b) holds:

(a) a, B € V(G), a, B are adjacent in G if x = + and «,  are
not adjacent in G if z = —.

(b) @ € V(G) and 8 € E(G), a, B are incident in G if y = + and
«, [ are not incident in G if y = —.

One can obtain the four graphical transformations of graphs as
G*tt, G, G~" and G~~. An example of generalized transforma-
tion graphs and their complements are depicted in the Fig. 1. Note
that Gt is just the semitotal-point graph of G, which was intro-
duced by Sampathkumar and Chikkodimath [21]. The vertex v of
G™ corresponding to a vertex v of G is referred to as a point vertex.
The vertex e of G* corresponding to an edge e of GG is referred to
as a line verter.

Proposition 1.1: [1] Let G be a graph with n vertices and m
edges. Let u € V(G) and e € E(G). Then the degrees of point and
line vertices in G*Y are

(1) dg++(u) = 2dg(u) and dg++(e) = 2.

(i) dg+-(u) = m and dg+-(e) =n — 2.

(ili) dg-+(u) =n — 1 and dg-+(e) = 2.

(iv) dg--(u) =n+m —1—2dg(u) and dg--(e) = n — 2.

The complement of G will be denoted by G. If G has n vertices
and m edges then the number of vertices of G*¥ is n+m. By Propo-
sition 1.1 and taking into account that dg(u) =n — 1 — dg(u), we
have following proposition:
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Proposition 1.2: Let GG be a graph with n vertices and m edges.
Let v € V(G) and e € E(G). Then the degrees of point and line
vertices in G*Y are

(i) dgr=(u) =n+m —1 = 2dg(u) and dg+(e) =n+m — 3.
de=(u) =n —1 and dg==(e) = m + 1.

(i)
(IV) dGT(u) = ng(u) and dGT(G) =m++ 1.

U1 U1 €1 U1 €1
€2 €3
Vs €4 V4 Vs (1 Vs V4
G €4 €4
G+t Gt-
U1 €1 U1 €1 U1 €1
€9 e €9 e €9 es
U3 V4 U3 V4 U3 21
€4 €4
G-+ G+t
(%1 €1 (%1 €1
U3 V4 U3 V4
€4 €4
G+ G-

Figure 1: Graph G, its generalized transformations G*¥ and
their complements G*¥

In this paper we obtain the expressions for the harmonic index
and Randi¢ index of generalized transformation graphs G*¥ and
of their complements G*¥ in terms of the parameters of underline
graphs.
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2. HARMONIC INDEX OF G™¥

Theorem 2.1: Let G be a graph with n vertices and m edges.
Then

- 3 2

ueV(G)
Proof: Partition the edge set F(G*T) into subsets E; and E,
where ) = {uv | wv € E(G)} and
Ey = {ue | the vertex u is incident to the edge e in G}. It is easy
to check that |E;| = m and |Ey| = 2m. By Proposition 1.1, if u €
V(G) then dg++(u) = 2dg(u) and if e € E(G) then dg++(e) = 2.
Therefore

2
H(G™) = uveEZ(Cv'++ dg++(u)+dG++(U)
— u;g doms )+dG++ ZE (u +dG++( )
- qu;G) dalu +dG ZE .

1 1
= H(G) +§E 1T do(u)

In the second part of above equation, the quantity m ap-
pears dg(u) times. Hence above expression can be written as

H(GH) = %H(G) + z(: | %
ueV (G

Theorem 2.2: Let G be a graph with n vertices and m edges.
Then

2m(n — 2
4 2mn—2)

m—+n—2
Proof: Partition the edge set F(G*™) into subsets E; and E,
where Ey = {uv | wv € E(G)} and
Ey = {ue | the vertex u is not incident to the edge e in G}. It is
easy to check that |E;| = m and |Ey| = m(n — 2). By Proposition
1.1, if u € V(G) then dg+-(u) = m and if e € E(G) then dg+-(e) =

H(GT) =1
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n — 2. Therefore

b 2
H(G ) N Z dg+—(u)+dg+—(v)

weEE(GT™)

2
- Z dg+ + dg+ ( ) + ZQ dg+— (u) +dg+— (6)

uv€E k) ue€F
2 2
- Z m+m+ Z m+n—2
weE(G) ue€ Fa
2m  2m(n —2) 2m(n — 2)
= — 4 — =14 —
2m  m+n—2 m+n—2

Theorem 2.3: Let G be a graph with n vertices and m edges.

Then 5 .
4 n  3mn—>5m
HIGT) =5+ =

Proof: Partition the edge set E(G~7) into subsets E; and FEs,
where E; = {uv | uv ¢ E(G)} and

Ey = {ue | the vertex u is incident to the edge e in G}. It is easy
to check that |Ei| = () —m and |E,| = 2m. By Proposition 1.1, if
u € V(G) then dg-+(u) =n—1 and if e € E(G) then dg-+(e) = 2.
Therefore

L )
HE™) = ) e

weB(G~T)

uwveFl uecl
2 2
- ¥ D>
uv%E(G)n—l—i—n—l ueeEQn—1+2
n 2 2
2 2n — 2 n-+1
B n+3mn—5m
2 n?—1

Theorem 2.4: Let GG be a graph with n vertices and m edges.
Then

o 1
H(G ) - uv%G)n_i_m_ 1—(dG(U)+dG(U))

Ly 2m—dow)

eV (@) 2n+m—3— 2dg( )
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Proof: Partition the edge set E(G~~) into subsets E; and E,
where Fy = {uv | wv ¢ E(G)} and

Ey = {ue | the vertex u is not incident to the edge e in G}. It is
casy to check that |E\| = () —m and |Es| = m(n — 2). By
Proposition 1.1, if u € V(G) then dg--(u) = n+m — 1 — 2dg(u)
and if e € E(G) then dg--(e) = n — 2. Therefore

__ 2
He = dcx<u>+dex<v>

weE(G—7)

2
= 2 dg-- +dG (v )+ > dg--(u) + dg—-(e)

uve Fq uec Fo
- ¥ :
B n+m-—1-2dg(u)+n+m—1-—2dg(v)

w¢ E(G)

2
* Z n+m—1—2dg(u)+n—2

ue€ By

1
N w;ﬂ:@ n+m—1— (dg(u) + da(v))

2
i Z 2n+m — 3 — 2dg(u)

ue€ By

1
- Z n+m—1— (dg(u) + dg(v))

uw¢ E(G)

(m — dg(u))
* Z 2n+m SCiQdG()

ueV (G
Remarks 2.5:

(1) By Theorem 2.2, for all graphs G having same number of
vertices and same number of edges, H(G" ) is same.

(2) By Theorem 2.3, for all graphs G having same number of
vertices and same number of edges, H(G~ ) is same.

(3) Among all graphs with n vertices, the complete graph K,
has maximum H(G~T).



HARMONIC INDEX AND RANDIC INDEX ... 63

3. HARMONIC INDEX OF G=#v

Theorem 3.1: Let G be a graph with n vertices and m edges.
Then

1

H(GH) = uv%G) n+m—1— (dg(u) + dg(v))

. Z m — dg(u) N m(m — 1)

e n+m—2—dg(u)  2(n+m—3)

Proof: Partition the edge set F(GTF) into subsets Ey, Ey and Es,
where Fy = {uv | wv ¢ E(G)},

Ey = {ue | the vertex u is not incident to the edge e in G} and B3 =
{ef|e f € E(G)}. It is easy to check that |Ey| = (}) — m,
|E5| = m(n — 2) and F5 = (). By Proposition 1.2, if u € V/(G)
then dgs+(u) = n+m—1-2dg(u) and if e € E(G) then dgz=(e) =
n +m — 3. Therefore

2
dg=(u) + dgw=(v)

HE - Y

weF(GTT)

B 2 N Z 2
dgrr(u) + degw(v) derr(u) + dg=(e)

uve Fq uec Fo
2
+
eerEg dgrr(e) + dgw=(f)
- > :
= Wt n+m—1-2dg(u)+n+m-—1-—2dg(v)
2
* ;3 n+m—1—2dg(u)+n+m-—3
ue€ly

2
+
Z n+m—3+n+m-—3
€f€E3

1
= X n+m—1—(de(u) + de(v))

uw¢ E(G)
D I e TP e
ueeEQn—l—m—Q—dg(u) ef€E3n+m—3
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win) n+m-—1-— (dg( )+ dg(v))
st (3) )
+ 2
uev(G)n+m—2—dG n+m-—3
- 1
Wty m = 1= (o) + do()
m — dg(u m(m — 1
> 2G( d) W 2 | )3 |
v MM = 2= de(u (n+m —3)
Theorem 3.2: Let G be a graph with n vertices and m edges.
Then
2 n—1 m+n 2(m+1)

Proof: Partition the edge set F(G*~) into subsets Ey, Fy and Fj,

where E)
Ey

= {uwv | wv ¢ E(G)},

2m and F5 =

n —1 and if e € £(G) then dg—(e)

2

= m + 1. Therefore

2,ifu € V(G) then dGT

{ue | the vertex u is incident to the edge e in G} and Fj
{ef | e, f € E(G)}. It is easy to check that |E| = (})
(7;) By Proposition 1.

—m, ‘E2|

(u)

H(G™) = )
L () (0
B 2 . 2
e ) e AP e e e
. 2
2 G () + d ()
2 2
> 5>
uv¢E(G)n_1+n_1 ueEEzn_1+m+1
2
+ Z m+1+m+1
efeFls
1 2 1
B Zn—+zn+ +Zm+1
uw¢ E(G) ue€ ks efeEs3
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- 16) - )+ ()
(2) G)
e m4:-nn * 7721((2;11))'

o3

Theorem 3.3: Let GG be a graph with n vertices and m edges.
Then

2m(n — 2) N m(m — 1)
n+2m-—3 2(n+m-—3)

H(G*)=1+

Proof: Partition the edge set E(G~*) into subsets £y, Fy and Es,
where F1 = {uv | wv € E(G)},

Ey = {ue | the vertex u is not incident to the edge e in G} and E5 =
{ef e, [ € E(G)}. It is easy to check that |Ey| = m, |Es| =
m(n —2) and E3 = (7). By Proposition 1.2, if u € V(G) then
de=(u) = m and if e € E(G) then dg=(e) = n+m —3. Therefore

N 2
HGET) = >
e b dg==(u) + dg=(v)
2 2

B Zczc,~+<u>+oz+<v>+ T ) + dg(0)

uve Fq ue€ Ko
R D
GfEE - ) + d (f)
2 2
- Z m+m+zm+n+77%—3
uwweE(G) ue€Fa

2
+
Z n+m—3+n+m-—3

€f€E3
1 2 1
- Y T et T i
uUeE(G)m ue€E2n+2m—3 663n+m—3

>
- i (i) (3) (i)

2m(n — 2) m(m — 1)
n+2m-—3 2(n+m-—23)

= 1+



66 H. S. RAMANE, B. BASAVANAGOUD & R. B. JUMMANNAVER

Theorem 3.4: Let GG be a graph with n vertices and m edges.
Then

v — 1 m(m —1) 2dg(u)
H(G ) = éH(G)%"m—i_ue;(G)m—i-liZdG(u)'

Proof: Partition the edge set F(G~) into subsets F;, F, and Es,
where F1 = {uv | wv € E(G)},

Ey = {ue | the vertex u is incident to the edge e in G} and E3 =
{ef | e, f e E(G)}. Itis easy to check that |E\| = m, |Es| = 2m
and F3 = (). By Proposition 1.2, if u € V(G) then dg=—(u) =
2dg(u) and if e € E(G) then dg=—(e) = m + 1. Therefore

_ 2
1@ = L wriew

weB(G—)
2 2
= +
5 T T 2 T )
+
6;3 G—— "‘dT(f)

2 2
- Z 2dg(u)+2dg() Z dG( )—i—m+1

weE(G) ue€la

2
+
Z m+1l+m+1
efeEs

2
n Z dG + dG( ) u;az m+ 1+ Qdc(u)

quE (@)

1

€f€E3 m + 1

- LHO Y mfldi(g;(;(u)*@ (m%l)

ueV(G)

1 m(m — 1) 2dg(u)
B QH(G) * 2(m+1) +u§G) m+1+2dg(u)’

Remarks 3.5:

(1) By Theorem 3.2, for all graphs G having same number of
vertices and same number of edges, H (F) is same.

(2) By Theorem 3.3, for all graphs G having same number of
vertices and same number of edges, H (F) is same.
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4. RANDIC INDEX OF G*¥ AND G*¥

In fully analogous manner, applying the proof techniques of the
Sections 2 and 3 and by the definition of the Randi¢ index, we
arrive at:

Theorem 4.1: Let G be a graph with n vertices and m edges.
Then

R@G™) = 3RO+ Y Vgl |

R(GT™) = 1++/m(n—-2);

o 1
m — dg( ) .
+u§G 2)(n+m—1—2dg(u))’
rar=n N !
m — deg(u)
_'_uG;(G V(n+m=3)(n+m-—1-2dg(u))
m(m—1)
TAntm—3)
~ n_m 2m m(m—l).
SR BT Y CES e AT
o m(n — 2) m(m — 1)

R(GT) = 1+ o EE——s St m—3)

. 1 m(m — 1 da(u
R(G) = 51~z(cz)+2((mi+1))+ z(:G) 2(7;’71)1)
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Remarks 4.2:

(1) If Gy and Gy are two different graphs having same number
of vertices and same number of edges, then

R(G{™) = R(G3")
R(GY) = R(GyY)
R(GT) = R(GT)
R(G;*) = R(Gﬁ).
(2) Among all graphs with n vertices, the complete graph K,
has maximum R(G" 7).

(3) Among all graphs with n vertices, the complete graph K,
has minimum R(G~T).
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