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ABSTRACT. In this paper, we investigate a hybrid-
extragradient iterative method to approximate a common
element of the set of solutions of split monotone variational
inclusion, mixed equilibrium problem and fixed-point problem
for a nonexpansive mapping. Further, we establish a strong
convergence theorem for the sequences generated by the pro-
posed iterative algorithm. We also derive some consequences
from our main result. A numerical example is given to support
our main result. The method and results presented in this
paper are the extension and generalization of the previously
known iterative methods and results in this area.
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1. INTRODUCTION

Let H; and Hy be two real Hilbert spaces with inner product (-, -)
and induced norm || - ||. Let C' and @ are nonempty, closed and
convex subsets of Hy and Hs respectively, let F': C' x C'— R be a
bifunction, where R is a set of real numbers, such that F(z,x) =
0, Vz € C' and let A : C' — H; be a nonlinear mapping. Then, we
consider the following mized equilibrium problem (in short, MEP):
Find x € C such that

F(z,y)+ (Az,y —x) > 0, Yy € C. (1)
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MEP(1) was introduced and studied by Moudafi and Théra [1].
The solution set of MEP(1) is denoted by Sol(MEP(1)). If F' =0,

MEP(1) reduces to the classical variational inequality problem (in
short, VIP): Find = € C such that

(Az,y —x) >0, Vy € C, (2)

which is introduced by Hartmann and Stampacchia [2]. If A =0,
MEP(1) reduces to the equilibrium problem (in short, EP): Find
x € C such that

F(z,y) >0, Vy € C, (3)

which is introduced by Blum and Oettli [3]. The set of solutions of
EP(3) is denoted by Sol(EP(3)).

Recall that a mapping S : H; — H; is nonexpansive if ||Sxz —
Syl < |lx—yl|, Vo,y € Hy. Further, we consider the following fized
point problem (in short FPP) for a nonexpansive mapping S: Find
x € Hy such that

Sz = . (4)

The solution set of FPP(4) is denoted by Fix(S). We note that if
Fix(S) # 0 then Fix(S) is closed and convex.

In 2007, Takahashi and Takahashi [4] proposed an iterative method
based on viscosity approximation method for approximating a com-
mon solution of EP(3) and FPP for a nonexpansive mapping S in
Hilbert space. Since then the common solution of these type of
problems have been studied using different iterative methods, see
for instance [5, 6, 7] and references therein.

Recently, Censor et al. [8] introduced and studied the following
split variational inequality problem (in short, SpVIP): Let f : H; —
H, and g : H, — H, be nonlinear single-valued mappings and let
B : Hy — H, be a bounded linear operator with its adjoint operator
B*. Then SpVIP is to find z* € C satistying

(fe*,x —2") >0, Vo € C, (5)
and such that
y* = Bx* € Q solves (gy*,z —y*) >0, Vy € Q. (6)

The solution set of SpVIP(5)-(6) is denoted by Sol(SpVIP(5)-(6)) =
{z* € C : x* € Sol(VIP(5)) and Bz* € Sol(VIP(6))}. They in-
troduced and studied the following iterative method for solving
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SpVIP(5)-(6): For a given xy € H;, compute iterative sequence
{z,} generated by the iterative algorithm:

Tpi1 = Uz, +yB*(T — I)Bz,), (7)

where v € (0, %) with L being the spectral radius of the operator
B*B, U := Po(I — Af) and T := Pgy(I — Ag), for A > 0, Pc is a
metric projection onto C.

Further, Moudafi [9] introduced the following split monotone
variational inclusion problem (in short, SpMVIP): Find z* € H;
such that

0 € f(z") + My (a), (8)
and such that

y* = Bx* € Hy solves 0 € g(y*) + Ma(y*), 9)

where M; : H; — 21 and M, : Hy — 272 are multi-valued maxi-
mal monotone mappings.

Moudafi [9] introduced and studied the following iterative method
for solving SpMVIP(8)-(9), which can be seen an important gener-
alization of an iterative method (7) given in [8] for SpVIP(5)-(6):
For a given xy € Hy, compute iterative sequence {z, } generated by
the iterative algorithm:

Tpi1 = Uz, +yB*(T — I)Bz,),

where v € (0, %) with L being the spectral radius of the operator
B*B, U := JM(I — \f) and T := J)2(I — \g), J)™* is defined in
Definition 2.4 below for A > 0.

When looked separately, (8) is the monotone variational inclu-
sion problem (in short, MVIP) and we denoted its solution set by
Sol(MVIP(8)). The SpMVIP(8)-(9) constitutes a pair of monotone
variational inclusion problems which have to be solved so that the
image y* = Bz* under a given bounded linear operator B, of the
solution z* of MVIP(8) in H; is the solution of another MVIP(9)
in another space Hy. We denote the solution set of MVIP(9) by
Sol(MVIP(9)).

The solution set of SpMVIP(8)-(9) is denoted by Sol(Sp MVIP(8)-
(9)) = {a* € H, : 2* € Sol(MVIP(8)) and Bz* € Sol(MVIP(9))}.

If fi = 0and fo = 0 then SpMVIP(8)-(9) reduces to the following
split null point problem (in short, SpNPP): Find z* € H; such that

0 € M(z"), (10)
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and such that
y* = Bz* € Hy solves 0 € Ms(y"). (11)

In 2012, Byrne et al. [10] introduced an iterative method and
studied the weak and strong convergence theorems for SpNPP(10)-
(11). For a given zg € H;, compute iterative sequence {z,} gener-
ated by the following scheme:

Tp1 = J3 (2, +yB*(J)? — I)Ba,,), ford > 0.

Recently, Kazmi and Rizvi [11] introduced and studied an itera-
tive method, based on viscosity approximation method to approxi-
mate a common solution of SpNPP(10)-(11) and fixed point prob-
lem of a nonexpansive mapping in the framework of real Hilbert
spaces.

Uy = J\ (2, + yB*(J — I)Bay,),
Tpt1 = anh(z,) + (1 — ay) Sy,
where h : Hy — H; is a contraction mapping and A > 0.

Very recently, Sitthithakerngkiet et. al [12] extended the work of
Kazmi and Rizvi [11] and Byrne et al. [10] for SpVIP(10)-(11).

It is stressed in [12] that it is worth to study the strong con-
vergence theorems for the sequences generated by iterative algo-
rithms for the SpVIP(5)-(6) and SpMVIP(8)-(9). As Moudafi notes
in [9] that SpMVIP(8)-(9) includes as special cases, SpVIP(5)-(6),
SpNPP(10)-(11), the split common fixed point problem and split
feasibility problem [8, 13, 14] which have already been studied
and used in practice as a model in intensity-modulated radiation
therapy treatment, see [13, 14]. This formulation is also at the
core of modeling of many inverse problems arising from phase re-
trieval and other real-world problems; for instance, in sensor net-
works in computerized tomography and data compression; see e.g.
[10, 15, 16, 17, 18, 19]. Therefore, it is worth to study the iterative
methods for SpVIP(5)-(6) and SpMVIP(8)-(9).

In 1976, Korpelevich [20] proposed an iterative method with it-
erative scheme for VIP in Euclidean space:

1= € C
Yn = Po(x, — NAz,), (12)
Tp4+1 = PC(xn - )‘Ayn)a
where A > 0 is a number. This iterative method is called extra-
gradient iterative method. Since then the extragradient iterative
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method has been generalized and extended by many authors. In
2006, by combining a hybrid iterative method with an extragra-
dient iterative method, Nadezhkina and Takahashi [21] introduced
the following hybrid-extragradient iterative method in infinite di-
mensional Hilbert space Hy:

(1 =x € (),
Yn = PC(xn - /\nAxn)a
Zn = ann + (1 - Bn)SPC(In - )‘nAyn)a

Co={z€C |z 2| < llr — 2|}, (13)
Qn={z€C:{(x,—z,0—x,) >0},
\ Tnt1 = PCannfU;
for every n = 1,2, ... . They proved that under certain appropriate

conditions imposed on {8,} and {\,}, the sequences {z,}, {y.}
and {z,} generated by (13) converge strongly to z € Fix(S) N
Sol(VIP(2)). A lot of efficient generalizations and modifications
exist at this moment, for instance, see [22, 23, 24, 25].

In this paper, we investigate an iterative method based on hybrid
iterative method and extragradient iterative method to approxi-
mate a common element of the set of solutions of SpMVIP(8)-(9),
MEP(1) and FPP for a nonexpansive mapping. Further, we es-
tablish a strong convergence theorem for the sequences generated
by the proposed iterative algorithm. Furthermore, we derive some
consequences from our main result. Finally, we justify our main re-
sult through a numerical example. The iterative method and result
presented in this paper extend and unify the iterative methods and
results due to Nadezhkina and Takahashi [21] and Djafari-Rouhani,
Kazmi and Rizvi [7].

2. PRELIMINARY

We recall some concepts and results needed in the sequel. Let the
symbols — and — denote strong and weak convergence, respec-
tively.

It is well known that a real Hilbert space H; satisfies

(i) the identity
Az + (1= Nyll* = Ma[* + (1= Myll* = A1 = A)lz —»l*, (14)

for all ,y € Hy and X € [0, 1].
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(i) the Opial’s condition [26], i.e., for any sequence {z,} with
rn, — x, the inequality
lim inf ||z, — 2| < lim inf ||z, — y|| (15)
n—o0 n—oo
holds for every y € H; with y # «x;
(iii) the Kadec-Klee property [27], i.e., if {z,,} be a sequence in

H, which satisfies z,, = x and ||z, || — ||z]| as n — oo then
|zn — 2| = 0.

For every point x € Hj, there exists a unique nearest point in C'
denoted by Pgox such that
o — Pea]) < ||z —yll, Vy € C.
The mapping Pg is called the metric projection of H; onto C.

It is well known that Pg is nonexpansive and satisfies

(x — vy, Pox — Poy) > ||Pex — Poy|)?, Vo € Hy. (16)
Moreover, Pox is characterized by the fact Pox € C' and
(x — Pox,y — Pox) <0, Yy € C, (17)

which implies that
|z =yl = |z = Pex|* + |ly = Pox|?, Vo € Hi, y € C. (18)

It is well known that every nonexpansive operator 1" : H; — H;
satisfies, for all (z,y) € Hy x Hy, the inequality

(z=T(2))=(y=T(y)), T(y)-T(x)) < (1/2)||(T(I)—I)—(T(y)—?{g2
and therefore, we get, for all (x,y) € Hy x Fix(T), )
(z = T(x),y — T(2)) < (1/2)|T(x) — =%, (20)
see e.g., [[28], Theorem 3.1].
Definition 2.1: A mapping T : H; — H, is said to be
(i) monotone, if
(Te —Ty,x —y) >0, Yo,y € Hy;
(i) a-inverse strongly monotone, if there exists a constant o > 0
such that
(Tx — Ty,x —y) > a||Tx— Tyl Yo,y € Hy;
(iii) B-Lipschitz continuous, if there exists a constant 5 > 0 such
that

Tz — Ty| < Bl|lv —yl, Yo,y € Hy.
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We note that if T" is a-inverse strongly monotone mapping, then 7’
is monotone and i—Lipschitz continuous.

Definition 2.2: A multi-valued mapping M; : H; — 2 is called
monotone if for all z,y € Hy, u € Myjx and v € M,y such that

(x —y,u—v) >0.

Definition 2.3: A monotone mapping M, : H, — 2t is mazimal
if the Graph(M;) is not properly contained in the graph of any
other monotone mapping.

It is known that a monotone mapping M; is maximal if and only if
for (z,u) € Hy x Hy, (x—y,u—v) > 0, for every (y,v) € Graph(M,)
implies that v € M;z.

Definition 2.4: Let M; : H; — 21 be a multi-valued maximal
monotone mapping. Then, the resolvent mapping J /]\V[l Hy — H,
associated with M, is defined by

T (x) = (I +AMy) Y (2), Yo € H.
Remark 2.1:

(i) For all A > 0, the resolvent operator J){w1 is single-valued,
nonexpansive and firmly nonexpansive.

(ii) If we take M; = 0l¢, the subdifferential of the indicator
function I of C, where I is defined by

0, rel
lo(z) = { +o00, x ¢ C,

then
y = JC(z) = (I + N0Ic) 'z & y = Pox.

Definition 2.5: A mapping T : H; — H; is said to be averaged if
and only if it can be written as the average of the identity mapping
and a nonexpansive mapping, i.e.,

T:=(1—a)l+aS

where a € (0,1) and S : H; — H; is nonexpansive and [ is the
identity operator on Hj.

We note that the firmly nonexpansive mappings (in particular, pro-
jection on nonempty closed and convex subset and resolvent oper-
ator of maximal monotone operator) are averaged.

The following are some key properties of averaged operators, see
for instance [9, 10].

Proposition 2.1:
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) UT=(1-a)S+aV, where S : Hi — H, is averaged,
V : H; — H; is nonexpansive and « € (0, 1), then T is
averaged;

(ii) The composite of finitely many averaged mappings is aver-
aged;

(iii) If the mappings {T;}Y, are averaged and have a nonempty
common fixed point set, then

N
(Fix(T3) = Fix(TiT»..Ty);
i=1

(iv) If T is 7-ism, then for v > 0, 47T is Z-ism;
(v) T is averaged if and only if, its complement I — 7" is 7-ism
for some 7 > 1.

Lemma 2.1: [27] Assume that T is nonexpansive self mapping of
a closed convex subset C' of a Hilbert space Hy. If T has a fixed
point, then I —T is demiclosed, i.e., whenever {z,} is a sequence in
C converging weakly to some x € C' and the sequence {({ — 1)z, }
converges strongly to some y, it follows that (I — T)z = y.
Assumption 2.1: The bifunction F' : C' x C — R satisfies the
following assumptions:

(i) F(z,z) =0, Yz € C

(ii) F' is monotone, i.e., F(z,y) + F(y,z) <0, Yz € C;

(iii) For each z,y,z € C, limsup F(tz + (1 — t)z,y) < F(z,y);
)

t—0
(iv) For each x € C, y — F(z,y) is convex and lower semicon-

tinuous;
Assumption 2.2: The bifunction F': C' x C' — R satisfies

F(z,y) + F(y,2) + F(z,2) <0, Vo,y,2 € C. (21)

We easily observe that, for y = z, Assumption 2.1 (i) and Assump-
tion 2.2 implies Assumption 2.1 (ii).

Lemma 2.2: [15] Let C' be a nonempty closed convex subset of
Hi;. Assume that F' : C' x C' — R satisfying Assumption . For
r > 0 and for all x € Hy, define a mapping 7, : H; — C as follows:

T.(z) :{zEC:F(z,y)—l—%(y—z,z—x} >0, Vy e C}. (22)

Then the following results hold:

(i) For each x € Hy, T, (x) # 0;
(i) T, is single-valued;
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(iii) 7T, is firmly nonexpansive, i.e.,
||T7"T - TTyHQ S <T7"T - Try,l' - y>7 VI,y € Hlﬂ (23)

(iv) Fix(T},) = Sol(EP(3));
(v) Sol(EP(3)) is closed and convex.

Remark 2.2: It follows from Lemma 2.2 (i)-(ii) that
rF(T.x,y)+ (T,x —z,y —T,x) >0, Vy € C, x € Hy. (24)
Further, Lemma 2.2 (iii) implies the nonexpansivity of 7, i.e.,
[Tox =Ty < ||z —yll, Vo,y € Hy. (25)
Furthermore, (24) implies the following inequality

| T —y|)* < ||z —yl|* = | Trx —2||* +2r F(T,z,y), Yy € C,z € H;.
(26)

3. Hybrid-extragradient iterative method

We establish a strong convergence theorem for the sequences gen-
erated by an iterative algorithm based on hybrid-extragradient it-
erative method which finds the approximate common element of
the set of solution of split monotone variational inclusion problem
(SpMVIP(8)-(9)), mixed equilibrium problem (MEP(1)) and FPP
for a nonexpansive mapping S.

Theorem 3.1: Let H; and H, are real Hilbert spaces and B :
H, — H, be a bounded linear operator with its adjoint operator
B*. Let F: C x C — R be a bifunction satisfying Assumption
2.1 ((i),(iii) and (iv)), and Assumption 2.2; let M; : H; — 2,
M, : Hy — 22 be the multi-valued maximal monotone mappings;
let the mappings A : C — Hy, f: Hy — Hy and g : Hy, — H> be,
respectively, o, 01, f>-inverse strongly monotone and let S': C' — C'
be a nonexpansive mapping such that 2 = Sol(SpMVIP(8)-(9)) N
Sol(MEP(1)) NFix(S) # 0. Let the iterative sequences {x,}, {yn},
{l.}, {z}, {w,} and {u,} be generated by the following iterative
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algorithm:

PL=zc Hy,
yn:J)]\%(]_)‘f)xm ( )
Zn :PC[yn""YB*(ln_Byn)L ( )
Wy = Trn (I - TnA)Zna ( )
Up = OpTn + (1 - an)STrn (Zn - rnAwn)> (31)
Cn={2 € Hi: lup — 2| < [lwn — 2[I*}, (32)
Qn:{Z€H1:<xn_Zax_In>ZO}7 ( )
(34)

Tnt1 = PCnﬂana

for n = 1,2, ..., where {r,} C [a, b] for some a,b € (0,0), A C [, V]
for some a',b' € (0,6), where 6 := min{6;,6,} and {«a,} C [0,

for some ¢ € [0,1) and vy € (0, . Then the sequences {x,},

1
13|
{yn} and {z,} converge strongly to z = Pqx.

Proof. We divide the proof of Theorem 3.1 into the following steps.

Step I. Py(z) and {z,} are well defined. Further, the sequences
{z,}, {yn}, {ln}, {zn}, {wn}, {t.} and {u,} are bounded, where

tn := Ty, (2n — TRAwy,).

Proof of Step I. First, we show that Py(z) is well defined. Since
f, g are inverse strongly monotone then J/]\wl([ —Af) and J)]\V[Q(I —
\g) are nonexpansive and hence Sol(MVIP(8))=Fix(JM (I — Af))
and Sol(MVIP(9))=Fix(Ji(I — \g)) are closed and convex sets.
Further, it is easy to observe that Sol(SpMVIP(8)-(9)) is closed and
convex set. Since A is inverse strongly monotone then T, (I —r,A)
is nonexpansive and hence Sol(MEP(1))=Fix(J,, (I —r,A)) is closed
and convex. Since Q # 0, Q is closed and convex set in H; and thus
Po(x) is well defined.

Next, we show that {z,} is well defined. Indeed, let z € Q
then 7 € Sol(SpMVIP(8)-(9)) and hence 7 = Ji™"(I — A\f)z and
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Bz = J\>(I — \g)BZ. We estimates

lyn — 2> = || (20 — May) — NN (@ — Af2)|]?
< (zn — ) = A(fan — fT))?
= |z, — Z|? + N[ f2, — fZ)* + 2X(2, — Z, fz, — [T)
< Nl — 212 = X200 — M| fz, — fz]? (35)
<l — 2% (36)
|1, — BZ|* = ||J3*(I = \g) By, — JY*(I — Ag)Bz|?
< ||Byn — Bz||* — (265 — \)||g By, — 9BZ||(37)
< || By, — Bz||*; (38)
2o — Z||* = ||Pclyn +vB* (L, — By,)] — z|?
< |yn +vB*(l, — By,) — 2)||?
= |lyn — Z|* + |7 B*(ln — By,)|?
+27<yn - fa B*(ln - Byn)>
< Nyn — 27 + ¥?IB* P |lln — Byll®

+2'7<B(yn - j) + (ln - Byn) - (ln - Byﬂ)? In — Byﬂ)
_ . 1 _
[yn = ZII” + Y11 B*|1?||ln — Byall” + 27[§||ln — Bi|?

1 1 1
~||ln — Byall* — || By — Bz|* — =||ln — Byl
+5l Ynll® = 5l Bya — Bz|” = 5| yall’]

= |lyn — Z* = (L = v B*|I*)[|Ln — Byal® (39)
< lyn = 207 < [lwn — 2% (40)
and
Jwn — jH2 = |10, (zn — 10 A2,) = T, (T — TnAj)HQ
< (2 = 7) = ra(Az, — AT)|?
= lza — 2" + ;[ Az, — Az
—2r,(z, — T, Az, — AT)
< lon = 2)* = ra(20 — 1) [ Az — AZ|? - (41)
< Jow 2P < llrm — 2P (12)

Now, evidently @, is closed and convex for every n =0,1,2, ... .
Further, since

Cn = {Z c H1 . Hun - anQ + 2<un — T, Tpn — Z> < 0}7 (43)

then we observe that C,, is closed and convex for every n = 0,1,2, ....

Hence C,,

N @, are closed and convex for all n. Further, we claim
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that C,, N Q,, is nonempty for all n. For this, it is enough to show
that Q C C, N Q, for every n = 0,1,2,... . Let T € Q) then T is a
solution of MEP(1) and hence

F(z,w,) + (Az,w, — z) > 0, Yw, € C. (44)
Applying (26) with z, — r, Aw, and T, we have
It, — 2|
< lzn — reAw, — Z|* = [ty — (20 — rnAw,)|)? + 27, F(t,, @
= |lzn — Z|I* = Itn — 2all* + 27 (Aw,, T — t,) + 27, F(tn, T)
= 2o =21 = lItn = 2all* + 2 [(Awy, — AZ, 7 — wy,)

+(AZ, T — w,) — (Awy,, t, — wn>] + 21, F(t,, T). (45)

)

Since A is o-inverse strongly monotone, then A is monotone and
<-Lipschitz continuous. Using (24), (44) and monotonicity of A in
(45), we have
[tn = Z1* < lzn = 27 = Itn = 20l* + 270 (Aw,, wy — 1)
+2r, [F(Z,w,) + F(t,, )]
< e — QEH2 — |20 — wnH2 — [Jwn — tn||2
—2(zy — Wy, Wy, — ty) + 21, (Aw,, w, — t,)
+2r, [F(Z,w,) + F(t,, T)]
= lzn = 7 = 20 — wall® = [Jwn — t,1?
—2(wy, — (2 — TRAzp), by — Wy)
+2r,(Az, — Awp, t, — wy) + 21, [F(a‘c, wy) + F(t,, ;1‘5)]
= lzo = 7 = 20 — wall® = [Jwn — t,1?
+2r,(Az, — Awp, t, — wy,)
+2r, [F(f, wy) + F(wp, t,) + F(t,, f)}

Now, using Assumption 2.2 in the above inequality, we have

ltn = ZI1* < Iz = ZI° = ll2n — wall® = [lwn — 2o

1
+27“ngHZn — Wy|[[tn — wy| (46)
< lzn = 212 = llzn = wall® = [wn — ta]
2 Tn\? 2
Hlleon =t + (22) 120 = wal
o
=112 Tn 2 2
< ezl = (1= (2) ) e —wal® (47)



324 K. R. KAZMI, S. H. RIZVI AND REHAN ALI

Since 1, € [a, b], we obtain
tn = 2% < 20 = 217 < My = 7l° < 2o — 2% (48)
Since € {2 then * = Sx and we have the following
[t — jH2 = |lanzn + (1 — ) St, — jH2
lom (2, — Z) + (1 = @) (St — 7) 2
= apllz, =7 + (1 — o) || St — 7|
—ap (1 = ay)||St, — anQ

< agllen = Z)* + (1 = ap)|ISt, — ||
< agllen —3l° + (1 = an)llts — 2| (49)
< O‘onn_EHQ_}_(l_O‘n)Hxn_jHQ
= |lon — | (50)

This implies that x € C,, and hence 2 C C), forevery n = 0,1, 2, ....
Further, since 2 C Cy and 2 C @)y = H;. It follows that 2 C Cy N
o and hence CyNQ)y is nonempty closed and convex set. Therefore
1 = Poyng, is well defined. Now suppose that Q C C,,_1 N Qp—1
for some n > 1. Let z, = P, ,ng, ,*. Again, since Q2 C C,, and
for any & € Q, it follows from (17) that (x — x,, x, — T) = (z —
Pe, 1n0, 1%, Pe, 1no, ,© — %) > 0, and hence = € @),,. Therefore
QCC,NQ, for every n = 0,1,2,... and hence 2,41 = P, %
is well defined for every n = 0,1,2,... . Thus the sequence {z,} is
well defined.

Let | = Pox. From z,41 = Po,ng,z and [ € Q C C, N Q,, we
have
|01 — | < [T — ], (51)
for every n = 0,1,2,... . Therefore {x,} is bounded. Further, it
follows from (36), (38), (40), (42), (48) and (50) that the sequences
{yn}, {l.}, {20}, {wn}, {t.} and {u,} are bounded.

Step IL. lim |z, — 2| = lm ||z, — 2| = lim |Ju, — 2] =
. n—oo . n— o0 . n—oo

lim ||z, — yn|| = lim ||z, —t,]| = lim ||St, —t,|| = 0.

n—o0 n—o0 n—o0

Proof of Step II. It follows from (33) and (34) that z,, = Py, x,
and x,11 € C, N Q,. Hence, we have
[z — 2]l < ll#nsr =], (52)

for every n = 0,1, 2, ... . Further, it follows from (51) and (52) that
the sequence {||x,, — z||} is monotonically increasing and bounded,
and hence convergent. Therefore lim ||z, — z|| exists.

n— o0
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Now, applying (18) with z,, = Py, x and z,41 € @, we have
1201 = 2all* < [l2nsn — 2| = llan — 2],
for every n =0, 1,2, ... . This implies that
i [y = ] 0. (53
Since x,41 € Cy, it follows from (43) that
Hun - xn||2 S 2<un — Tpy Tn41 — xn>
< 2ffun — zpll[|#na — 2.

Therefore
[un = zn|l < 2)[2n 41 — 2al],
and hence, using (53), we have

lim |lu, — a,|| = 0. (54)
n—o0
It follows from (47) and (49) that

Iz — wnlf?
< [0 - = 2] o= 7l = flun — 7IP)
= [ =a@ = )] (e — 2l ~ llun — 1)
(2 = @l + 14 — 3]
< [ =aw@ = )] o = wall (7 — -+ llun — 21,

Since {x,} and {u,} are bounded and lim |lu, —xz,| = 0, therefore
above inequality implies that B
lim ||z, —wy,| = 0. (55)
n—r00
By the same arguments used as in (46), we have
ltn =21 < llzn = 21 = ll20 — wall* = llwn — 2]

2r
+7nHZn — Wy ||t — wa|

< ||Zn_f||2_Hzn_wnHQ_||wn_tn’|2+||zn_wn“2
roN 2
+(2) = wn?
o
_ Tn\2
= leo=al? = 1= (2] o - el
o
—112 T\ 2 2
< =2l = {1 = ()| hwa = tall (56)
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Further, using (56) in (49), we have

o =2l < =l = (1= ) (1= (2)7) o = .
which implies that

th - wn”2
Tn -1

< |@=a)@ =P lan =P s — 2]

Tn -1

= [0 — )] (e 7l ~ fhu— )
X([len = 2| + llun — 2
Tn — — —
< (=)= ()] (lzn = 2l + llun — 2[)
X ||z — tn |- (57)
Again, since {z,} and {u,} are bounded and lim |ju, — z,| = 0,
n—o0
therefore (57) implies that
Tim [t — ]| =0. (59)
Next, it follows from (35), (48) and (49) that
lun = 2% < Jln = Z[* = (1 = ) M201 = M| f2n — f2]*,
which implies that
Ifzn — fz|?
(1= an)A201 = V)] ([l — 2] = [lun — 2]1%)
(1= an)A 200 = V] (lzn — 2| = Jun — 2]))
X[z = 2| + llun — 2]
[(1 = an)A(201 = N)] 7 ([l — 7|
Hllun = zlzn = uall- (59)

IN

Since {z, } and {u,} are bounded and nh_rg)lo ||tn, — || = 0, therefore
(59) implies that
lim || fz, — fz|| = 0. (60)
n—»00
Further, it follows from (39), (48) and (49) that

= 2" < Nl — 20" = (1= )y (1 = A Bl — Byal®,
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which implies that

lln — Byal?
< (A= =ABID] 7 (2 — 20* — [|un — 7)
= [1—an)y@ =B 1] (lan — 2| — llun — )
% (120 — 2| + |l — Z]))
< [ = ay@ =B (e — 2]
= ) — - (61)

Since {z, } and {u,} are bounded and lim ||u,, —x,| = 0, therefore
n—oo
(61) implies that

lim ||l,, — By,| = 0. (62)
n—+00
Next, the inequality (37), i.e
|t — Bz||* < || By, — BZ|* = A(202 — )| 9By. — 9Bz,
implies that

lgBy, — gBZ|?
< A6 — N7 (IByn — Bz|)* = ||l — Bz|*)
= [A(202 — X)) " (| By — Bz|| — |l — Bz|))
x (I Byn — Bz|* + [l — Bz||)
[A(202 — N7 (| Byn — 2| + ||l — Bz]))
X[| By — Ln]|- (63)

IN

Since {y,} and {[, } are bounded and lim ||l,, — By,|| = 0, therefore
n—oo
(63) implies that

lim ||gBy, — ¢BZ| = 0. (64)
n— oo
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Next, by using the firmly nonexpansivity of J)]\M1 and arguments
used in (36), we estimate

lyn —2l* = "I = M)z — ST = 2)D)]?

< AT = 2w — (I = Af)Tyn — T)

= 5|10 = AP = = ARl - 2l
o = = Mz~ F)]

< |l =2l + o = 2l = s —
F2An = o S — 1) = N o]

< Sl — 22 + g — 212 = [f2 — pal?

2
+2M| 2 — yallll fzm — f2(1],

which in turns yields

Y = ZI* < llon = 2" = |20 = yull* + 27|20 — Yl | f20 — f2]|. (65)
It follows from (48), (49) and (65) that
lun =217 < lon — 217 = (1 = o) |20 — yall*
+2ML = o )||zn — wnlll[ f2n — f2]),
which implies that

|z — ynHZ

< (=an)Hllzn — 20 = flu, — 2

+2M(1 = an)lzn = yallll f2n — 2]

= (1=on) " [(lzn = 2l = llun = ZI) (l2n — 2| + [ — 2[1)
+2M(1 = )|z — yullll f2n — f2I]]
< (= an) [ (len = 2l + llun = Z]) lzn — unl

F2M(1 = an)l|l2n = yallll f2n — f2]]]- (66)
Since {x,} and {u,} are bounded and lim |lu, — z,|| = 0 and
n—oo

lim || fz, — fz|| = 0, therefore (66) implies that
n— oo

Tim |z — yn| = 0. (67)
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Further, using the firmly nonexpansivity of Pp, we estimate

Iz —21* = [IPclyn +vB*(ln — Byn)] — 2*

IN

<yn + PYB*(ln - Byn) — Xy 2p — f>
1@ =) + 7B (b = Byo) I + |20 — 2

N | —

g + VB (ln = Bya) =7 = 20 + 7]
1

= 5|l - Zl|* + 20 = Z)* + 1y B (ln — Bya)|®

+27(Byn — BZ, 1, — Byn)
g = 20) + 78" — By)II

IN

1 _ _ *

5 lom = Z? + |20 — Z|° + [[vB*(ln — Bya)|I?
+29| By — BZ||[ln — Byall — |y — zal?
_’hB*(ln - Byn)H2 - 27<yn — Zn, B*(ln - Byn)) )

which in turns yields

lza = 21* < llyn = 2" = llyn = 2all* + 29/ Byn — Bz||||ln — Bynll

+29llyn = 2l B"[[[[1n — Byl
< lyn =2l = llyn — 2all?
+29[ln = Byal| (| Byn — BZ|| + [[B"[[[lyn — 2nl]) (68)

It follows from (48), (49) and (68) that

lun = 2* <z = 2)° = (1= ) lyn — 2a”

+27(1 — an)[llln — Byal|(|| By — BZ||
HIB* [ llyn = zal)];

which implies that

|9

IN

IN

(1= an) " o — 2)1* = flun — 217

+27(1 = ) [lln = Bynll(1Byn — B[ + 1 B7|[|lyn — 2all)]

1 = Bynl| (| Byn — BZ||
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Since {x}, {yn}, {zn} and {u,} are bounded and lim |ju, —z,| =
n— oo
0 and lim ||/, — By,|| = 0, therefore (69) implies that
n—oo
Timlyn — za| = 0. (70)

Since
20 = 2nll < ll2n = ynll + llyn — zall;
then using (67) and (70), we have

Tim o, — 2] = 0. (1)
Since
[wn = nl| < [lwn = zall + |20 — @2,
then using (55) and (71), we have
lim ||w, — z,| = 0. (72)

n—oo
Since
[tn — 20| < ||t — wal| + [[wn — 24|,
then using (58) and (72), we have

i [ — 2] =0, (73
Next, we show that lim ||St, — ¢,|| = 0. Since
n—o0

Uy = Ty + (1 — ) STy,
therefore
Up — Ty = Ty + (1 —ay)St, — x,

= (1 - an)(Stn - ZL’n),

which implies that
(1 = an) St — @al| = [Jun — n|-
Since oy, € [0,¢] and ¢ € [0, 1), it follows from above equality that
(1 =0)|[Sty —zal| < (1 —an)[|Sty — 2]
= un = 2all.

Since lim |lu,, — z,|| = 0, we have
n—o0
lim ||St, — x| = 0.
n—oo
Further, it follows from

HStn - tn” < HStn - xn“ + Hxn - th,



A HYBRID-EXTRAGRADIENT ITERATIVE METHOD. .. 331

lim ||St, — z,]| =0 and lim ||z, — ¢,|| = 0 that
n—o0 n—o0
nh_)rg() |St, — tu|| = 0. (74)

Step III. The weak limit of weakly convergent sequence of {z,}
belongs to €.

Proof of Step III. Since {z,} is bounded, there exists a subse-
quence {z,, } of {x,} such that z,, — &, say. It follows from (67)
and (73) that the sequences {z,}, {y,} and {t,} have the same
asymptotic behavior, therefore, there exist subsequences {y,, } of
{yn} and {t,,} of {t,} such that y,, — 2 and t,, — .

Now, we show that z € Fix(S). On contrary, we assume that
& ¢ Fix(S). Since S% # z, then from Opial’s condition (15) and
(50), we have

lim inf ||, — Z|| lim inf ||¢,, — Szl
k—o00 k—o0

<
k—o0
< lim inf ||¢,, — 2],

k—o0
which is a contradiction. Thus, # € Fix(S). On the other hand
Yny, = SV (2, — Af(2,,)) can be rewritten as

(xnk — ynk) - )‘f(xnk)
A

By passing to the limit & — oo in (75) and by taking account (67)
and the fact that f is 9—11—Lipschitz continuous and the graph of
maximal monotone operator is weakly-strongly closed, we obtain
0 € M(Z)+ f(2), i.e., & € Sol(MVIP(8)). Further, again since
{z,} and {y, } have the same asymptotical behavior, { By, } weakly
converges to Bz. By (62) and the fact that the mapping J/J\\/[2 (I—Xg)
is nonexpansive and Lemma 2.1 that 0 € My(Bz) + g(Bz), i.e.,
Bi € Sol(MVIP(9)).

Next, we show & € Sol(MEP(1)). The relation w, = T, (z, —
rnAz,) implies

S Mlynk' (75)

1
F(wmy) + <Azn7y_wn> + T_<y_wmwn _Zn> Z 07 vy € C

n

Since F'is monotone, the above inequality implies

1

n
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Hence,
le

;Z”> > F(y,wn,), Yy € C. (76)

Nk

(A, y—wnk>+<y o,

For ¢t with 0 <t <1, let y, =ty + (1 —t)& € C. So, from (76),
we have

<?/t — Wnpy, Ayt)

Z <yt — Wnpy,, Ayt) - <yt — Wny,, Aznk>
Wn,, — Zn
_<yt_wnka . k> +F(yt>wnk)
n
- <yt — Wny,s Ayt - Awnk> + <yt — Wny,s Awnk - Aznk>
Wp, — Zn
- <yt — Wy, M> + F(yt7wnk)
N
Since klim |wn, — 2n, || =0 and A is Lipschitz continuous, we have
— 00
klim |Awy, — Az,, || = 0. Further, from the monotonicity of A and
—00
the convexity and lower semicontinuity of F, W ~ %k, () and
Wy, — &, we have ’
(ye — 2, Ay) = F(yr, ), (77)
as k — oo. Furthermore, we have
0 < F(y,u)
S tF(yta )+ (1 - t) (yt7 A)
< tF(yny) + (1 =) (v — &, Ay)
)+

= tF(ys,y) + (1 — )ty — &, Ay,)

and hence
0< Fly,y)+ (1 —t){y —z, Ayy).
Letting t — 0, then, for each y € C', we have
F(z,y)+ (y — z,Az) > 0.
This implies that & € Sol(MEP(1)). Hence z € Q.

Step IV. {z,} strongly converges to & = Pyx.
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Proof of Step IV: It follows from [ = Poz, & € Q, (51) and (52)
we have

|l—z|| < ||z—z|| <lim inf ||z, —2z| <lim sup ||z, —z| < |[I—z].
k—o0 k—o00

Thus, we have

lim |4, — al| = & — ]|

Since z,, —x — 2 — x and from Kadec-Klee property of Hilbert
space, we have z,, —v — £ —x and hence z,,, — . Since z,, = Py, =
and [ € Q C C,,NQ, C Q,, on using (33), we have

—Hl—l‘nkHQ = <l_‘rnk7xnk _‘T> +<l—$nk,$—l> 2 <l—l‘nk,$—l>.

As k — oo, we obtain —|[l—2||* > (- 2,2 —1) > 0 by | = Pox and
z € Q). Hence we have & = [. This implies that x,, — [. Further, it
is easy to see u,, = I, y, — 1, z, — l and t, — [.

This completes the proof Theorem 3.1.

Now, we derive some consequences from Theorem 3.1. First, we
derive the following strong convergence theorem for the sequences
generated by an iterative algorithm which finds the approximate
common element of the set of solution of split variational inequal-
ity problem (SpVIP(5)-(6)), mixed equilibrium problem (MEP(1))
and FPP for a nonexpansive mapping S.

Corollary 3.1: Let H; and H, are real Hilbert spaces and B :
H, — H, be a bounded linear operator with its adjoint operator
B*. Let F': C' x C — R be a bifunction satisfying Assumption
2.1((i),(iil) and (iv)), and Assumption 2.2; and let the mappings
A:C — Hy, f: HH — H, and g : H — H, be respectively,
0,01, 05-inverse strongly monotone and let S : C' — C be a nonex-
pansive mapping such that © = Sol(SpVIP(5)-(6)) NSol(MEP(1))N
Fix(S) # 0. Let the iterative sequences {x,}, {yn}, {ln}, {zn},
{w,} and {u,} be generated by the following iterative algorithm:

2’ =z € Hy,
Yn = Pc(l — Af)zn,
ln = Pc(I — Ag)Bya,
zn = Pelyn +vB*(ln — Byn)],
wy, =T, (I —r,A)z,
(78)
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Uy, = Ty + (1 — ) ST, (2, — 1 Awy,),
Co={z € H:|luy — 2| < [z, — )%},
Qn:{ZGHl : <xn—z,x—xn> ZO}?

Tnt1 = PCnﬂana

forn = 1,2, ..., where {r,} C [a, b] for some a,b € (0,0), A C [, V]
for some a',b' € (0,6), where 6 := min{6;,6,} and {«a,} C [0,

for some ¢ € [0,1) and vy € ( . Then the sequences {x,},

0 1
1B
{yn} and {z,} converge strongly to z = Pqx.

Proof: Take M; = 0l and My = 01 in Theorem 3.1.

Finally, we derive the following strong convergence theorem for
the sequences generated by an iterative algorithm which finds the
approximate common element of the set of solution of split null
point problem (SpNPP(10)-(11)), mixed equilibrium problem (MEP(1))
and FPP for a nonexpansive mapping S.

Corollary 3.2: Let H; and H, are real Hilbert spaces and B :
H, — H, be a bounded linear operator with its adjoint operator
B*. Let F: C x C — R be a bifunction satisfying Assumption
2.1((i),(iii) and (iv)), and Assumption 2.2; let M; : H; — 2H1
M, : Hy — 272 be the multi-valued maximal monotone mappings;
and let the mapping A : C — H; be o-inverse strongly monotone
and let S : C — C be a nonexpansive mapping such that ) =
Sol(SpNPP(10)-(11)) NSol(MEP(1))NFix(S) # (). Let the iterative

sequences {x,}, {un}, {ln}, {2z}, {wn} and {u,} be generated by
the following iterative algorithm:

2’ =x € Hy,
Yn = 3",
l, = Jy”By,,
z2n = Polyn +vB* (1, — Byy)],
wp, =T, (I —r,A)z,,
Uy, = Ty + (1 — ) ST, (2, — T Awy,),
(79)
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Cp={z € Hy : |Jup — 2|* < [lz,, — 2%},
Qn:{ZGHl : <$n_zax_xn> 20}7
Tnt+1 = PCannfU;

for n = 1,2, ..., where {r,} C [a, b] for some a,b € (0,0), A C [, V]

for some a',b' € (0,6), where 6 := min{6;,6,} and {«a,} C [0,
1

for some ¢ € [0,1) and vy € (0, BT Then the sequences {x,},

{yn} and {z,} converge strongly to z = Pqz.

Proof: Take f =0 and g = 0 in Theorem 3.1.
4. Numerical Example

Now, we give a numerical example which justify Theorem 3.1.

Example 4.1: Let H; = Hy = R with the inner product defined
by (z,y) = zy, Vz,y € R, and induced norm |.|. Let C' = [0, 1]
and @ = (—o00,0]; let F': C' x C — R be a bifunction defined by
F(z,y) = z(y — ), Ya,y € C; let My, My : R — R be defined by
M;(z) = 2z and My(x) = 4z, Vo € R; let the mappings A : C' — R,
B:R — Rand S:C — C be defined by A(z) = 2z, B(z) = —2x
and S(z) = x, Vv € Randlet f : R - Rand g : R — R be
defined by f(z) = 0, Vo € R and ¢g(y) = 0, Yy € Hy. Then it
is easy to prove that F' is a bifunction and satisfying Assumption
2.1 and Assumption 2.2; M;, My are maximal monotone; A is %—
inverse strongly monotone; S is nonexpansive and B is a bounded
linear operator with its adjoint B* such that || B|| = || B*|| = 2. The
iterative sequences {x,}, {y.} {ln}, {20}, {wn}, {u,} generated by
(27)-(34) are then reduced to the following iterative schemes:

(VY (1),
yn_ 3 nan_4yna

0, if z <0,
o= 1 ifx>1,
[y, — 0.4(1,, + 2y,)] otherwise;

—1 1 4 1
Wy, = — | zn; U, = T,— = |1— W,
2 n+1 3 n+1

Cn = |:un+xn7oo) ) Qn - [I‘n,OO);

2

Tnt1 = Pcann%
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where «,, = #1 and r, = 1. Then {z,} converges strongly to

0eQ={0}.

Next, using the software Matlab 7.0, we have following figures
which shows that {x,} converges strongly to 0.

_08 . . . .
0] 10 20 30 40 50
No. of iteration for the initial values x(0}=—1

0.8

0.7 b

0.5 b

04r b

X(n+1)

0.3 i

0.2 b

0 10 20 30 40 50
No. of iteration for the initial values x(0}=1
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