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ON A QUASILINEAR WAVE EQUATION WITH

MEMORY AND NONLINEAR SOURCE TERMS

PAUL A. OGBIYELE

ABSTRACT. In this paper, we consider a quasilinear wave equa-
tion with memory and nonlinear source terms

utt −Δut −
n∑

i=1

∂

∂xi
σi(uxi) +

∫ t

0

m(t− s)Δuds = g(u).

In the absence of the nonlinear damping term, and under certain
polynomial growth conditions on the nonlinear functions σi, (i =
1, 2, ..., n) and g, we obtain existence and uniqueness of solution,
using Galerkin approach and monotonicity method. The finite
time blow up result was obtained using the concavity method.
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1. Introduction

In this paper, we are concerned with existence and blow up of
solutions to quasilinear wave equations of the form⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

utt −Δut −
n∑

i=1

∂

∂xi

σi(uxi
) +

∫ t

0

m(t− s)Δuds

= g(u) x ∈ Ω, t > 0

u(x, t)|∂Ω = 0, t > 0

u(x, 0) = u0, ut(x, 0) = u1, x ∈ Ω

(1.1)

where Ω is a bounded domain in R
n with a smooth boundary δΩ,

Δ = Σn
i=1

∂2

∂x2
i
is a Laplace operator in R

n and u = u(x, t) is an

unknown real valued function on Ω× [0,∞).
Equation of the type (1.1) was first introduced in [9] noting the

fact that viscoelastic materials exhibit natural damping due to the
special property of the materials for retaining a memory of their
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past. They studied the following one dimensional wave equation

utt − uxxt − σ(ux)x = 0 (1.2)

under certain monotonicity condition on the function σ(s) and ob-
tained global existence of classical solutions for the initial boundary
value problem (1.2). Equations of the type (1.1) are wave equations
describing the motion of a viscoelastic solid made up of materials
of the rate type. In one dimension, they apply to an infinite slab
of materials with faces normal to the x-axis, and are useful approx-
imate model for purely longitudinal motion of homogeneous thin
bar having uniform cross section and unit length. For results on
the IBVP of the type (1.1) in one dimension see [1, 2, 3, 4, 5, 13].
In two and three dimensions, they describe antiplane shear mo-

tions of viscoelastic solids. Clement in [6] was the first to extend the
study to the multidimensional case (Ω ⊂ R

n), He studied equations
of the form

utt −Δut −
n∑

i=1

∂
∂xi

ai(x, t, uxi
) = f(x, t) (1.3)

and obtained global existence of weak solutions for the initial value
problem (1.3), exploiting the monotone operator method under cer-
tain restriction on the function σi(i = 1, 2, ..., n). For other results
on the multidimensional case see [14, 16, 15, 17, 18]
Levin [10, 11] was the first to study the interaction between the

damping and the source term, where he studied a nonlinear wave
equation of the form{

utt −Δu+ |ut|α−2ut = |u|p−2u x ∈ Ω, t > 0

u(x, 0) = u0, ut(x, 0) = u1, x ∈ Ω u(x, t)|∂Ω = 0, t > 0
(1.4)

He considered existence and asymptotic behaviour of solutions to
(1.4) for the case α = 2, and using the concavity method, He showed
that the solution blow up when the energy is sufficiently negative,
His result was extended by Georgiev and Todorova [8], where they

considered global existence and blow up results of (1.4) for α > 2,
using a different method (the method is based on the perturbation
of the total energy). In considering the relationship between α and
p, they showed that for α ≥ p with negative energy, the solution
is global in time and for p > α the solution cannot be global when
the initial energy is sufficiently negative.
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More recently, there has been extensive literature on global exis-
tence, nonexistence and other properties of the IBVP⎧⎪⎨

⎪⎩
utt −Δut −

n∑
i=1

∂
∂xi

σ(uxi) + f(ut) = g(u) x ∈ Ω, t > 0

u(x, t)|∂Ω = 0, t > 0 u(x, 0) = u0, ut(x, 0) = u1, x ∈ Ω

(1.5)

having a nonlinear damping and source term, see [15, 17, 18].
In this paper, under mild assumption on the nonlinear function

σi (i = 1, ..., n) and g and in the absence of the nonlinear damping
term, we prove existence and nonexistence of solutions to the IBVP
(1.1), having a memory term m

2. preliminaries

In this section, we state some basic assumptions that will be used
throughout the paper. For simplicity, we introduce the following
notations

p′ Hölder conjugate of p where p′ = p
p−1

.

‖ · ‖p the usual Lp(Ω) norm for 1 ≤ p ≤ ∞.
W k,p(Ω) Banach space of functions in Lp with k(k ∈ N)
generalized derivatives .
Hk(Ω) Banach space W k,2(Ω).
C([a, b];X) space of strongly continuous functions from
[a, b] to X.〈·, ·〉 the inner product in L2(Ω) or duality product be-
tween H−1(Ω) and H1

0 (Ω).

Consider the Hilbert space

H1
0 (Ω) = {u ∈ H1(Ω) : u|∂Ω = 0} (2.1)

Lemma 2.1. (Sobolev-Poincare inequality): Suppose that 0 < p ≤
2

n−2
if n ≥ 3 and p > 0 if n = 1, 2. Then there exist a constant

k(optimal constant of Sobolev immersion) such that

‖u‖2(p+1) ≤ k‖∇u‖2, ‖u‖p+2 ≤ k‖u‖2(p+1) (2.2)

for all u ∈ H1
0 (Ω), where we have the following embedding

H1
0 (Ω) ↪→ L2(p+1)(Ω) ↪→ Lp+2(Ω) (2.3)

Lemma 2.2. Let φ(t) be a nonnegative function on [0,∞] satisfying

φ(t) ≤ B1 +B2

∫ t

0

φδ(s)ds (2.4)
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where B1, B2 are positive constants, then φ(t) satisfy the inequality

φ(t) ≤ B1[1− (δ − 1)B2B
δ−1
1 t]

−1
δ−1 for δ > 1. (2.5)

We state the following assumptions on the nonlinear functions g
and σi (i = 1, ..., n). The nonlinear function g satisfies

(A1) g ∈ C(R) and |g(s)| ≤ λ|s|p+1, s ∈ R

(A2) |g(u)− g(v)| ≤ λ∗(|u|p + |v|p)|u− v| ∀u, v ∈ R

and the function σi(s) satisfies
(B1) σi ∈ C1(R), σ′

i(s) ≥ α0 and
(B2)

∑n
i=1

∫
Ω

∫ uxi

0
σi(y)dydx ≥ α1‖u‖q+2

1,2 ,
∑n

i=1 ‖σi(uxi
)‖2 ≤

α2‖u‖q+1
1,2 , for q ≥ 0

where λ, λ∗, α0, α1 and α2 are positive constants.
We also assume here that m ∈ C1[0,∞) is a nonnegative and

non increasing function satisfying

m(0) > 0, m′(s) ≤ 0,

∫ ∞

0

m(s)ds ≤ γ < 1. (2.6)

and through out this paper, we will make use of Young’s inequality
of the form

XY ≤ εXm0 + c(ε)Y n0

where X, Y, m0 , n0, ε, c(ε) are positive constants and
1
m0

+ 1
n0

= 1

2.1. Local existence. In this section, we consider local existence
of weak solutions to (1.1) in the maximal interval (0, T ], 0 < tn < T .
We use the Faedo- Galerkin approximation procedure [12], see also
[7].

Definition 2.1. By a weak solution of (1.1) over [0 , T], we mean
a function

u ∈ C0
(
[0, T ], H1

0(Ω)∩H2(Ω)
)∩C1

(
[0, T ];L2(Ω)

)∩C2
(
[0, T ], H−1(Ω)

)
with ut ∈ L2

(
[0, T ];H1

0(Ω)
)
such that u(0) = u0 ∈ H1

0 (Ω) ∩H2(Ω),
ut(0) = u1 ∈ L2(Ω) and for a.e t ∈ [0, T ]

〈
u′′
n(t), w

〉
+

n∑
i=1

〈
σi(unxi

(t)),∇wxi

〉
+
〈∇u′

n(t),∇w
〉

+
〈∫ t

0

m(t− s)Δun(s)ds, w
〉
=

〈
g(un(t)), w

〉
, for w ∈ H1

0 (Ω) (2.7)

Lemma 2.3. Suppose that the assumptions (A1), (A2), (B1) and
(B2) hold for 0 < p ≤ 2

n−2
if n ≥ 3 and p > 0, if n = 1, 2. Then

the problem (1.1) with u0 ∈ H1
0 (Ω) ∩H2(Ω), u1 ∈ L2(Ω), admits a

unique solution u on [0, T ) such that
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u ∈ L∞(
[0, T ];H1

0(Ω) ∩H2(Ω)
)

ut ∈ L∞(
[0, T ];L2(Ω) ∩ L2

(
[0, T ], H1

0(Ω)
))

utt ∈ L2
(
[0, T ];H−1(Ω)

)
,

Proof: Let the sequence of functions (wn)n∈N be a basis inH1
0 (Ω)∩

H2(Ω) which is orthogonal in L2. We look for a weak solution of
the form

un(t) =
n∑

i=1

bin(t)wi (2.8)

satisfying the approximate problem corresponding to (1.1)

〈
u′′
n(t), wi

〉
+

n∑
i=1

〈
σi(unxi

(t)),∇wxi

〉
+
〈∇u′

n(t),∇wi

〉

+
〈∫ t

0

m(t− s)∇un(s)ds,∇wi

〉
=

〈
g(un(t)), wi

〉 (2.9)

for wi ∈ H1
0(Ω) with initial conditions

un(0) = u0n ≡
n∑

i=1

cinwi → u0 strongly in H1
0 (Ω) ∩H2(Ω) (2.10)

as n → ∞ and

u′n(0) = u1n ≡
n∑

i=1

dinwi → u1 strongly in L2(Ω) as n → ∞ (2.11)

where bin(t) =
〈
un(t), wi

〉
, cin =

〈
u0, wi

〉
, din =

〈
u1, wi

〉
and

u′
n = dun

dt
, u′′

n = d2un

dt2
. By the continuity assumption on σi(i =

1, 2, ..., n) and g, there exist a solution un(t) to the system (2.9)
- (2.11) on the interval (0, tn). Hence, using standard methods in
differential equations, we prove the existence of solutions to (1.1)
on some interval [0, tn), for 0 < tn < T . We will need the a-
priori estimates below to show that the local solution is uniformly
bounded on the whole interval [0 , T] for all n.

A-priori energy estimates. Setting wi = u′
n(t) in (2.9), we ob-

tain〈
u′n(t), u

′′
n(t)

〉
+

n∑
i=1

〈
σi(unxi(t)), u

′
nxi

(t)
〉
+

〈
∇u′n(t),∇u′n(t)

〉

=
〈
g(un(t)), u

′
n(t)

〉
+

〈∫ t

0
m(t− s)∇un(s),∇u′n(t)

〉
ds

(2.12)
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which gives

d

dt

[1
2
‖u′n(t)‖22 +

n∑
i=1

∫
Ω

∫ unxi(t)

0
σi(y)dydx

]
+ ‖u′n(t)‖21,2

≤
∫
Ω
|g(un(t))||u′n(t)| dx+

∫ t

0
m(t− s)

∫
Ω
∇un(s)∇u′n(t)dxds

(2.13)

We estimate the terms on the right hand side using Hölder and
Young’s inequality∫

Ω

|g(un(t))||u′
n(t)|dx ≤ λ‖un(t)‖p+1

2(p+1)‖u′
n(t)‖2

≤ λc(ε1)‖un(t)‖2(p+1)
2(p+1) + λε1‖u′

n(t)‖22
≤ λc(ε1)k

2(p+1)
(‖un(t)‖21,2

)(p+1)
+ λε1‖u′

n(t)‖22

(2.14)

and for
∫ t

0
m(t− s)

∫
Ω
∇un(s)∇u′

n(t)dxds, we have∫ t

0
m(t− s)

∫
Ω
∇un(s)∇u′n(t)dxdt

≤ c(ε1)

∫ t

0
m(t− s)‖∇un(s)‖22ds+ ε1

∫ t

0
m(s)ds‖∇u′n(t)‖22

(2.15)

Using (2.6), (2.14) and (2.15), we obtain

d

dt

[1
2
‖u′

n(t)‖22+
n∑

i=1

∫
Ω

∫ unxi(t)

0

σi(y)dydx
]
+ (1− γε1)‖u′

n(t)‖21,2

≤ λε1‖u′
n(t)‖22 + λc(ε1)k

2(p+1)
(‖un(t)‖21,2

)p+1

+c(ε1)

∫ t

0

m(t− s)‖un(s)‖21,2ds (2.16)

Integrating (2.16) over t for t ∈ [0, T ], we get

1

2
‖u′n(t)‖22 +

n∑
i=1

∫
Ω

∫ unxi(t)

0
σi(y)dydx+

∫ t

0

(
1− γε1

)‖u′n(s)‖21,2ds
≤ C0 + λε1

∫ t

0
‖u′n(s)‖22ds+ λc(ε1)k

2(p+1)

∫ t

0

(‖un(s)‖21,2)p+1
ds

+γc(ε1)

∫ t

0

‖un(s)‖21,2ds (2.17)

where

C0 =
1

2
‖u′

n(0)‖22 +
n∑

i=1

∫
Ω

∫ unxi(0)

0

σi(y)dydx
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and we can choose ε1 such that 0 < ε1 < 1. From assumption (B2),
we have

n∑
i=1

∫
Ω

∫ unxi(t)

0

σi(y)dydx ≥ α1‖un(t)‖21,2 (2.18)

hence, we can choose a positive constant C∗
0 such that (2.17) be-

comes

‖u′n(t)‖22 + ‖un(t)‖21,2 +
∫ t

0
‖u′n(s)‖21,2ds

≤ C0 + C∗
0

∫ t

0

[
‖u′n(s)‖22 + ‖un(s)‖21,2 +

∫ s

0
‖u′n(τ)‖21,2dτ

]p+1
ds

(2.19)

Therefore, setting

hn(t) = ‖u′
n(t)‖22 + ‖un(t)‖21,2 +

∫ t

0

‖u′
n(s)‖21,2ds (2.20)

for t ∈ [0, T ], hence from (2.19) and (2.20), we obtain

hn(t) ≤ C0 + C∗
0

∫ t

0

hp+1
n (s)ds (2.21)

where C∗
0 is independent of n ∈ N. Hence from Lemma 2.2, since

p > 0, we have

hn(t) ≤ C0

[
1− pC∗

0C
p
0 t
]−1

p (2.22)

thus from (2.22), there exist a small time T0 ∈ [0, T ] satisfying

T0 <
[
pC∗

0C
p
0

]−1

such that the right hand side exist. Hence we can choose a constant
K0 > 0 independent of n ∈ N such that

‖u′
n(t)‖22 + ‖un(t)‖21,2 +

∫ t

0

‖∇u′
n(s)‖22ds ≤ K0 (2.23)

for t ∈ [0, T ]. Now (2.23) implies that

‖u′
n(t)‖22 ≤ K0 (2.24)

‖un(t)‖21,2 ≤ K0 (2.25)

and ∫ t

0

‖∇u′
n(s)‖22ds ≤ K0 (2.26)

furthermore, from (2.25) and (2.26), it follows that

‖un(t)‖22 ≤ K0 (2.27)

and ∫ t

0

‖u′
n(s)‖22ds ≤ K0 (2.28)
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.

Setting wi = −Δun(t) in (2.9), we have

−
〈
u′′
n(t),Δun(t)

〉
−
〈∫ t

0

m(t− s)Δun(s)ds,Δun(t)
〉

=−
〈 n∑

i=1

∂

∂xi

σi(unxi
(t)),Δun(t)

〉
−

〈
Δu′

n(t),Δun(t)
〉

−
〈
g(un(t)),Δun(t)

〉
,

(2.29)

which yields

d

dt

(‖Δun(t)‖22 − 2

∫
Ω
u′n(t)Δun(t)dx

)
+ 2

n∑
i=1

∫
Ω
σ′
i(unxi(t))|unxixi(t)|2dx

≤ 2‖∇u′n(t)‖22 + 2

∫ t

0
m(t− s)

∫
Ω
Δun(s)Δun(t)dxds

+2

∫
Ω

|g(un(t))||Δun(t)|dx (2.30)

for the second term on the left hand side, using Hölder inequality
and Young’s inequality, we obtain the following estimate

2

∫
Ω

|Δun(t)||u′
n(t)| ≤ 2‖Δun(t)‖2‖u′

n(t)‖2
≤ 2ε2‖Δun(t)‖22 + 2c(ε2)‖u′

n(t)‖22
(2.31)

and for the second and third term on the right hand side, by using
assumption (A1) together with Hölder and Young’s inequality, we
obtain

2

∫
Ω
|g(un(t))||Δun(t)|dx ≤ 2λ‖un(t)‖p+1

2(p+1)‖Δun(t)‖2

≤ 2λc(ε2)‖un(t)‖2(p+1)
2(p+1) + 2λε‖Δun(t)‖22

≤ 2λc(ε2)k
4(p+1)

(‖Δun(t)‖22
)p+1

+2λε2‖Δun(t)‖22 (2.32)

and the term 2
∫ t

0
m(t− s)Δun(s)Δun(t)ds yields

2

∫ t

0
m(t− s)

∫
Ω
Δun(s)Δun(t)dxds

≤ 2c(ε2)

∫ t

0
m(t− s)‖Δun(s)‖22ds+ 2ε2

∫ t

0
m(s)ds‖Δun(t)‖22

(2.33)
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using assumption (B1) and substituting (2.6) and (2.31) - (2.33)
into (2.30), we obtain

d

dt

(
(1− 2ε2)‖un(t)‖22,2 − 2c(ε2)‖u′n(t)‖22

)
+ 2α0‖un(t)‖22,2

≤ 2‖u′n(t)‖21,2 + 2ε2
(
λ+ γ

)‖un(t)‖22,2 + 2λc(ε2)k
4(p+1)

(‖un(t)‖22,2)p+1

+2c(ε2)

∫ t

0

m(t− s)‖un(s)‖22,2ds (2.34)

integrating over t for t ∈ [0, T ], we have

(1− 2ε2)‖un(t)‖22,2 + 2α0

∫ t

0

‖un(s)‖22,2ds

≤C1 + 2c(ε2)‖u′
n(t)‖22 + 2

∫ t

0

‖u′
n(s)‖21,2ds

+ 2λc(ε2)k
4(p+1)

∫ t

0

(‖un(s)‖22,2
)p+1

ds

+ 2ε2
(
λ+ γ

) ∫ t

0

‖un(s)‖22,2ds+ 2γc(ε2)

∫ t

0

‖un(s)‖22,2ds

(2.35)

where

C1 = (1− 2ε2)‖un(0)‖22,2 − 2c(ε2)‖u′
n(0)‖22

Using (2.24) and (2.26), we can choose positive constants C2 and
C∗

2 independent of n ∈ N and ε2 <
1
2
such that (2.35) yields

‖un(t)‖22,2 +
∫ t

0

‖un(s)‖22,2ds

≤ C2 + C∗
2

∫ t

0

(‖un(t)‖22,2 +
∫ s

0

‖un(τ)‖22,2dτ
)p+1

ds

(2.36)

using the same approach as before, we can show using Lemma 2.2
that there exist a time t ∈ [0, T ] and a positive constant K1 such
that

‖un(t)‖22,2 +
∫ t

0

‖un(s)‖22,2ds ≤ K1 (2.37)

Hence, we have that

‖un(t)‖22,2 ≤ K1 (2.38)

and ∫ t

0

‖un(s)‖22,2ds ≤ K1 (2.39)
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Now for the nonlinear terms, we adopt the ideas used in [14, 16,
18]. Here, we define the operator A : H1

0 → H−1 by

〈
Aun, v

〉
=

n∑
i=1

〈
σi(unxi

(t)), vxi

〉
for any u, v ∈ H1

0 (2.40)

hence from (2.25), assumption (B2) and the Hölder inequality we
obtain 〈

Aun(t), v
〉 ≤

n∑
i=1

‖σi(unxi
(t))‖2‖vxi

‖2

≤ C3‖un(t)‖q+1
1,2 ‖v‖1,2 ≤ K2‖v‖1,2

(2.41)

thus we have

‖Aun(t)‖−1,2 ≤ K2 for t ∈ [0, T ]. (2.42)

Likewise for the nonlinear function g, we have from (2.27) and as-
sumption (A1)

‖g(un(t))‖2 ≤ C4‖un(t)‖p+1
2 ≤ K3 for t ∈ [0, T ] (2.43)

where the constantK3 is independent of n. Therefore for any T > 0,
we have that the nonlinear terms are bounded on [0, T ].
Now, setting wi = v in (2.9), for v ∈ H1

0 , we have

|〈u′′
n(t), v

〉| ≤C5

(‖Aun(t)‖−1,2 + ‖∇u′
n(t)‖2 + ‖g(un(t))‖2

+

∫ t

0

m(t− s)‖∇u(s)‖2ds
)‖v‖1,2 (2.44)

Hence, from (2.42), (2.43) and (2.44), we have that

‖u′′
n(t)‖−1,2 ≤ C6

(‖∇u′
n(t)‖2+

∫ t

0

m(t− s)‖∇u(s)‖2ds+1
)
(2.45)

Applying Cauchy-Schwartz inequality and Poincaré’s inequality, we
see that

‖u′′n(s)‖2−1,2 ≤ C7

[
‖∇u′n(t)‖22 +

∫ t

0
m(t− s)‖∇u(s)‖22ds+ 1

]
(2.46)

integrating over t for t ∈ [0, T ], we get∫ t

0

‖u′′
n(s)‖2−1,2ds ≤ C8

∫ t

0

(
‖∇u′

n(t)‖22 + ‖∇u(s)‖22 + 1
)
ds (2.47)

Hence using (2.28) and (2.39), we obtain∫ t

0

‖u′′
n(s)‖2−1,2ds ≤ K4 (2.48)
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for t ∈ [0, T ] and K4 > 0

The estimates above permit us to obtain a subsequence ui of un

and to pass the limit in the approximate problem to obtain a weak
solution satisfying
(l1) ui(t) → u(t) weakly-star in L∞([0, T ];H1

0(Ω) ∩H2(Ω))
(l2) u

′
i(t) → u′(t) weakly-star in L∞([0, T ];L2(Ω))∩L2([0, T ];H1

0(Ω))
(l3) u

′′
i (t) → u′′(t) weakly-star in L2([0, T ];H−1(Ω))

(l4) Aui(t) → χ(t) weakly-star in L∞([0, T ];H−1(Ω))
(l5) g(ui(t)) → ξ(t) weakly-star in L∞([0, T ];L2(Ω))
Using Aubin-Lion’s theorem, we deduce that as n → ∞

(l6) ui(t) → u(t) strongly in L∞([0, T ];H1
0(Ω))

(l7) u
′
i(t) → u′(t) strongly in L∞([0, T ];L2(Ω))

Letting n → ∞ in (2.9), we deduce from (l1)-(l5) that∫ T

0

[〈
u′′, v

〉
+
〈∇u′,∇v

〉
+
〈
χ, v

〉− 〈
ξ, v

〉]
dt = 0 (2.49)

for all v ∈ L2([0, T ];H1
0(Ω)). Hence we are left to prove that χ = Au

and ξ = g(u)

By the Sobolev embedding theorem, the continuity of g and as-
sumption (A2), we have that for any t ∈ [0, T ]

‖g(un(t))− g(u(t))‖2
≤ C9

[
‖un(t)‖p2(p+1) + ‖u(t)‖p2(p+1)

]
‖un(t)− u(t)‖2(p+1)

≤ C∗
9

[
‖un(t)‖p2(p+1) + ‖u(t)‖p2(p+1)

]
‖∇un(t)−∇u(t)‖2

(2.50)

hence from (2.25) (l1) and (2.50) when n → ∞, we have

g(un) → g(u) strongly in L2(Ω) and

ξ(t) =g(u(t)) in L2(Ω), t ∈ [0, T ],
(2.51)

Now for the nonlinear function σi, using monotonicity method, we
show that χ = Au(t). From (2.49) and (2.51), we obtain∫ t

0

〈
χ, v

〉
ds =

∫ t

0

[
−〈

u′′, v
〉− 〈∇u′,∇v

〉
+
〈∫ s

0

m(s− τ)∇u(τ)dτ,∇v
〉
+
〈
g(u), v

〉]
ds

(2.52)

for t ∈ [0, T ]. Now, owing to the continuity of σi and the fact
that it is a non decreasing monotone function, we have that for any
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v ∈ L2([0, T ];H1
0(Ω)) and t ∈ [0, T ]

0 ≤ χn(t) =

∫ t

0

〈
Aun(s)− Av(s), un(s)− v(s)

〉
ds

=

∫ t

0

〈
Aun(s), un(s)

〉
ds−

∫ t

0

〈
Aun(s), v(s)

〉
ds

−
∫ t

0

〈
Av(s), un(s)− v(s)

〉
ds

(2.53)

setting wi = un(t) in (2.9) and integrating from 0 to t, we get∫ t

0

〈
Aun(s), un(s)

〉
ds

=

∫ t

0

[−〈
u′′n(s), un(s)

〉− 〈∇u′n(s),∇un(s)
〉]
ds

+

∫ t

0

[〈
g(un(s)), un(s)

〉
+

〈∫ s

0
m(s− τ)∇un(τ)dτ,∇un(s)

〉]
ds

(2.54)

Hence from (2.54), passing limits and using (2.52) for t ∈ [0, T ], we
have

0 ≤ lim sup
n→∞

χn(t)

≤ −
∫ t

0

〈
u′′(s), u(s)

〉
ds−

∫ t

0

〈∇u′(s),∇u(s)
〉
ds

+

∫ t

0

〈∫ s

0
m(s− τ)∇u(τ)dτ,∇u(s)

〉
ds+

∫ t

0

〈
g(u(s)), u(s)

〉
ds

−
∫ t

0

〈
χ(s), v(s)

〉
ds−

∫ t

0

〈
Av(s), u(s)− v(s)

〉
ds

=

∫ t

0

〈
χ(s)−A(v(s)), u(s) − v(s)

〉

(2.55)

Now we set v = u−λw for any v, w ∈ L2([0, T ];H1
0(Ω)), λ > 0, u ∈

L∞([0, T ];H1
0(Ω)) ⊂ L2([0, T ];H1

0(Ω)), χ, A(v) ∈ L2([0, T ];H−1(Ω)),
and letting λ → 0, then from (2.55) the inequality yields∫ t

0

〈
χ− A(u− λw), w

〉 ≥ 0 (2.56)

and from the semicontinuty of the operator A(u), we obtain∫ t

0

〈
χ−A(u), w

〉 ≥ 0 ∀w ∈ L2([0, T ];H1
0) (2.57)

Hence we conclude that χ = A(u)
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Uniqueness. Let u1 and u2 be two solutions of (2.9) and let z =
u1 − u2 then, this satisfies the equation

〈
z′′(t), wi

〉
+

n∑
i=1

〈
σi(u1xi

)− σi(u2xi
), wixi

〉
+

〈∇z′(t),∇wi

〉

=
〈
g(u1)− g(u2), wi

〉
+

〈∫ t

0
m(t− s)∇z(s)ds,∇wi

〉 (2.58)

for w ∈ H1
0 (Ω)

z(x, 0) = 0 x ∈ Ω

z(x, t) = 0 x ∈ δΩ, t ≥ 0

setting wi = z′(t) in (2.58), we obtain

1

2

d

dt

(
‖z′(t)‖22

)
+ ‖∇z′(t)‖22

=
〈
g(u1)− g(u2), z

′(t)
〉− n∑

i=1

〈
[σi(u1xi

)− σi(u2xi
)], z′xi(t)

〉

+

∫ t

0
m(t− s)〈∇z(s),∇z′(t)〉ds

(2.59)

From Hölder and Young’s inequality, estimating the first term on
the right hand side, we have∫ t

0

m(t− s)

∫
Ω

∇z(s)∇z′(t)dxds

≤ c(ε3)

∫ t

0

m(t− s)‖∇z(s)‖22ds+ ε3

∫ t

0

m(s)ds‖∇z′(t)‖22
(2.60)

and for the second term on the right hand side, using (2.25), as-
sumption (A1) and Holder’s inequality we have〈

g(u1(t))− g(u2(t)), z
′(t)

〉
≤ C10

(‖u1(t)‖p2p+2 + ‖u2(t)‖p2p+2

) ‖z(t)‖2p+2‖z′(t)‖2
≤ C∗

10

(‖∇u1(t)‖p2 + ‖∇u2(t)‖p2
)‖∇z(t)‖2‖z′(t)‖2

≤ C11c(ε3)‖z′(t)‖22 + C11ε3‖∇z(t)‖22

(2.61)

Also, from the continuity property of σi, we obtain,
n∑

i=1

∫
Ω

[σi(u1xi
)− σi(u2xi

)] z′xi
(t)dx

≤ C12‖∇z(t)‖2‖∇z′(t)‖2
≤ C∗

12c(ε3)‖∇z(t)‖22 + C∗
12ε3‖∇z′(t)‖22

(2.62)
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Adding the term
〈∇z(t),∇z′(t)

〉
to both sides of (2.59), and using

the estimates (2.6), (2.60), (2.61) and (2.62), we get

1

2

d

dt

(
‖z′(t)‖22 + ‖z(t)‖21,2

)
+ (1− γε3 + C∗

12c(ε3))‖z′(t)‖21,2

≤ C11c(ε3)‖z′(t)‖22 + c(ε)

∫ t

0

m(t− s)‖z(s)‖21,2ds
+ (C11ε3 + C∗

12c(ε3))‖z(t)‖21,2

(2.63)

then integrating both sides and using Gronwall’s lemma , we get

‖z′(t)‖22 + ‖z(t)‖21,2 +
∫ t

0

‖z′(s)‖21,2dt ≤ K6 (2.64)

Hence we have that

‖z′(t)‖22 = ‖z(t)‖21,2 = 0 (2.65)

for all t ∈ [0, T ], which gives the desired result.

3. Blow up result

In this section we consider the blow up property of the solution
to (1.1), we use the concavity method of Levin [10, 11] in obtaining
blow up results for negative initial energy. For the proof of this
result, we will need the following lemma

Lemma 3.1. Let u(x, t) be a solution of the problem (1.1). Then
the energy equation of the problem (1.1) is defined by

E(t) =
1

2
‖ut(t)‖22 +

n∑
i=1

∫
Ω

∫ uxi

0

σi(y)dydx− 1

2

∫ t

0

m(s)ds‖∇u(t)‖22

+
1

2

(
m ◦ ∇u

)
(t)−

∫
Ω

∫ u

0

g(y)dydx (3.1)

In addition, E(t) is non increasing and satisfies

E ′(t) =− ‖∇ut(t)‖22 +
1

2

∫ t

0

m′(t− s)‖∇u(s)−∇u(t)‖22ds

− 1

2
m(t)‖∇u(t)‖22 ≤ 0

(3.2)

where
(
m ◦ v)(t) = ∫ t

0
m(t− s)‖v(t, ·)− v(s, ·)‖22ds
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Proof: Multiplying (1.1) by ut(t) and integrating over Ω, we
obtain

d

dt

[1
2
‖ut(t)‖22 +

n∑
i=1

∫
Ω

∫ uxi

0

σi(y)dydx−
∫
Ω

∫ u

0

g(y)dydx
]

−
∫ t

0

m(t− s)

∫
Ω

∇u(s)∇ut(t)dxds = −‖∇ut(t)‖22
(3.3)

Now for the term
∫ t

0
m(t− s)

∫
Ω
∇u(s)∇ut(t)dxds, we have the es-

timate∫ t

0

m(t− s)

∫
Ω

∇u(s)∇ut(t)dxds

=− 1

2

∫ t

0

m(t− s)
( d
dt

∫
Ω

|∇u(s)−∇u(t)|2dx)ds
+

1

2

∫ t

0

m(s)
( d
dt

∫
Ω

|∇u(t)|2dx)ds
=− 1

2

d

dt

(∫ t

0

m(t− s)

∫
Ω

|∇u(s)−∇u(t)|2dxds)
+

1

2

∫ t

0

m′(t− s)

∫
Ω

|∇u(s)−∇u(t)|2dxds

+
1

2

d

dt

(∫ t

0

m(s)

∫
Ω

|∇u(t)|2dxds)− 1

2
m(t)

∫
Ω

|∇u(t)|2dx

(3.4)

Hence from (3.3) and (3.4), we have

d

dt

[1
2
‖ut‖22 +

n∑
i=1

∫
Ω

∫ uxi

0
σi(y)dydx− 1

2

∫ t

0
m(s)ds‖∇u(t)‖22

+
1

2

(
m ◦ ∇u

)
(t)−

∫
Ω

∫ u

0
g(y)dydx

]

=− ‖∇ut(t)‖22 +
1

2

∫ t

0
m′(t− s)‖∇u(s)−∇u(t)‖22ds

− 1

2
m(t)‖∇u(t)‖22

(3.5)

which gives the desired result for any regular solution. This result
remains valid for weak solutions by a simple density argument.
Moreover this satisfies

E(t) +

∫ t

0

‖us(s)‖21,2ds ≤ E(0) (3.6)
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where

E(0) =
1

2
‖u1‖22 +

n∑
i=1

∫
Ω

∫ uxi(0)

0

σi(y)dydx−
∫
Ω

∫ u0

0

g(y)dydx

Definition 3.1. A solution u(x, t) of (1.1) is said to blow-up in
finite time, if there exists a finite time T ∗ such that

lim
t→T ∗

(∫
Ω

|∇u|2dx)−1
= 0 (3.7)

Theorem 3.1. Let u(x, t) be a solution of the problem (1.1), as-
sume that the conditions of Lemma 2.3 hold, in addition, suppose
that σi(s) satisfies

2

n∑
i=1

[
(α+ 2)

∫
Ω

∫ uxi

0
σi(y)dydx−

∫
Ω
σi(uxi)uxidx

]
≥ M‖u‖21,2 (3.8)

where M > 0 is a constant and g(s) satisfies∫
Ω

ug(u)dx ≥ (α + 2)

∫
Ω

∫ u

0

g(y)dydx (3.9)

and that ∫ ∞

0

m(s)ds ≤ M

(α + 1 + ε)
< 1 (3.10)

then the solution u(x, t) of (1.1) blow up in finite time.

Proof: Let u be a solution of (1.1) and define the functional

a(t) = ‖u‖22 +
∫ t

0

‖∇u‖22dt+ (T − t)‖∇u0‖22 + β(t+ τ)2 (3.11)

where t ∈ [0, T ] and β > 0, then Differentiating (3.11), we obtain

a′(t) = 2

∫
Ω

uutdx+ ‖∇u‖22 − ‖∇u0‖22 + 2β(t+ τ)

= 2

∫
Ω

uutdx+ 2

∫ t

0

∫
Ω

∇u∇utdxdt+ 2β(t+ τ)

(3.12)

Differentiating again and using (1.1), we have,

a′′(t) =2‖ut‖22 + 2

∫
Ω

uuttdx+ 2

∫
Ω

∇u · ∇utdx+ 2β
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which yields

a′′(t) =2‖ut‖22 − 2
n∑

i=1

∫
Ω

σi(uxi
)uxi

dx+ 2

∫
Ω

ug(u)dx+ 2β

+ 2

∫ t

0

m(t− s)

∫
Ω

∇u(s)∇u(t)dxds

(3.13)

From (3.12), we have that

a′′(t)a(t)− α+ 4

4
a′(t)2

= a(t)a′′(t)− (α+ 4)
[ ∫

Ω
uutdx+

∫ t

0
∇u∇utds+ β(t+ τ)

]2
= a(t)

[
a′′(t)− (α+ 4)

(
r(t)− {

a(t)− (T − t)‖∇u0‖22
}

× {‖ut‖22 +
∫ t

0
‖∇ut‖22dt+ β

})]
(3.14)

for t ≤ T , where

r(t) =
[
‖u‖22 +

∫ t

0
‖∇u‖22dt+ β(t+ τ)2

][
‖ut‖22 +

∫ t

0
‖∇ut‖22dt+ β

]

−
[∫

Ω

uutdx+

∫ t

0

∫
Ω

∇u · ∇utdxdt+ β(t+ τ)
]

(3.15)

Using Schwartz’s inequality, we have the following estimates[∫
Ω

uutdx
]2

≤ ‖u‖22‖ut‖22,[∫ t

0

∇u∇utds
]2

≤
∫ t

0

‖∇u‖22ds
∫ t

0

‖∇ut‖22ds
(3.16)

and ∫
Ω

uutdx

∫ t

0

∫
Ω

∇u∇utdxdt

≤ ‖u‖2
[∫ t

0

‖∇ut‖22ds
]1

2‖ut‖2
[∫ t

0

‖∇u‖22ds
]1

2

≤ 1

2
‖u‖22

∫ t

0

‖∇ut‖22ds+
1

2
‖ut‖22

∫ t

0

‖∇u‖22ds

(3.17)

hence from the estimate (3.16) and (3.27), we see that r(t) > 0 for
t ∈ [0, T ]. Thus

a′′(t)a(t)− α + 4

4
a′(t)2 ≥ a(t)η(t) (3.18)
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where

η(t) =
[
2‖ut‖22 − 2

n∑
i=1

∫
Ω

σi(uxi
)uxi

dx+ 2

∫
Ω

ug(u)dx

+ 2

∫ t

0

m(t− s)

∫
Ω

∇u(s)∇u(t)dxds+ 2β

− (α + 4)
(‖ut‖22 +

∫ t

0

‖∇ut‖22dt+ β
)]

(3.19)

From (3.6) and assumption (3.9), we have that

2

∫
Ω
ug(u)dx

≥2(α+ 2)

∫
Ω

∫ u

0
g(y)dydx

≥(α+ 2)‖ut‖22 + 2(α + 2)

n∑
i=1

∫
Ω

∫ uxi

0
σi(y)dydx

− (α+ 2)

∫ t

0
m(s)ds‖∇u(t)‖22 + 2(α + 2)

∫ t

0
‖∇ut‖22ds

+ (α+ 2)

∫ t

0
m(t− s)‖∇u(t)−∇u(s)‖22ds− 2(α + 2)E(0)

(3.20)

hence substituting (3.20) in (3.19), we obtain

η(t) ≥2

n∑
i=1

[
(α+ 2)

∫
Ω

∫ uxi

0
σi(y)dydx −

∫
Ω
σi(uxi)uxidx

]

+ (α+ 4)‖ut‖22 − (α+ 2)

∫ t

0
m(s)ds‖∇u(t)‖22

+ 2

∫ t

0
m(t− s)

∫
Ω
∇u(s)∇u(t)dxds − 2(α+ 2)E(0)

+ (α+ 2)

∫ t

0
m(t− s)‖∇u(t)−∇u(s)‖22ds+ 2β

+ 2(α+ 2)

∫ t

0
‖∇ut‖22ds − (α + 4)

(‖ut‖22 +
∫ t

0
‖∇ut‖22dt+ β

)
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using assumption (3.8), we have

η(t) ≥
[
M − (α + 2)

∫ t

0

m(s)ds
]
‖u(t)‖21,2 − 2(α + 2)E(0)

+ 2

∫ t

0

m(t− s)

∫
Ω

∇u(s)∇u(t)dxds− (α + 2)β

+ (α + 2)

∫ t

0

m(t− s)‖∇u(t)−∇u(s)‖22ds

(3.21)

to estimate the term
∫ t

0
m(t−s)

∫
Ω
∇u(s)∇u(t)dxds, we use Young’s

inequality and Schwartz inequality to get∫ t

0
m(t− s)

∫
Ω
∇u(s)∇u(t)dxds

=

∫ t

0
m(t− s)

∫
Ω
∇u(t)

(∇u(s)−∇u(t)
)
dxds+

∫ t

0
m(s)ds‖∇u(t)‖22

≥−
[
c(ε)

∫ t

0
m(t− s)‖∇u(t)−∇u(s)‖22ds+ ε

∫ t

0
m(s)ds‖∇u(t)‖22

]

+

∫ t

0

m(s)ds‖∇u(t)‖22 (3.22)

using the estimate (3.22) in (3.21), we have

η(t) ≥(
M − (α + 1 + ε)

∫ t

0

m(s)ds
)‖u(t)‖21,2

− (α + 2)β − 2(α + 2)E(0)

≥− (α + 2)β − 2(α + 2)E(0) ≥ 0

(3.23)

for E(0) ≤ −β
2

and m(t) satisfying (3.10). Hence we obtain(
a(t)

−α
2

)′′
= −α

4
a(t)−

α+8
4

(
a(t)a′′(t)− α+4

4
(a′(t))2

) ≤ 0 (3.24)

setting y(t) = a(t)−
α
4 , then we have

y′′(t) ≤ −α
4
y(t)1+

8
α (3.25)

Thus y(t) tends to zero in finite time , say T ∗ where we assume
T ∗ < T , since T ∗ is independent of the initial choice of T . Hence

lim
t→T ∗a(t) = ∞ (3.26)

which implies that

lim
t→T ∗‖∇u(t)‖22 = ∞
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Example

In this article, we consider quasilinear wave equations where the
nonlinearities take the form σi(s) = (1 + s)q+1, and g(s) = |s|ps.
Hence equation (1.1) becomes

utt−Δut−
n∑

i=1

∂

∂xi

(
1+uxi

)q+1
+

∫ t

0

m(t−s)Δu(s)ds = |u|pu (3.27)

It is easy to see that the assumptions of Lemma 2.3 and Theo-
rem 3.1 are satisfied, if we choose the initial data u0 ∈ H1

0 (Ω) ∩
H2(Ω), u1 ∈ L2(Ω). Therefore, for u ∈ C0

(
[0, T ];H1

0 ∩ H2(Ω)
) ∩

C1
(
[0, T ];L2(Ω)

) ∩ C2
(
[0, T ], H−1(Ω)

)
with ut ∈ L2

(
[0, T ];H1

0(Ω),
we have from Lemma 2.3 that for T > 0, the corresponding problem
(3.27) has a weak solution which according to Theorem 3.1 blow
up in finite time.
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[7] R. Göthel and D. S. Jones Faedo-Galerkin approximation in equations of
evolution. Math. Meth. Appl. Sci., 6 (1984) 41-54.

[8] V. Georgiev and G. Todorova, Existence of a solution of the wave equa-
tion with nonlinear damping and source term, J. Dierential Equations 109
(1994), 295 -308.

[9] J.M. Greenberg, R.C. MacCamy, V.J. Mizel, On the existence, uniqueness
and stability of solutions of the equation σ′(ux)uxx + λuxxt = ρ0utt, J.
Math. Mech. 17 (1968) 707 -728.



ON A QUASILINEAR WAVE EQUATION WITH MEMORY . . . 109

[10] H. A. Levine, Instability and nonexistence of global solutions to nonlinear
wave equations of the form, Trans. Amer. Math. Soc. 192 (1974), 1 -21.

[11] H. A. Levine, Some additional remarks on the nonexistence of global so-
lutions to nonlinear wave equations, SIAM J. Math. Anal. 5 (1974), 138
-146.

[12] J. -L. Lions, Quelques Méthodes de résolution des problemex aux limites
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