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VARIANT OF FINITE SYMMETRIC INVERSE
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ABSTRACT. In a semigroup S fix an element a ∈ S and, for
all x, y ∈ S, define a binary operation ∗a on S by x ∗a y = xay,
(where the juxterposition on the left denote the original semi-
group operation on S). The operation ∗a is clearly associative
and so S forms a new semigroup under this operation, which
is denoted by Sa and called variant of S by a. For a finite set
Xn = {1, 2, ..., n}, let In be the symmetric inverse semigroup on
Xn and fix an idempotent a ∈ In. In this paper, we study the
variant Ian of In by a. In particular, we characterised Green’s
relations and starred Green’s relations L∗, R∗ in Ian and also
showed that the variant semigroup Ian is abundant.
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1. Introduction

Let a be a fixed element of a semigroup S. For all x, y ∈ S, we define
a binary operation ∗a by x ∗a y = xay, (where the juxterposition
on the left denote the original semigroup operation on S). The
operation ∗a is associative and so S forms a new semigroup under
this operation, which is denoted by Sa and called variant of S by
a. The first study of variant of an arbitrary semigroup was by
Hickey [5] but the notion was originally an extension of an idea
due to Lyapin [11], which can also be attributed to Magill [12] who
considered the semigroup of functions from a set X into a set Y
under the sandwich operation ” · ” defined by

f · g = f ◦ µ ◦ g,
where µ is some fixed function from Y to X (see also [1], [9], [13]
and [14]). When X = Y , the semigroup studied by Magill [12] is
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exactly the variant of full transformation semigroup TX . The vari-
ant of finite full transformation semigroups T a

n have been studied.
For instance, Kudryautseva and Tsyaputa [10] classified the non-
isomorphic variants of Tn and later in [19], Tsyaputa characterised
Green’s relations in such a semigroup. The structure of the variant
of finite full transformation semigroup was extensively studied by
Dolinka and East [8].
While a semigroup S possesses certain characteristic, its variant Sa

may not have that same characteristic. In fact, it is the case that in
general S � Sa. It has been pointed out in [8] that the variants Tn,
Pn and In of respectively finite full transformation semigroup, finite
partial transformation semigroup (consisting of all partial maps on
a finite set of n elements) and finite symmetric inverse semigroup
(consisting of all injective partial maps on a finite set of n elements)
are non-regular even though each of these semigroups is regular.
Regular semigroups are interesting classes of semigroup that have
been extensively studied via the classical Green’s equivalences [4],
see for example Howie [7]. A generalisation of regular semigroup
called abundant semigroup was introduced by Fountain [2, 3] and
studied via an extended version of Green’s relations known as stared
Green’s relations.

Two elements a and b of semigroup S are said to be L∗-related
if they are related under the standard Green’s L relation in some
oversemiroup of S. The relation R∗ is defined dually. A semgroup
S is called right abundant if every L∗-class and every R∗-class of
S contains an idempotent. Abundant semigroup have been studied
see [18, 15, 16, 17, 6]. In this paper, we investigate the variant
semigroup Ian of all partial one-to-one transformation in line with
[8] on a finite set Xn = {1, 2, ..., n}. In particular, we characterised
Green’s relations similar to the corresponding characterisation in
the variant semigroup T a

n obtained by [8], we also characterised
starred Green’s relations L∗, R∗ in the semigroup Ian and showed
that it is an abundant semigroup.

It is known , due to [8], that every variant Sx of a semigroup S
by an elements x ∈ S is isomorphic to a variant Sa of S by an
idempotent a ∈ S. Thus, it is no loss of generality if we assume
throughout this paper that the variant Ian of In is always with
respect to an idempotent a of height r (where 1 ≤ r ≤ n− 1) with
dom(a) = im(a) = {a1, a2, . . . , ar}. Thus, the idempotent a is a
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partial identity on {a1, a2, . . . , ar} and can be written, in an array
notation, as

a =

(
a1 a2 . . . ar
a1 a2 . . . ar

)
.

For a semigroup S we denote by E(S), the set of all idempotent
elements in S, that is E(S) = {e ∈ S|e2 = e}.

In the next lemma we characterised idempotent elements in Ian.

Lemma 1.1. Let α ∈ Ian. Then, α ∈ E(Ian) if and only if α ∈
E(In) and im(α) ⊆ dom(a).

Proof. Suppose that α /∈ E(Ian) and let x ∈ dom(α) be such that
xα2 6= x. Then, xα2 = x(α ∗a α) = x(αaα) = (xα)aα.

Now, if xα ∈ dom(a), then (xα)a = xα (since a is a partial iden-
tity) and so, xα2 = x(α ∗a α) = (xα)α 6= xα always. If xα is not
in dom(a), then x is not in domx(α ∗a α) and therefore, α is again
not an idempotent.

Also, suppose that im(α) * dom(a) and let x ∈ im(α) \ dom(a)
and y ∈ dom(α) be such that yα = x. Then clearly y is not in
dom(αaα) which implies that α ∗ aα 6= α.

Conversely, it is easy to see that if α ∈ E(In) and im(α) ⊆ dom(a),
then αaα = α which implies α is an idempotent in (Ian). �

2. Green’s relations in (Ian)

On a semigroup S (see Howie [7]), the five equivalence relations
L,R,H,J and D are defined as for all a, b ∈ S, aLb if and only
if S1a = S1b; aRb if and only if aS1 = bS1; aJ b if and only if
S1aS1 = S1bS1; H = L ∩ R and D = L ◦ R. These are known, in
semigroup theory as Green’s relations [4]. Since the appearance of
these relations in 1951 they became standard tool for understand-
ing the structure of a semigroup. In order to avoid confusion, if K
is one of L,R,H,J and D, we will write Ka for Green’s K-relation
on the variant Sa of S, and write Ka

x for the Ka-class of x ∈ Sa.

As noted by Dolinka and East [8], for any semigroup S and a fixed
element a ∈ S, the subsets

P1(S) = {α ∈ S : xaRx} (1)

P2(S) = {x ∈ S : axLx} (2)
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P (S) = P1(S) ∩ P2(S) (3)

played vital role in characterising Green’s relations in the vari-
ant semigroup Sa. In fact, in [8], the following characterisation
of Green’s relations in Sa was proved.

Theorem 2.1. and East [8]] If x ∈ S, then

i. Ra
x =

 Rx ∩ P1(S) if x ∈ P1(S),

{x} if x ∈ S \ P1(S)

ii. La
x =

 Lx ∩ P2(S) if x ∈ P2(S),

{x} if x ∈ S \ P2(S)

iii. Ha
x =

 Hx ∩ P (S) if x ∈ P (S),

{x} if x ∈ S \ P (S)

iv. Da
x =



Dx ∩ P (S) if x ∈ P (S),

Ra
x if x ∈ P1(S) \ P2(S),

La
x if x ∈ P2(S) \ P1(S),

{x} if x ∈ S \ (P1(S) ∪ P2(S)).

Therefore, it will be important to further describe the elements in
the subsets P1(S), P2(S) and P (S) in the semigroup In in order to
obtain characterisation of Green’s relation in Ian.

Lemma 2.2. In the symmetric inverse semigroup we have:

i. P1(In) = {α ∈ In : im(α) ⊆ dom(a)};
ii. P2(In) = {α ∈ In : dom(α) ⊆ im(α)};
iii. P (In) = {α ∈ In : (dom(α) ∪ im(α)) ⊆ dom(a)}

Proof. i.

P1(In) = {α ∈ In : αaRα}
= {α ∈ In : dom(α) = dom(αa)}
= {α ∈ In : dom(α) = (im(α) ∩ dom(a))α−1}
= {α ∈ In : im(α) = im(α) ∩ dom(a)}
= {α ∈ In : im(α) ⊆ dom(a)}.
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ii.

P2(In) = {α ∈ In : aαLα}
= {α ∈ In : im(α) = im(aα}
= {α ∈ In : im(α) = (im(a) ∩ dom(α))α}
= {α ∈ In : dom(α) = im(a) ∩ dom(α)}
= {α ∈ In : dom(α) ⊆ im(a)}.

iii.

P (In) = P1(In) ∩ P2(In)

= {α ∈ In : αaRα and aαLα}
= {α ∈ In : im(α) ⊆ dom(a) and dom(α) ⊆ dom(α)}
= {α ∈ In : (dom(α) ∪ im(α)) ⊆ dom(a)}

�

Now, to characterise Green’s relations in Ian, we only need to apply
Theorem 2.1, to the case when S = Ian.

Theorem 2.3. Let α, β ∈ Ian. Then,

i. αRaβ ⇐⇒

 dom(α) = dom(β) if α, β ∈ P1,

α = β if α, β ∈ In \ P1,

ii. αLaβ ⇐⇒

 im(α) = im(β) if α, β ∈ P2,

α = β if α, β ∈ In \ P2,

iii. αHaβ ⇐⇒

 dom(α) = dom(β) if α, β ∈ P,

α = β if α, β ∈ In \ P,

iv. αDaβ ⇐⇒



|im(α)| = |im(β)| if α, β ∈ S \ P,

dom(α) = dom(β) if α, β ∈ P1 \ P2,

im(α) = im(β) if α, β ∈ P2 \ P1,

α = β if α, β ∈ In \ (P1 ∪ P2).

Proof. This is a combined effect of Theorem 2.1 and Lemma 2.2. �
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3. Abundant Semigroups of Ian
Recall that the relations L∗ andR∗ on a semiigroup S are defined,

by the rule that two elements a, b ∈ S are L∗ and R∗ related if and
only if the two elements are respectively L∗ andR∗ relations in some
larger semiroup containing S as a subsemigroup. These relations
also have the following more transparent characterisation.

L∗(S) = {(a, b) : (∀x, y ∈ S1)ax = ay ⇔ bx = by} (4)

and

R∗(S) = {(a, b) : (∀x, y ∈ S1)xa = ya⇔ xb = yb}. (5)

Our first result in this section characterises the relations L∗ and R∗

in Ian.

Theorem 3.1. Let α, β ∈ Ian. Then
(i) (α, β) ∈ L∗(Ian) if and only if im(αa) = im(βa),
(ii) (α, β) ∈ R∗(Ian) if and only if dom(aα) = dom(aβ).

Proof. (i) Suppose that α, β ∈ L∗(Ian) and choose any idempotent
ξ in In such that dom(ξ) = im(αa). Then,

α ∗a ξ = αaξ = αa = α ∗a 1Xn

if and only if

β ∗a ξ = βaξ = βa = β ∗a 1Xn ,

which implies that imβa ⊆ dom(ξ) = imαa.

Similarly, if we choose any idempotent η in In such that dom(η) =
im(βa). Then,

β ∗a η = βaη = βa = β ∗a 1Xn

if and only if

α ∗a η = αaη = αa = α ∗a 1Xn ,

which implies that imαa ⊆ dom(η) = im(βa). Thus, we have
im(αa) = im(βa).

Conversely, suppose that im(αa) = im(βa). Then, (αa, βa) ∈
L∗(In), and so, (αa)x = (αa)y ⇐⇒ (βa)x = (βa)y, for all
x, y ∈ In. That is, α ∗a x = α ∗a y ⇐⇒ β ∗a x = β ∗a y, for
all x, y ∈ In. Thus, (α, β) ∈ L∗(Ian).
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(ii) Suppose that (α, β) ∈ R∗(Ian) and choose any idempotent ξ
in In such that im(ξ) = dom(aα). Then,

ξ ∗a α = ξaα = aα = 1Xn ∗a α

if and only if

ξ ∗a β = ξaβ = aβ = 1Xn ∗a β
which implies that dom(aβ) ⊆ im(ξ) = dom(aα).

Similarly, if we choose any idempotent η in In such that im(η) =
dom(aβ). Then,

η ∗a β = ηβa = aβ = 1Xn ∗a β

if and only if

η ∗a α = ηaα = aα = 1Xn ∗a α,
which implies that dom(aα) ⊆ im(ξ) = dom(aβ). Thus, we have
dom(aβ) = dom(aβ).

Conversely, Suppose that dom(aα) = dom(aβ), then by definition,
it implies that (aα, aβ) ∈ R∗(In). And so, by definition of R∗, we
have x(aα) = y(aα) ⇐⇒ x(aβ) = y(aβ), for all x, y ∈ In. That
is, x ∗a α = y ∗a α ⇐⇒ x ∗a β = y ∗a β, for all x, y ∈ In. Thus,
(α, β) ∈ R∗(Ian). �

Lemma 3.2. Let α ∈ Ian. Then, for some idempotents e, f ∈
Ea(Ian), (α, e) ∈ L∗(In) and (α, f) ∈ R∗(In).

Proof. Let a =

(
a1 · · · ar
a1 · · · ar

)
. Since im(a) = {a1, a2, . . . , ar} and

im(αa) ⊆ im(a), then suppose without loss of generality, that
im(αa) = {a1, . . . , ak}, where 1 ≤ k ≤ r. Then, the map e =(
a1 · · · ak−1 ak
a1 · · · ak−1 ak

)
is such that ea = e. Then, since e is an

idempotent, that is, e2 = e ∗a e = eae = ee = e and im(ea) =
im(e) = {a1, . . . , ak} = im(αa), we have that e ∈ Ea(Ian) and
(α, e) ∈ L∗(Ian).

Similarly, if we suppose, without loss of generality, that dom(αa) =

{a1, . . . , ak}, where 1 ≤ k ≤ r. Then, the map f =

(
a1 · · · ak−1 ak
a1 · · · ak−1 ak

)
is such that fa = af = f . Thus, f ∈ Ea(Ian) and (α, f) ∈
R∗(Ian). �
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The above lemma shows that every L∗ and every R∗ in variant of
Ian contains an idempotent.

Thus, we have the following result;

Theorem 3.3. The variant semigroup Ian is abundant.
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