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ABSTRACT. In this paper, we study a forward-backward split-
ting algorithm for fixed points of a quasi-Bregman nonexpansive
mapping, solution of equilibrium problem and zero points of the
sum of families of accretive operators and a;-inverse-strongly ac-
cretive operators. We proved weak convergence of the sequences
generated by this algorithm in reflexive Banach space. Our re-
sult extends and improves important recent results announced
by many authors.
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1. INTRODUCTION

Let E be a real Banach space and C' a nonempty closed convex
subset of E. The normalized duality map from E to 27 (E* is the
dual space of E) denoted by J is defined by

J(@) ={f € E*: (x, f) = ||l fI] =]l = I£]I}, V= € E.

Let A: Dom(A) C E — 2% be a set-valued operator with Dom(A) =
{z € E:Az+# 0} and the Ran(A) = U{Az : z € D(A)}. A is said
to be accretive if for all A > 0 and for each z,y € D(A).

A" = o) + (z = y)l| = [lz —yll, V2’ € Az, ¢ € Ay.
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The accretive operators were introduced independently in 1967 by
Browder [10] and Kato [21]. An early fundamental result in the
theory of accretive operators, due to Browder, states that the initial
value problem

dv
dt
is solvable if A is locally Lipschitz and accretive on E; see Browder
[11] and the references therin. It follows from Kato [21] that A is
accretive if and only if, for 2,y € Dom(A), there exists j(z —y) €
J(x — y) such that

(u—v,j(x —y)) >0, where u € Az and v € Ay. A is a-inverse
strongly accretive if, for j(x —y) € J(z — y)

(Az — Ay, j(z —y)) > of|[Az — Ayl[? (1)

Let I denote the the identity operator on E. An accretive op-
erator A is said to be m—accretive if the range of (I + AA) is
the whole space E for all A > 0. A fundamental problem is to
find a zero of accretive operator A in a real Banach space E: find
x € E such that 0 € Ax. This problem includes, as special cases,
nonsmooth convex optimization and convex-concave saddle point
problems. Hence this problem has many applications in scientific
fields such as image processing, machine learning and signal pro-
cessing. If A = V[, the gradient of a differentiable convex function
f, solving the problem is done via the following recursion: zg € E
and z,11 = (I =\, Vf)x,, n >0, where {)\n} is a positive number
sequence. The above scheme is called steepest descent method.

Au+ — =0, v(0) =1

If A is a monotone operator (i.e accretive on a Hilbert space), the
above inclusion was investigated by Rockafellar [29] which was rec-
ognized as Rockaffelar’s proximal point algorithm: zyp € F, x,41 =
(I + X, A) 'z, Vn >0, where (I + X\, A)~! is called the resolvent
of A. Rockafellar proved weak convergence of the sequence {:vn}
when the regularization sequence {)\n} is bounded away from zero.
In many problems the operator A can be written as the sum of two
accretive operators, i.e, A= M + N.

Many authors are constructing algorithms for solving fixed point
problems for nonlinear mappings using Bregman’s technique (see,
e.g [4, 14, 23] and the references therein).

Splitting method has recently received much attention because many
nonlinear problems arising in areas such as image processing, ma-
chine learning and signal processing are mathematically modeled as
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nonlinear operator equation. Recently, several authors have exten-
sively investigated zero points of monotone operators using splitting
technique; see [16, 34].

Numerous problems in optimization, economics and physics can be
reduced to finding solutions of some equilibrium problem. Various
methods have been studied for solutions of some equilibrium prob-
lems, see for example [2, 3, 8, 17, 18, 19, 30, 32] and the references
contained therein.

Ugwunnadi et al. [33] proved a new strong convergence theorem for
a finite family of closed quasi-Bregman strictly pseudocontractive
mappings and a system of equilibrium problems in a real reflexive
Banach space.

Motivated and inspired by above mentioned results, we study a
forward-backward splitting algorithm for finding a zero point of sum
of finite family of m—accretive operators and a—inverse strongly ac-
cretive operators, solution of equilibrium problems and fixed points
problems of quasi-Bregman nonexpansive mappings.

2. PRELIMINARIES

Throughout this paper, we shall assume f : E — (—o0,+o0] is
a proper, lower semi-continuous and convex function. We denote
by domf = {u € E : f(u) < 400} the domain of f. Let u €
int(dom(f)); the subdifferential of f at w is the convex set defined
by

Of (u) = {u” € E*: f(u) + (u*,y —x) < f(v), Yo € E},

where the Fenchel conjugate of f is the function f* : E* — (—o0, +00]
defined by

F*(u) = sup{ (u*,u) — F(u) : u € B},
It is known that the Young-Fenchel inequality holds:

(u u) < f(u) + f*(u*), YuekFE.
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A function f on E is coercive [20] if the sublevel sets of f are
bounded; equivalently,

lim f(u) = +oo.
l[f| =00

A function f on E is said to be strongly coercive [36] if

M = +00
llull—+oo |||
For any u € int(dom(f)) and v € E, the right-hand derivative of f
at u in the direction v is defined by

The function f is said to be Gateaux differentiable at u if

lim;_, w exists for any v. In this case, the gradient of f at
u is the function V f(u) : E — (—o0, +o0] defined by (Vf(u),v) =
f°(u,v) for any v € E. The function f is said to be Gateaux
differentiable if it is Gateaux differentiable for any ue int(dom(f)).
The function f is said to be Fréchet differentiable at w if this limit
is attained uniformly in v, ||v|| = 1. The map f is said to be
uniformly Fréchet differentiable on a subset C' of E if the limit
is attained uniformly for w € C' and |jv|| = 1. It is well known
that if f is Gateaux differentiable (resp. Fréchet differentiable) on
int(dom(f)), then f is continuous and its Gateaux derivative V f
is norm-to-weak® continuous (resp. norm-to-norm continuous) on
int(dom(f)) (see also [1, 9]). We will need the following results.
Lemma 1: [26] If f : £ — Ris uniformly Fréchet differentiable and
bounded on bounded subsets of E, then V f is uniformly continuous
on bounded subsets of E from the strong topology of E to the strong
topology of E*.

Remark 1: If E is a reflexive Banach space, then we have the
following results:

(i) f is essentially smooth if and only if f* is essentially strictly
convex (see [7] Theorem 5.4);

(it) (0f)" = af" (see [9])

(iii) f is Legendre if and only if f* is Legendre (see [7],Corrolary
5.5)

(iv) If f is Legendre, then V[ is a bijection satifying Vf =
(Vf*) L ranVf = domV(f*) = int(dom(f*)) and ran V f* =
dom(f) = int(dom(f)) (see [7], Theorem 5.10 ).
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Examples of Legendre functions were given in [7, 5] . One impor-
tant and interesting Legendre function is %H |I” (1 < p < 00) when
E is a smooth and strictly convex Banach space. In this case the
gradient V f of f is coincident with the generalized duality map-

ping of £, i.e. Vf = J,(1 < p < 00). In particular, a Hilbert spaces.

Let f: FE — (—o00,+0o0] be a convex and Gateaux differentiable
function. The function Dy : domfx intdomf — (—o0,+0o0], de-
fined as follows:

Dy(u,v) = f(u) = f(v) = (V[ (v),u =), (2)
is called the Bregman distance with respect to f (see [15] ). It is
obvious from the definition of Dy that

Di(z,u) = Df(z,0) + Dy(v,u) + (Vf(v) =V f(v), 2 —v).  (3)

A point p € C' is said to be an asymptotic fixed point of a map
T, if there exists a sequence {z,} in C' which converges weakly to

p such that li{I‘rl |z, — Tap|| = 0. We denote by F(T) the set of
n—-+0o0o

asymptotic fixed points of T. A point p € C'is said to be strong as-

ymptotic fixed point of a map T, if there exists a sequence {z, } in C

which converges strongly to p such that lim ||z, —Tz,| = 0. We
n——+o00

denote by F(T) the set of strong asymptotic fixed points of 7. A
map T : C' — C'is called quasi-Bregman nonexpansive if F'(T) # ()
and Dy (p,Tx) < D¢(p,z) for all x € C and p € F(T).

Recall that the Bregman projection [12] of u € int(dom(f)) onto
nonempty, closed and convex set C' C dom(f) is the unique vector
IIo(x) € C satisfying

Dy(Me(x), x) = nf{Dy(y,x) : y € C}.

Concerning the Bregman projection, the following are well known.
Lemma 2: [14] Let C' be a nonempty, closed and convex subset of
a reflexive Banach space E. Let f: E — R be a Gateaux differen-
tiable and totally convex function and let u € E. Then

(a) z =1Ilg(z) if and only if (Vf(z) -V f(z),y—2) <0, Vye

C;

(b) Ds(y, () + Dy(llc(x), ) < Df(y,z), Voe kL, yeC.
Lemma 3: [25] Let E be a Banach space and f : E — R be
a Gateaux differentiable function which is uniformly convex on
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bounded subset of E. Let {z,}nen and {y,}neny be bounded se-
quences in . Then

lim D¢(zp,y,) =0 if andonlyif lim ||z, —y,|| = 0.
n—o0 n—oo

Lemma 4: [27] Let f: E — R be Gateaux differentiable and to-
tally convex function. If zy € E and the sequence {Dg(x,,zo)} is
bounded, then the sequence {z,} is bounded too.

The following definition is slightly different from that in Butnariu
and ITusem [13].
Definition 2:[22] Let E be a Banach space. A function f: E — R
is said to be a Bregman function if the following conditions are
satisfied:

(i) f is continuous, strictly convex and Gateaux differentiable;
(ii) the set {y € E: Dy(x,y) < r} is bounded for all x € E and
r > 0.

The following lemma follows from Butnariu and Iusem [13] and
Zalinescu [36].
Lemma 5: Let E be a reflexive Banach space and f : F — R be
a strongly coercive Bregman function. Then
(i) Vf : E — E* is one-to-one, onto and norm-to-weak* con-
tinuous;
(ii) (z —y,Vf(z) = Vf(y)) =0if and only if z = y;
(iii) {z € E: D¢(z,y) <r} is bounded for all y € E and r > 0;
(iv) dom f* = E*, f* is Gateaux differentiable and Vf* =
(V)
The following two results are well known; see [36]
Theorem 1: Let E be a reflexive Banach space and let f : F — R
be a convex function which is bounded on bounded subsets of F.
Then the following assertions are equivalent:

(1) f is strongly coercive and uniformly convex on bounded
subsets of F;

(2) domf* = E*, f* is bounded on bounded subsets and uni-
formly smooth on bounded subsets of E*;

(3) domf* = E*, f* is Frechet differentiable and V f* is uni-
formly norm-to-norm continuous on bounded subsets of £*.

Theorem 2: Let E be a reflexive Banach space and let f : E — R
be a continuous convex function which is strongly coercive. Then
the following assertions are equivalent:

(1) fis bounded on bounded subsets and uniformly smooth on
bounded subsets of E;
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(2) f* is Frechet differentiable and f* is uniformly norm-to-
norm continuous on bounded subsets of E*;

(3) domf* = E*, f* is strongly coercive and uniformly convex
on bounded subsets of F*.

Lemma 6: [22] (see also [25]) Let E be a reflexive Banach space,
let f: E — R be a strongly coercive Bregman function and let V;
be the function defined by

Vi(z,2") = f(z) — (z,2") + f*(«¥), v € £, 2" € E™.
Then the following assertions hold:
(1) Dy(z, Vf*(x*)) = Vi(x,2*) for all x € E and z* € E*.
(2) Vi(z,2*) +(Vf*(2*) —x,y") < Vi(z,2* +y*) forallz € £
and z*,y* € E*.
Lemma 7: [25] Let E be a Banach space and f : E — R be
a convex function which is uniformly convex on bounded subsets
of E. Let r > 0 be a constant and p, be the gauge of uniform
convexity of f . Then
(i) For any z,y € B, and a € (0,1),

flax+ (1= a)y) <af(x) + (1 - a)f(y) —a(l - a)p:(|lz —yl]).
(ii) For any z,y € B,,

pr(llz = yll) < Dy(2,y)

(iii) If, in addition, f is bounded on bounded subsets and uni-
formly convex on bounded subsets of E then, for any z €
E,y*,z* € Bf and « € (0, 1),

Vi(z,ay” + (1 —a)z") < aVi(z,y") + (1 - a)Vi(z, 2%) —a(l —a)p(|ly* — "))
In order to solve equilibrium problems, we shall assume that the
bifunction G : C' x C' — R satisfies the following conditions [§] :
(A)G(z,z) =0, Vo € C,

(A2) G is monotone, i.e.,G(z,y) + G(y,z) <0 Vz,y € C;

(A3) limsupG(tz + (1 — t)x,y) < G(z,y), Vaz,y,z€ C;
(Ad)

t—o
A4) the function y — G(z,y) is convex and lower semi-continuous.

For r > 0 the resolvent of a bifunction G [35] is the operator
Resé : E — C defined by

Resh(z) = {reC: G(z,y)+%(Vf(z)—Vf(x),y—z> >0VyeC}.
(4)

From Lemma 1, in [28] if f: (—o0,4+00] — R is strongly coer-
cive and Gateaux differentiable function, and G satisfies condition
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(A1) — (A4), then dom(Resl)= E.

The following lemma gives some characterization of the resolvent
Resé.

Lemma 8: [28] Let E be a real reflexive Banach space and C be
a nonempty closed convex subset of E. Let f: E — (—oo, +00] be
a function. If the bifunction G : C' x C' — R satisfies the condition
(A1)-(A4), then the following hold:

(1) ResG is singled-valued;

(ii) ResG is a Bregman firmly nonexpansive operator
)
) E

(iii
(iv

F(Res),) =EP(G);
P(G) is closes and convex subset of C; for all x € E' and
for all ¢ € F(ResL,)

Dy(q. Resg(w)) + Dy(Rest(w), @) < Dy(q, ). (5)

1. MAIN RESULT
It is easy to see that for each i =1,2,....k

(Ni + M;)=1(0) = Fiz((I + AM;)" (I — ANy)).

Lemma 9: Let M; : D(M) ¢ E — 2% i = 1,2,...,k and
N; : C — E, i = 1,2,...,k be finite family m—accretive op-
erators and «o;—inverse strongly accretive respectively. Let m =
(([—i—)\Mk)_l([— )\Nk)) o (([—F)\Mk,l)_l(]— )\Nkfl)) 0---0 ((I—l—
AMy) 7T — )\Nl)). Then 7 is nonexpansive.

Proof:

To show that m = ((£ + AMj) "' (1 — ANy)) o (1 + AMj_1)~"
(I=ANy_1))o---o((I+AM;)~ (I—AN;)) is nonexpansive, consider
the mapping (I+AM;) "1 (I—=AN;), for any i € {1,2,..., k} we have.

107+ AM;) ™ (T = ANi)a — (I + AM;) ™' (I — ANyl |
[(I = ANi)z — (I = AN)yl[*

= Iz —y) = A(Niw = Niy)[|*

= lz = yll* = gMNix = Niy, j(x — y)) + dgA"|| Niz — Niy|*
< e = yll" = gral[Niz — Niy||* + dgA"|[ Nix — Niy||*

= lz = yll” = Mg — dgA" V)| | Niw — Ny |

<l —yll"
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Hence, the mapping (I + AM;)~ (I — AN;) is nonexpansive for any
i €{1,2,...,k}. This implies that 7 = ((I + AMy) (I — ANy)) o
(I +AMy_1)"(I = ANj—1)) 0 -0 (I + AM;) (I — AN;)) is also

nonexpansive as a composition of finite nonexpansive mappings.

We assume that the nonexpansive mapping 7 above is also Breg-
man nonexpansive with respect to f in the sequel.

Theorem 3: Let E be g—uniformly smooth space. C' a nonempty
closed convex subset of . Let f : E — R be a strongly coercive,
Legendre function, which is bounded, uniformly Fréchet differen-
tiable and totally convex on bounded subset of . Let G be a
bifunction from C'xC to R satisfying (A1)-(A4). Let M; and N;
be as in Lemma 9 above. Let T : C — C be a quasi-Bregman
nonexpansive mapping such that Q := F(T)N EP(G) N (N (N; +
M;)71(0)) # 0. Assume (I — T is demiclosed at the origin and let
{z,} be a sequence generated by

({L‘() € C,
20 = V(B VS (Txy) + (1 = Ba)V f(22)),
G20, y) + 5oy = 20, V(20) = Vf(un)) 20 VyeC,  (6)
Wy = VI (V) + (1 — a) V£ (71,)),

(Zpi1 = Howy, n > 0.

Assume Fix(m) = N (N; + M;)71(0). Let @ = min;<;<p{as}, A >
0, with A € (0, (%)771) and {$,}, {@} C [a,b] with 0 <a <b <1,
let r, € (0,1). Then {x,} converges weakly to some point in €.

Proof:
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Let p € Q2. Then we have

Df(p, Zn)

IN

IN A

Dy (Pa vV (,anf(Txn) + (1 - ﬁn)vf(xn)))
Vi (pv BuVf(Tn) + (1 - Bn)vf(xn))

f(P) = P BuV [ (Txn) + (1 = Bn)V f(2n))
+ BV (Tzn) + (1 = Bn)V f(n))
Brf(p) + (1= Bn) f(p) = Bulp, Vf(Tan))
—(1 = Bp){p, Vf(zn))

B (V[ (Tan)) + (1= ) [ (V f(2n))
Bu(f(p) = (p, VI (Tan)) + [ (Vf(Txn)))
(1= Ba)(f(p) = (0, Vf(zn)) + [ (Vf(zn)))
BuVi(p, Vf(Txy)) + (1 = Bn)Vi(p, Vf(2n))
Ban(pa Txy) + (1 - ﬁn)Df(py xn)
BuDy(p;xn) + (1 — Bn)Ds(p; n)

Dy (p, an).-

Since from (6) u, = Resl(z,) and using (5), we get

But

Df(p7 xn+1)

which implies that lim Dy (p, x,,) exists and consequently {D(p, )}
n—oo

is bounded. Furthermore, by Lemma 4 {x,} is bounded, hence

I VAN VAN VAR VAN

Df(p7 un)

D¢(p,wn) = Dy(p, Vf*(anV f(xn) + (1 — o)V f (Tun))

Df<p7 Zn) - Df(umzn)
Df(p, zn)
Df(pv xn)

I VANPAN

anDy(p; n) + (1 — an) Dy (p, muy)
anDy(p,wn) + (1 — an) Dy (p, un)
Dy(p,xn) + (1 — an)Dy(p, )
Df(p,$n),

{w,},{u,} and {z,} are bounded.

Let p; : E — R be the guange function of uniform convexity of the
conjugate function f* r > 0 (chosen appropriately). By Lemmas
6 and 7, we obtain

Df(p= Zn) = Dy (p, Vf* (ﬂan(TIn) +(1— ﬁn)vf(xn)))

= Vi(p, BV f(Tx,) + (1 = B,)Vf(2,))
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< BuVi(p, VI (Tan)) + (1= ) Vi(p, Vf(20))
—=Bn(L = Bo)pr([IVf (Twn) = V f (2)]])
= 5an(pa Txn) + (1 - Bn)Df(P, xn)
—Bu(1 = Ba)pr([IV f(Tn) = V f(n)]])
< 671Df(p7 xn) + (1 - 6n)Df(pa xn)
—Ba(1 = Bn) o[V f(T2n) — V f(20)]])
Dy(p,xn) = Bu(1 = Bu) pr(IIVf (Twn) = V f(@n)ll) (7
Df(p, xn)

Dy(p,xnt1) < Dy(p,wn) = Ds(p, Vf*(anV f(n) + (1 — an)V f(7un))
= Vi, anVf(zn) + (1 —an)Vf(mun)

IA

IN

an Vi (p, Vf(2n)) + (1 — an)Vi(p, V f(wun))

—on(1 = an)pp([[V f(20) = Vf(Tun)|)

= a,Dy(p, ) + (1 — an)Dy(p, Tun)

—an(1 = an)pr(|[Vf(2a) = V f(mun)|])

< anDy(p, an) + (1 = an) Dy (p, tn) (8)
—an (1 — ) pr([[V f(20) = V f(mun)|])

= Dy(p,xn) — on(l — an)pr([[V f(2n) = Vi (mua)l]).  (9)

From (8) we have

(1 = an)pr([|V f(2n) = Vf(mun)l]) < Dy(p,2n) — Dy(p; Tnt1)

and so using the property of p; we have

Tim ||V f(2,) =V (mu)|| = 0, (10)

since V f* is uniformly norm-to-norm continuous on bounded subset
of E*, we have

lim ||z, — 7u,|| = 0. (11)
n—oo
From (6) and (7) we have

Df(p’ Tpy1) < aan(pv Tn) + (1 — ) [Df(p’ Tp)
—Bu(1 = Bu)pr([IVf(Txn) = V f(2n)]])]
= Df(pv Tp) — (1= n)Bn(1 = Br)pr([IVf(Txn) — V f(2n)l]),
which implies
(1= an)Bn(l = Ba)pr(IVf(Tzn) = Vf(zn)ll) < Dy(p,zn) — Dy(p @nt1)
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and so
Tim [V F(T) = V£ ()] = 0. (12)

Since V f* is uniformly norm-to-norm continuous on bounded subset of E*, we
have
lim ||Tz, — z,|| = 0. (13)
n—oo

From (6) we have
IVf(@n) = V)l = BullVf(zn) = VI(Tzn)ll,
which implies from (11) that
Tim [V (@) = V£ (z0)| = 0. (1)

Since V f* is uniformly norm-to-norm continuous on bounded subset of E*, we
have
lim ||z, — 2z,]| = 0. (15)
n—oo

From (6) and Lemma 2 (b) we have

. B . b

n11_>1r010 D¢(zn,un) = nli)n;o Dy (2, Resg(2n))
< lim (Dy(zn,20) = Dy (Resk(zn), 2n))
< 0,

by Lemma 3 we have
1i_{n [|zrn — un|| = 0. (16)

Since V f* is uniformly norm-to-norm continuous on bounded subset of E*, we
have

lim [V (z0) — V5 (ua)]| = 0. (17)
But
[un — 2|l < ||un — 20|l + |20 — 2all,
which from (14) and (15) implies

nlbn;o [|un, — xn|] = 0. (18)
Also,
l|[tn —mzn|] < ||on — mua|| + ||7u, — 725]|
< g — ||+ [|un — 4],

which from (10) and (17) implies
nlingo l|zn — m2,|| = 0. (19)
Again, from (6) we have
IV f(run) =V f(wn)ll = BullV S (wtun) =V f(zn)]],
which also implies from (9)
Tim ([ £ (ru) — V()] = 0.

Since V f* is uniformly norm-to-norm continuous on bounded subset of E*, we
have

lim ||7u, —w,|| = 0.
n—oo
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Also
[un — mun|| < [lun — @pl| + [|20 — Tua||,
which implies
lim ||u, —7u,|| = 0.
n—oo
Again,
([wn = un|| < [lwn — Tun|| + ||Tun — unll,
which implies
nh—>Holo [|wn, — un]| = 0.
We also have,
|[wn = || < |[wn — un|| + |Jun — 2nl],
which implies
HILH;O ||wn — zp|] = 0.
Since {x,} is bounded and FE is reflexive, there exists a subsequence {x,,} of
{zy} such that z,, = p € C. From (13) and the assumption (I —T') is demi-

closed at the origin, we have p € F(T), also from (19) and the fact that (I —)
is demiclosed at the origin, we have p € N¥_, (N; + M;)~1(0).

Next we show that p € EP(G), from (6) we have

Glenst) + -y = 20, VH(2a) = V(1)) 20 Yy € C.
By applying (A2) we have for each n > 1
oy = 0,V (20) = V() 2 ~Glen) 2 Glys ) V€ C.
By (A4), (16) and z,, — p as n — o0, we have
Gy, zn,) <0 Yy € C, which implies
G(y,p) <0 VYyeC.

Let vy = tv + (1 — t)p for t € (0,1) and v € C. This yields G(v,p) < 0. Tt
follows from (A1) and (A4) that

0 = G(vg,v) < tG(vg,v) + (1 — t)G(vg, p) < tG(vy, ).
This implies

0 < G(vg,v).

From condition (A3), we obtain

G(p,v) >0, YveC.

This implies that p € EP(G). Hence we have p € Q := F(T) N EP(G) N
(Mg (N: + M;)~1(0)).
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2. NUMERICAL EXAMPLE

We give the following nemerical example to justify Theorem 3

Example : Let £ = R, C = [-1,1] and G : C x C — R be a bifunction
defined by G(z,y) = y?> + yor —22% Va,y € C. Let M; : R - Ri =1,2,3
defined by Myx = 2z, Msx = 4x, Msx = 6x Vx € R. Let the mapping
N;: C — Ri=1,2,3 be defined by N1z = §, Nox = 7, Nsz = ¢ Vo € R.
Let T : C — C be defined by Tz = x. let f(z) = %xz, V() = %w, since
f*(@*) = sup{(z*,x) — f(z) : € R}, then f*(z) = 32% and V[f*(z) = 2z.
Clearly G is a bifunction satisfying A1 — A4, M; is m-accretive operator, N; is
1

5 —inverse strongly accretive and T' is quasi bregman nonexpansive mapping.

From the scheme we obtain the following

Zn = Tn
Up = Zn
Wy, = 57w, + (1 — QTL”JFI)%WL (20)
—1,ifz<—1
Tpt1 =41, ifxz>1
Wy, otherwise

n+1

e, rn = 1 and A = 1. Then {x,} converges to

where 3, =
0 e Q= {0}.
Next, using Matlab software we have the following figures which shows that

the sequence {z,} converges to 0.

— n
Qn = 511>

H
o

0.8

=
~

0.6

o
=

0.4

Vaiue of the sequence:x(n}
S
o

Vaiue of the sequence:x(n)

)
®

o
A

0 10 20 30 40 50 60 20 30 20 50 50
Number of iterations:n Number of iterations:n

o
-
5

Values of the sequence [|x,,,, ||

0 10 20 30 40 50 60
Number of iterations:n
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