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STRONG CONVERGENCE THEOREM OF AN M-STEP

HALPERN-TYPE ITERATION PROCESS FOR FINITE

FAMILIES OF TOTAL ASYMPTOTICALLY

NONEXPANSIVE MAPS

A. C. NNUBIA1 AND C. MOORE2

ABSTRACT. In this paper we introduce an m-step Halpern-
type iteration process and prove strong convergence of the
scheme in a real Hilbert space H to the common fixed point
of a finite family of Total asymptotically nonexpansive map-
pings. Our results improve previously known ones obtained
for the class of nonexpansive and asymptotically nonexpansive
mappings. As application iterative methods for approximation
of: solution of variational inequality problems, fixed point of
finite family of continuous pseudocontractive mappings, solu-
tions of classical equilibrium problems and solutions of convex
minimization problems are proposed. Our theorems unify and
complement many recently announced results.
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1. INTRODUCTION

Let K be a nonempty subset of a normed linear space E. K is
said to be (sequentially) compact if every bounded sequence in K
has a subsequence that converges in K. K is said to be boundedly
compact if every bounded subset of K is relatively compact. Finite
dimensional spaces are boundedly compact. Given a subset S of K,
we shall denote by co(S) and ccl(S) the convex hull and the closed
convex hull of S respectively. IfK is boundedly compact convex and
S is bounded, then co(S) and hence ccl(S) are relatively compact
convex and compact convex subsets of K respectively.
A map T : K → K is said to be semi-compact if for any bounded
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sequence {xn} ⊂ K such that ‖xn − Txn‖ → 0 as n → ∞ there
exists a subsequence {xnj

} ⊂ {xn} such that xnj
converges strongly

to some x∗ ∈ K as j → ∞. The map T is said to be demi-
compact at z ∈ H if for any bounded sequence {xn} ⊂ K such that
‖xn−Txn‖ → z as n→ ∞ there exist a subsequence {xnj

} ⊂ {xn}
and a point p ∈ K such that xnj

converges strongly to p as j → ∞.
(Observe that if T is additionally continuous, then p − Tp = z).
A nonlinear map T : K → K is said to be completely continuous
if it maps bounded sets into relatively compact sets. A mapping
T : K −→ K is called nonexpansive if and only if for all x, y ∈ K,
we have that

‖Tx− Ty‖ ≤ ‖x− y‖. (1)

A mapping T is called asymptotically nonexpansive mapping if and
only if there exists a sequence {μn}n≥1 ⊂ [0,+∞), with lim

n→∞
μn = 0

such that for all x.y ∈ K,

‖T nx− T ny‖ ≤ (1 + μn)‖x− y‖ ∀ n ∈ N (2)

T is asymptotically nonexpansive in the intermediate sense if it is
continuous and the following holds:

lim sup
n→∞

supx,y∈D(T )

(‖T nx− T ny‖ − ‖x− y‖) ≤ 0 (3)

Observe that if we define: σn := supx,y∈D(T )

(‖T nx − T ny‖ − ‖x −
y‖), δn := max{0, σn} then δn → 0 as n→ ∞ and (3) reduces to

‖T nx− T ny‖ ≤ ‖x− y‖+ δn ∀ x, y ∈ D(T ), n ∈ N (4)

A mapping T is called generalised asymptotically nonexpansive map-
ping if and only if there exist a sequences {μn}n≥1, {ηn}n≥1 ⊂
[0,+∞), with lim

n→∞
μn = 0 = lim

n→∞
ηn such that for all x, y ∈ D(T ),

‖T nx− T ny‖ ≤ (1 + μn)‖x− y‖+ ηn ∀ n ∈ N (5)

The class of asymptotically nonexpansive mappings was introduced
by Goebel and Kirk [6] as a generalisation of nonexpansive map-
pings. As further generalisation of class of nonexpansive map-
pings, generalised asymptotically nonexpansive map was introduced
and later in 2006, Alber, Chidume and Zegeye [2] introduced the
class of total asymptotically nonexpansive mappings, where a map-
ping T : K −→ K is called total asymptotically nonexpansive if
and only if there exist two sequences {μn}n≥1, {ηn}n≥1 ⊂ [0,+∞),
with lim

n→∞
μn = 0 = lim

n→∞
ηn and nondecreasing continous function
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φ : [0,+∞) −→ [0,+∞) with φ(0) = 0 such that for all x, y ∈ K,

‖T nx− T ny‖ ≤ ‖x− y‖+ μnφ(‖x− y‖) + ηn n ≥ 1 (6)

Ofoedu and Nnubia [16] gave an example to show that the class
of asymptotically nonexpansive mappings is a proper subset of the
class of total asymptotically nonexpansive mappings.
The class of total asymptotically nonexpansive type mappings

includes the class of mappings which are asymptotically nonexpan-
sive in the intermediate sense. These classes of mappings have been
studied by several authors (see e.g.[6], [9], [22]).
Let H be a Hilbert space and K a nonempty closed convex subset
of H , the metric projection PK : H −→ K is the function which
assigns to each x ∈ H its nearest point denoted by PKx. Thus PKx
is the unique point on K such that

‖x− PKx‖ ≤ ‖x− y‖ ∀ y ∈ K. (7)

It is also well known that PK satisfies

〈PKx− PKy, x− y〉 ≥ ‖PKx− PKy‖2, ∀ x, y ∈ H (8)

Moreover, PKx is characterized by the properties that PKx ∈ K
and 〈x− PKx, PKx− y〉 ≥ 0, ∀ y ∈ K.

2. PRELIMINARY

We shall make use of the following in the sequel.
A Banach space E is said to satisfy Opial’s condition if for each
sequence {xn}n≥1 ⊂ E which converges weakly to a point z ∈ E, we
have that lim inf

n→∞
‖xn − z‖ < lim inf

n→∞
‖xn − y‖, ∀y ∈ E, y = z. It is

well known that every Hilbert space satisfies Opial’s condition(see
eg [17]).
A map T is said to satisfies condition B if there exists a continous,
strictly inccreasing function f : [0,∞) → [0,∞),with f(0) = 0 such
that for all x ∈ D(T ), ‖x − Tx‖ ≥ f(d(x, F )) where F = F (T ) =
{x ∈ D(T ) : x = Tx} and d(x, F ) = inf{‖x− y‖ : y ∈ F}.
Lemma 1:[19] Let {an} be sequence of nonegative real numbers
satisfying the following relation:

an+1 ≤ (1− αn)an + δn, n ≥ n0,

where {αn}n≥1 ⊂ (0, 1) and {δn}n≥1 ⊂ R satisfying the follow-

ing conditions:
∞∑

n=0

αn = ∞, lim
n→∞

αn = 0 and lim sup
n→∞

δn ≤ 0, then

lim
n→∞

an = 0.
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Lemma 2:[10] Let {μn}, {νn}, {ηn} be nonnegative sequences

such that
∑

n≥0

νn < ∞,
∑

n≥0

ηn < ∞ and μn+1 ≤ (1 + νn)μn + ηn.

Then lim
n→∞

μn exists.

Lemma 3:[3] Let E be a reflexive Banach space with weakly
continuous normalized duality mapping. Let K be a closed convex
subset of E and T : K → K a uniformly continuous total asymp-
totically nonexpansive mapping with bounded orbits. Then I − T
is demiclosed at zero.
Lemma 4:[5] For any x, y, z in a Hilbert space H and a real

number λ ∈ [0, 1],

‖λx+(1−λ)y−z‖2 = λ‖x−z‖2+(1−λ)‖y−z‖2−λ(1−λ)‖x−y‖2.
(9)

Lemma 5:[13] Let K be a closed convex nonempty subset of a
Banach space E and let Ti : K −→ K where i ∈ I = {1, 2, ..., m}
be a finite family of continous nonlinear maps in K such that F =⋂m

i=1 F (Ti) = ∅ and let {xn}n≥1 be a sequence in K satisfying

(1) lim
n→∞

‖xn − Tixn‖ = 0 ∀i ∈ I

(2) ∃ n∗ ∈ N such that ‖xn+1 − x∗‖ ≤ (1 + τn)‖xn − x∗‖ +
νn; ∀ n > n∗

where
∑

n≥0

νn <∞ and
∑

n≥0

τn <∞. Then,

(1) lim
n→∞

‖xn − x∗‖ exist and {xn} is bounded.

(2) {xn} converges strongly to a common fixed point of Ti’s if
and only if lim infn→∞ d(xn, F ) = 0.

(3) {xn} converges strongly to a common fixed point of Ti’s if
one of the Ti’s satisfies any of the following conditions:
(a) condition B,
(b) semi-compact or demi compact at 0,
(c) completely continuous.

(4) {xn} converges strongly to a point of F if any of the follow-
ing conditions holds:
(a) K is compact.
(b) K is boundedly compact.
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3. Main Results

Proposition 1: Suppose that there exist c > 0, k > 0 constants
such that φ(t) ≤ ct ∀ t ≥ k, then T is total asymptotically nonex-
pansive if and only if T is generalised asymptotically nonexpansive
map.
Proof: It is known that every generalised asymptotically nonex-
pansive map is total asymptotically nonexpansive, so it suffices to
show that that every total asymptotically nonexpansive with the
condition of our hypothesis is generalised asymptotically nonex-
pansive map. Now, let T be such that

‖T nx− T ny‖ ≤ ‖x− y‖+ μnφ(‖x− y‖) + ηn n ≥ 1

Since φ is continuous, it follows that φ attains its maximum (say
c0) on the interval [0, k]; moreover, φ(t) ≤ ct whenever t > k. Thus,

φ(t) ≤ c0 + ct ∀ t ∈ [0,+∞).

So, we have,

‖T nx− T ny‖ ≤ ‖x− y‖+ μn(c0 + c‖x− y‖) + ηn n ≥ 1

= (1 + μnc)‖x− y‖+ μnc0 + ηn

= (1 + νn)‖x− y‖+ γn

where νn = μnc and γn = μnc0 + ηn. Thus completing the proof.
Proposition 2: Let H be a real Hilbert space, K a closed con-
vex nonempty subset of H and T : K −→ H a continuous To-
tal asymptotically nonexpansive mapping satisfying condition of
Proposition 1 with sequences {μn}n≥1, {ηn}n≥1 ⊂ [0,+∞) with
∞∑

n=0

μn < ∞ ,
∞∑

n=0

ηn < ∞ . Suppose that the fixed piont set,

F (T ) = ∅, then F (T ) is closed and convex.
Proof: Let {xn} be a sequence in F (T ) converging to x∗ ∈ K then
xn = Txn∀ n ≥ 0. By continuity of T, x∗ = lim

n→∞
xn = lim

n→∞
Txn =

T ( lim
n→∞

xn) = Tx∗ thus, x∗ ∈ F (T ) and F (T ) is closed. Next, we

show that F (T ) is convex. For t ∈ (0, 1) and x, y ∈ F (T ), put



160 A. C. NNUBIA AND C. MOORE

zt = (1− t)x+ ty, we show that zt = Tzt. Set un = 1+μn, we have

‖zt − T nzt‖2 = ‖(1− t)[x− T nzt] + t[y − T nzt]‖2
= (1− t)‖x− T nzt‖2 + t‖y − T nzt‖2

−t(1− t)‖x− y‖2
≤ (1− t)(un‖x− zt‖+ ηn)

2 + t(un‖y − zt‖+ ηn)
2

−t(1− t)‖x− y‖2
= (1− t)(unt‖x− y‖+ ηn)

2

+t(un(1− t)‖x− y‖+ ηn)
2 − t(1− t)‖x− y‖2

= (1− t)(u2nt
2‖x− y‖2 + 2tunηn‖x− y‖+ η2n)

+t(u2n(1− t)2‖x− y‖2 + 2ηnun(1− t)‖x− y‖
+η2n)− t(1− t)‖x− y‖2

= t(1− t)[u2n(t + 1− t)− 1]‖x− y‖2
+4t(1− t)unηn‖x− y‖+ η2

= t(1− t)(u2n − 1)‖x− y‖2 + 4t(1− t)unηn‖x− y‖
+η2.

Thus, lim
n→∞

‖zt − T nzt‖ = 0, which implies that lim
n→∞

T nzt = zt and

hence zt = lim
n→∞

T nzt = T ( lim
n→∞

T n−1zt) = Tzt. Thus, zt ∈ F (T ).

This completes the proof.
Proposition 3: Let H be a real Hilbert space, let K be a closed
convex nonempty subset of H and let Ti : K −→ K (i = 1,...,m) be
a finite family of uniformly continuous total asymptotically non-
expansive maps with associated sequences {μn,i}n≥1, {ηn,i}n≥1 ⊂
[0,+∞) with

∞∑

n=0

μn,i < ∞
∞∑

n=0

ηn,i < ∞ . Suppose that there

exist c > 0, k > 0 constants such that φ(t) ≤ ct∀ t ≥ k, and that
F =

⋂m
i=1 F (Ti) = ∅ then F is closed and convex.

Proof: By Proposition 2 , we have that F (Ti) is closed for each
i. Now,F =

⋂m
i=1 F (Ti) is a finite intersection of closed sets, hence

closed. Also, we have that F (Ti) is convex for each i. Since F =⋂m
i=1 F (Ti) is a finite intersection of convex set, we have that F is

convex.
Proposition 4: Let H be a real Hilbert space, let K be a closed
convex nonempty subset of H and let Ti : K −→ K (i ∈ I =
{1, ..., m}) be a finite family of uniformly continuous Total asymp-
totically nonexpansive map with sequences {μn,i}n≥1, {ηn,i}n≥1 ⊂
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[0,+∞) such that
∞∑

n=0

μn,i < ∞ ,
∞∑

n=0

ηn,i < ∞ . Suppose that

F =
⋂m

i=1 F (Ti) = ∅ and let {xn}n≥1 be a sequence generated iter-
atively from an arbitrary x0 ∈ K by

yn = PK [(1− βn)xn + βnu],

zn,0 = yn; zn,i = (1− αn)xn + αnT
n
i zn,i−1; i = 1, ..., m

zn,m = xn+1 n ≥ 0. (10)

where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) such that
∞∑

n=0

βn <

∞ , 0 < a < αn < b < 1 ∀ n ≥ 1(for some constants a,b). Let
x∗ ∈ F, then lim

n→∞
‖xn − x∗‖ exist.

Proof: Let x∗ ∈ F, i ∈ I = {1, ..., m}, un = 1+ μn, then from (10)
we have that

‖yn − x∗‖ = ‖PK [(1− βn)xn + βnu]− x∗‖,
≤ (1− βn)‖xn − x∗‖+ βn‖u− x∗‖,

‖zn,1 − x∗‖ ≤ (1− αn)‖xn − x∗‖+ αn‖T n
1 zn,0 − x∗‖

≤ (1− αn)‖xn − x∗‖+ αn(un,1‖yn, − x∗‖+ ηn,1).

= (1− αn)‖xn − x∗‖+ αnun,1‖yn − x∗‖+ αnηn,1

≤ (1− αn)‖xn − x∗‖+ αnun,1(1− βn)‖xn − x∗‖
+αnun,1βn‖u− x∗‖+ αnηn,1

= [1 + αn(un,1 − 1)− βnαnun,1]‖xn − x∗‖
+αnun,1βn‖u− x∗‖+ αnηn,1

‖zn,2 − x∗‖ ≤ (1− αn)‖xn − x∗‖+ αn‖T n
2 zn,1 − x∗‖

≤ (1− αn)‖xn − x∗‖+ αnun,2‖zn,1 − x∗‖+ αnηn,2

≤ (1− αn)‖xn − x∗‖+ αnun,2
[
[1 + αn(un,1 − 1)

−βnαnun,1]‖xn − x∗‖
+αnun,1βn‖u− x∗‖+ αnηn,1‖

]
+ αnηn,2

= [1 + αn(un,2 − 1) + α2
nun,2(un,1 − 1)

−βnα2
nun,1un,2]‖xn − x∗‖+ βnα

2
nun,2un,1‖u− x∗‖

+α2
nun,2ηn,1 + αnηn,2
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‖zn,3 − x∗‖ ≤ (1− αn)‖xn − x∗‖+ αn‖T n
3 zn,2 − x∗‖

≤ (1− αn)‖xn − x∗‖+ αnun,3‖zn,2 − x∗‖+ αnηn,3

≤ (1− αn)‖xn − x∗‖+ αnun,3
[
[1 + αn(un,2 − 1)

+α2
nun,2(un,1 − 1)− βnα

2
nun,1un,2]‖xn − x∗‖

+βnα
2
nun,2un,1‖u− x∗‖+ α2

nun,2ηn,1 + αnηn,2
]

+αnηn,3

= [1 + αn(un,3 − 1) + α2
nun,3(un,2 − 1)

+α3
nun,3un,2(un,1 − 1)− βnα

3
nun,1un,2un,3]‖xn

−x∗‖+ βnα
3
nun,3un,2un,1‖u− x∗‖+ α3

nun,2ηn,1

+α2
nun,2ηn,2 + αnηn,3.

So,

‖zn,j − x∗‖ ≤ [
1 +

j−1∑

t=0

αt+1
n Πt−1

s=0un,j−s(un,j−t − 1)

−βnαj
nΠ

j−1
s=0un,j−s

]‖xn − x∗‖
+βnα

j
nΠ

j−1
s=0un,j−s‖u− x∗‖

+

j−1∑

t=0

αt+1
n Πt−1

s=0un,j−sηn,j−t

and hence,

‖xn+1 − x∗‖ ≤ [
1 +

m−1∑

t=0

αt+1
n Πt−1

s=0un,m−s(un,m−t − 1)

−βnαm
n Π

m−1
s=0 un,m−s

]‖xn − x∗‖
+βnα

m
n Π

m−1
s=0 un,m−s‖u− x∗‖

+
m−1∑

t=0

αt+1
n Πt−1

s=0un,m−sηn,m−t
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(since ∃ n0 such that un,i ≤ q ∀ n ≥ n0, ∀ i ∈ I for some positive
constant q). Hence,

‖xn+1 − x∗‖ ≤ [
1 + bqm

m∑

j=1

(un,j − 1)]‖xn − x∗‖

−βnαm
n Π

m
j=1un,j(‖xn − x∗‖ − ‖u− x∗‖)

+bqm
m∑

j=1

ηn,j

≤ [
1 + d

m−1∑

t=0

(un,m−t − 1)]‖xn − x∗‖

+D(βn +
m−1∑

s=0

ηn,m−s)

=
[
1 + d

m∑

j=1

(un,j − 1)]‖xn − x∗‖

+D(βn +

m∑

j=1

ηn,j)

for some constants d,D > 0.

So that, lim
n→∞

‖xn − x∗‖ exist; and hence {xn} is bounded.

Theorem 1: Let H be a real Hilbert space, let K be a closed con-
vex nonempty subset ofH and let Ti : K −→ K (i ∈ I = {1, ..., m})
be a finite family of uniformly continuous total asymptotically non-
expansive map with sequences {μn,i}n≥1, {ηn,i}n≥1 ⊂ [0,+∞) such

that
∞∑

n=0

μn,i <∞ ,
∞∑

n=0

ηn,i <∞ and with function φ : [0,+∞) −→
[0,+∞) satisfying φ(t) ≤ ct ∀ t ≥ k, for some constants c, k > 0.
Suppose that F =

⋂m
i=1 F (Ti) = ∅ and let {xn}n≥1 be a sequence

generated iteratively by starting with an arbitrary x0 ∈ K, de-
fine by (10) where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) such

that

∞∑

n=0

βn < ∞ , 0 < a < αn < b < 1 ∀ n ≥ 1. Then

∀j ∈ {1, 2, ..., m}, lim
n→∞

‖xn − Tjxn‖ = 0 and {xn}n≥1 converges

weakly to a point of F .
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Proof: Let x∗ ∈ F, un = 1 + μn,

‖yn − x∗‖2 ≤ ‖(1− βn)xn + βnu− x∗‖2,
= (1− βn)‖xn − x∗‖2 + βn‖u− x∗‖2

−βn(1− βn)‖xn − u‖2

‖zn,1 − x∗‖2 ≤ (1− αn)‖xn − x∗‖2 + αn‖T n
1 yn − x∗‖2

−αn(1− αn)‖xn − T n
1 yn‖2

≤ (1− αn)‖xn − x∗‖2 + αn(un,1‖yn − x∗‖2 + ηn,1)
2

−αn(1− αn)‖xn − T n
1 yn‖2

= (1− αn)‖xn − x∗‖2 + αnu
2
n,1‖yn

−x∗‖2 + αn(2un,1‖yn − x∗‖+ ηn,1)ηn,1

−αn(1− αn)‖xn − T n
1 yn‖2

≤ (1− αn)‖xn − x∗‖2 + αnu
2
n,1

[
(1− βn)‖xn − x∗‖2

+βn‖u− x∗‖2 − βn(1− βn)‖xn − u‖2]

+αn(2un,1‖yn − x∗‖+ ηn,1)ηn,1

−αn(1− αn)‖xn − T n
1 yn‖2

=
[
1 + αn(un,1 − 1)− βnαnu

2
n,1

] ‖xn − x∗‖2
+βnαnun‖u− x∗‖2 − βn(1− βn)αnu

2
n,1‖u− xn‖2

+αn(2un,1‖yn − x∗‖+ ηn,1)ηn,1

−αn(1− αn)‖xn − T n
1 yn‖2.

‖zn,2 − x∗‖2 ≤ (1− αn)‖xn − x∗‖2 + αn(un,2‖zn,1 − x∗‖+ ηn,2)
2

−αn(1− αn)‖xn − T n
2 zn,1‖2

≤ (1− αn)‖xn − x∗‖2 + αnu
2
n,2‖zn,1 − x∗‖2

+αn(2un,2‖zn,1 − x∗‖+ ηn,2)ηn,2

−αn(1− αn)‖xn − T n
2 zn,1‖2.

So,

‖zn,2 − x∗‖2 ≤ [
1 + αn(u

2
n,2 − 1) + α2

nu
2
n,2(u

2
n,1 − 1)− βnα

2
nu

2
n,1u

2
n,2

] ‖xn − x∗‖2

+βnα
2
nu

2
n,1u

2
n,2‖u− x∗‖2 − βn(1− βn)α

2
nu

2
n,1u

2
n,2‖u− xn‖2

+αn(2un,2‖zn,1 − x∗‖+ ηn,2)ηn,2 + α2
nun,2(2un,1‖yn − x∗‖+ ηn,1)ηn,1

−αn(1 − αn)‖xn − Tn
2 zn,1‖2 − α2

nu
2
n,2(1− αn)‖xn − Tn

1 yn‖2.
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Thus,

‖zn,j − x∗‖2 ≤
⎡
⎣1 +

j∑
t=1

αt
nΠ

t−2
s=0u

2
n,j−s(u

2
n,j−t − 1) − βnα

j
nΠ

j−1
t=0u

2
n,j−t

⎤
⎦ ‖xn − x∗‖2

+βnα
j
nΠ

j−1
t=0un,j−t‖u− x∗‖ − βn(1− βn)α

j
nΠ

j−1
t=0un,j−t‖u− xn‖2

+

j∑
t=1

αt
nΠ

t−2
s=0u

2
n,j−s(2un,j−t+1‖zn,j−t − x∗‖+ ηn,j−t+1)ηn,j−t+1

−
j∑

t=1

αt
n(1− αn)Π

t−2
s=0un,j−s‖xn − Tn

j−s+1zn,j−s‖2.

Hence,

‖xn+1 − x∗‖2 ≤
[
1 +

m∑
t=1

αt
nΠ

t−2
s=0u

2
n,m−s(u

2
n,m−t − 1) − βnα

m
n Πm−1

t=0 u2
n,m−t

]
‖xn − x∗‖2

+βnα
m
n Πm−1

t=0 un,m−t‖u− x∗‖ − βn(1 − βn)α
m
n Πm−1

t=0 un,m−t‖u− xn‖2

+
m∑
t=1

αt
nΠ

t−2
s=0u

2
n,m−s(2un,m−t+1‖zn,m−t − x∗‖+ ηn,m−t+1)ηn,m−t+1

−(1− αn)

m∑
t=1

αt
nΠ

t−2
s=0un,m−s‖xn − Tn

m−s+1zn,m−s‖2.

So, lim
n→∞

‖xn − T n
m−s+1zn,m−s‖ = 0 ∀ s = 1, ..., m. ie lim

n→∞
‖xn −

T n
j zn,j−1‖ = 0 ∀ j = 1, ..., m. ∀ j ∈ I.

‖xn − T n
j xn‖ ≤ ‖xn − T n

j zn,j−1‖+ ‖T n
j zn,j−1 − T n

j xn‖
≤ ‖xn − T n

j zn,j−1‖+ un,j‖zn,j−1 − xn‖+ ηn,j.

‖zn,j−1−xn‖ = αn‖xn−Tj−1zn,j−2‖, ‖zn,j−xn‖ = αn‖xn−Tj−1zn,j−2‖,
so lim

n→∞
‖zn,j−xn‖ = 0 ∀ j = 1, ..., m. Therefore, lim

n→∞
‖xn−T n

j xn‖ =

0 ∀ j.
Now, ∀ j ∈ I. ‖xn − Tjxn‖ ≤ ‖xn − T n

j xn‖+ ‖T n
j xn − Tjxn‖, but

‖xn − Tn−1
j xn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1

j xn‖+ ‖Tn−1
j xn−1 − Tn−1

j xn‖
≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1

j xn‖+ un−1,j‖xn−1 − xn‖+ ηn−1,j .

‖xn+1−xn‖ = ‖zn,m−xn‖ = αn‖xn−Tmzn,m−1‖ so that lim
n→∞

‖xn−
xn−1‖ = 0 lim

n→∞
‖xn − T n−1

j xn‖ ∀ j and hence

lim
n→∞

‖xn − Tjxn‖ = 0 ∀ j. By Lemma 3 (I − Ti) is demiclosed at

0 ∀i. Since {xn}n≥1 is bounded and every Hilbert space satisfies
Opial’s condition, it follows from standard argument that {xn}n≥1

converges weakly to a point of F . Thus completing the proof.
Theorem 2: Let K,H, PK, T

′
is, F, {xn} be as in Theorem Then,

{xn} converges strongly to a fixed point of T if and only if lim infn→∞
d(xn, F ) = 0. (where F= F(T)).
Proof: Follows from Lemma 5 part 2.
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Theorem 3: Let K,H, PK , T
′
is, F, {xn} be as in Theorem 1 Then,

{xn} converges strongly to a common fixed point of Ti’s if one of
the Ti’s satisfies any of the following conditions:

(1) condition B,
(2) semi-compact or demi compact at 0,
(3) completely continuous.

Proof: Follows from Lemma 5 part 3.
Theorem 4: Let K,H, PK , T

′
is, F, {xn} be as in Theorem 1 Then,

{xn} converges strongly to a common fixed point of Ti’s ifK satisfies
any of the following:

(1) K is compact.
(2) K is boundedly compact.

Proof: Follows from Lemma 5 part 4.
As a result of the proposition 1 we have the following theorems as
corollaries.
Theorem 5: Let H be a real Hilbert space, let K be a closed con-
vex nonempty subset ofH and let Ti : K −→ H (i ∈ I = {1, ..., m})
be a finite family of uniformly continuous generalised asymptoti-
cally nonexpansive maps with sequences {μn,i}n≥1, {ηn,i}n≥1 ⊂ [0,

+∞),
∞∑

n=0

μn,i <∞
∞∑

n=0

ηn,i <∞ . Suppose that F =
⋂m

i=1 F (Ti) is

not empty and let {xn}n≥1 be a sequence generated iteratively by
(10) where {αn}n≥1 is a sequence in (0, 1) satisfying the following
conditions:
0 < a < αn < b < 1 ∀ n ≥ 1, then ∀j ∈ {1, 2, ..., m}, lim

n→∞
‖xn −

Tjxn‖ = 0 and {xn}n≥1 converges weakly to a point of F .
Theorem 6: Let K,H, PK , T

′
is, F, {xn} be as in Theorem 5 Then,

{xn} converges strongly to a fixed point of T if and only if lim infn→∞
d(xn, F ) = 0 (where F= F(T)).
Theorem 7: Let K,H, PK , T

′
is, F, {xn} be as in Theorem 5 Then,

{xn} converges strongly to a common fixed point of Ti’s if one of
the Ti’s satisfies any of the following conditions:

(1) condition B,
(2) semi-compact or demi compact at 0,
(3) completely continuous.

Theorem 8: Let K,H, PK , T
′
is, F, {xn} be as in Theorem 5 Then,

{xn} converges strongly to a common fixed point of Ti’s if any of
the following condition holds:

(1) K is compact.



STRONG CONVERGENCE THEOREM OF AN M-STEP HALPERN-TYPE . . .167

(2) K is boundedly compact.

. Observe that if Ti, i ∈ I in Theorem 5 were asymptotically nonex-
pansive mappings, the condition there exist c > 0 and k > 0 such
that φ(t) ≤ ct ∀ t > k is not needed. Moreso, every asymptotically
nonexpansive mapping Ti : K −→ K is uniformly L-Lipschitzian
thus uniformly continuous. Hence we have the following theorems
as an easy corollaries of Theorem 5 above:
Theorem 9: Let K be a closed convex nonempty subset of a real
Hilbert space H and let Ti : K −→ K, i ∈ I, be asymptotically non-
expansive mappings such that F =

⋂m
i=1 F (Ti) = ∅ and let {xn}n≥1

be a sequence generated iteratively by (10),where {αn}n≥1, {βn}n≥1

are sequences in (0, 1) such that
∞∑

n=0

βn < ∞ , 0 < a < αn < b <

1 ∀ n ≥ 1 then {xn}n≥1 converges strongly to PFu(where PFu is a
common fixed point nearest to u).
Theorem 10: Let K be a closed convex nonempty subset of a
real Hilbert space H and let Ti : K −→ K, i ∈ I, be finite family
of nonexpansive mappings from K into itself. Suppose that F =⋂m

i=1 F (Ti) = ∅ and let {xn}n≥1 be a sequence generated iteratively
by (10), where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) such that
∞∑

n=0

βn < ∞ , 0 < a < αn < b < 1 ∀ n ≥ 1, then {xn}n≥1 converges

strongly to PFu.
Corollary 1: Suppose in our theorems the finite family is a sin-
gleton (that is if m = 1), our results hold. It is interesting to note
that if u = 0 in our recursion formula, we obtain what some au-
thors call the Minimum norm iteration process. We observe that
all our theorems in this paper carry over to the so-called Minimum
norm iteration process. Moreso, If f : K −→ K is a contraction
map and we replace u by f(xn) in our recursion formula, we obtain
what some authors call viscosity iteration process. We observe also
that all our theorems carry over trivially to the so-called viscosity
process.
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Application to approximation of fixed points of continuous

pseudocontractive mappings

The most important generalization of the class of nonexpansive
mappings is, perhaps, the class of pseudocontractive mappings.
These mappings are intimately connected with the important class
of nonlinear monotone operators. For the importance of mono-
tone operators and their connections with evolution equations, the
reader may consult [5], [10], [11], [12],[15] .
Due to the above connection, fixed point theory of pseudocontrac-
tive mappings became a flourishing area of intensive research for
several authors. Recently, H. Zegeye [21] established the following
Lemmas:
Lemma 6: [21] Let K be a nonempty closed convex subset of a
real Hilbert space H . Let T : K −→ H be a continuous pseudocon-
tractive mapping, then for all r > 0 and x ∈ H, there exists z ∈ K
such that

〈y − z, T z〉 − 1

r
〈y − z, (1 + r)z − x〉 ≤ 0 ∀ y ∈ K (11)

Lemma 7: [21] Let K be a nonempty closed convex subset of a
real Hilbert space H . Let T : K −→ K be a continuous pseudocon-
tractive mapping, then for all r > 0 and x ∈ H, there exists z ∈ K,
define a mapping Fr : H −→ K by

Fr(x) = {z ∈ K : 〈y−z, T z〉− 1

r
〈y−z, (1+r)z−x〉 ≤ 0 ∀ y ∈ K}

(12)
then the following hold:

(1) Fr is single-valued
(2) Fr is firmly nonexpansive type mapping i.e for all x, y, z ∈ H

‖Fr(x)− Fr(y)‖2 ≤ 〈Fr(x)− Fr(y), x− y〉 (13)

(3) Fix(Fr) is closed and convex; and Fix(Fr) = Fix(T ) for all
r > 0 :

We observe that Lemmas 6 and 7 hold in particular for r = 1.
Thus, if Ti, i ∈ I = {1, 2, ..., m} is a finite family of continuous
pseudocontractive mapping and we define F1(i) : H −→ K by

F1(i)(x) = {z ∈ K : 〈y − z, Tiz〉 − 〈y − z, 2z − x〉 ≤ 0 ∀ y ∈ K}
(14)

then F1(i) satisfies the conditions of Lemma 7 ∀ i ∈ I. Hence, we
easily see that F1(i) is nonexpansive and Fix(F1(i)) = Fix(Ti)∀i ∈ I.
Thus, we have the following theorem:
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Theorem 11: Let K be a closed convex nonempty subset of a
real Hilbert space H and let Ti : K −→ K i ∈ I be finite family of
continuous pseudocontractive mappings fromK into itself. Suppose
that F ′ =

⋂m
i=1 F (Ti) = ∅ and let {xn}n≥1 be a sequence generated

iteratively by

zn,0 = yn; yn = PK [(1− βn)xn + βnu],

zn,i = (1− αn)xn + αnFizn,i−1; i = 1, ..., m

zn,m = xn+1 n ≥ 0 (15)

where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) such that

∞∑

n=0

βn <

∞ , 0 < a < αn < b < 1 ∀ n ≥ 1(where a,b are constants). Let
x∗ ∈ F ′, then {xn}n≥1 converges strongly to PF ′u if any of the
following hold

(1) if and only if lim infn→∞ d(xn, F
′) = 0.

(2) one of the Fi’s satisfies any of the following conditions:
(a) condition B,
(b) semi-compact or demi compact at 0,
(c) completely continuous.

(3) K satisfies any of the following:
(a) K is compact.
(b) K is boundedly compact.
.

. Furthermore, if u = 0, {xn}n≥1 converges strongly to a minimum
norm fixed point of the finite family.

Application to approximation of solutions of classical

equilibrium problems

Let K be a closed convex nonempty subset of a real Hilbert space
H . Let f : KXK −→ R be a bifunction. The classical equilibrium
problem (abbreviated EP) for f is to find u∗ ∈ K such that

f(u∗, y) ≥ 0 ∀ y ∈ K (16)

The set of solutions of classical equilibrium problem is denoted by
EP (f), where EP (f) = {u ∈ K : f(u, y) ≥ 0 ∀ y ∈ K}.
The classical equilibrium problem (EP) includes as special cases
the monotone inclusion problems, saddle point problems, varia-
tional inequality problems, mini- mization problems, optimization
problems, vector equilibrium problems, Nash equilibria in nonco-
operative games. Furthermore, there are several other problems,
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for example, the complementarity problems and fixed point prob-
lems, which can also be written in the form of the classical equi-
librium problem. In other words, the classical equilibrium problem
is a unifying model for several problems arising from engineering,
physics, statistics, computer science, optimization theory, opera-
tions research, economics and countless other fields. For the past
20 years or so, many existence results have been published for var-
ious equilibrium problems (see e.g.[4], [8],[20]). In the sequel, we
shall require that the bifunction f : KXK −→ R satisfies the fol-
lowing conditions: (A1) f(x, x) = 0 ∀ x ∈ K; (A2)f is mono-
tone, in the sense that f(x, y) + f(y, x) ≤ 0 ∀ x, y ∈ K;
(A3)lim sup

t→0+
f(tz + (1 − t)x, y) ≤ f(x, y) ∀ x, y, z ∈ K;. (A4)

the function y �→ f(x, y) is convex and lower semicontinuous for all
x ∈ K.
Lemma 8[(compare with Lemma 2.4 of [8])] Let K be a nonempty
closed convex subset of a real Hilbert space H . Letfi : KXK −→ R
be finite family of bifunction satisfying conditions (A1) - (A4) for
each i ∈ I = {1, 2, ..., m} then for all r > 0 and x ∈ H, there exists
u ∈ K such that

fi(u, y) +
1

r
〈y − u, u− x〉 ≥ 0 ∀ y ∈ K i ∈ I. (17)

moreover, if for all x ∈ H we define Gir : H −→ 2K by

Gir(x) = {u ∈ K : fi(u, y)+
1

r
〈y−u, u−x〉 ≥ 0 ∀ y ∈ K.} (18)

then the following hold:

(1) Gir is single-valued for all r ≥ 0 i ∈ I
(2) Fix(Gir) = EP (fi) for all r > 0
(3) EP (fi) is closed and convex

We observe that Lemma 8 holds in particular for r = 1. Thus, if
we define Gi1 : H −→ 2K by

Gi1(x) = {u ∈ K : fi(u, y) + 〈y − u, u− x〉 ≥ 0 ∀ y ∈ K.} (19)

then Gi1 satisfies the conditions of Lemma 8 ∀ i ∈ I. Hence, we
easily see that Gi1 is nonexpansive and Fix(Gi1) = EP (fi) ∀ i ∈ I.
Thus, we have the following theorem:
Theorem 12: Let K be a closed convex nonempty subset of a
real Hilbert space H and let Letfi : KXK −→ R be finite family
of bifunction satisfying conditions (A1) - (A4) for each i ∈ I =
{1, 2, ..., m}. Suppose that F ′′ =

⋂m
i=1EP (fi) = ∅ and let {xn}n≥1
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be a sequence generated iteratively by

zn,0 = yn; yn = PK [(1− βn)xn + βnu],

zn,i = (1− αn)xn + αnG
n
i1zn,i−1; i = 1, ..., m

zn,m = xn+1 n ≥ 0 (20)

where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) such that

∞∑

n=0

βn <

∞ , 0 < a < αn < b < 1 ∀ n ≥ 1. Let x∗ ∈ F ′′, then {xn}n≥1

converges strongly to PF ′′u if any of the following hold

(1) if and only if lim infn→∞ d(xn, F
′′) = 0.

(2) one of the G1i’s satisfies any of the following conditions:
(a) condition B,
(b) semi-compact or demi compact at 0,
(c) completely continuous.

(3) K satisfies any of the following:
(a) K is compact.
(b) K is boundedly compact.
.

. Moreso, if u = 0, {xn}n≥1 converges strongly to a minimum norm
fixed point of the finite family.

Several authors (see e.g.[8], [14] and references therein) have stud-
ied the following problem:Let K be a closed convex nonempty subset
of a real Hilbert space H . Let f : KXK −→ R be a bifunction and
Φ : K −→ R be a proper extended real valued function, where R de-
notes the real numbers. let Θ : K −→ H be a nonlinear monotone
mapping. The generalised mixed equilibrium problem (abbreviated
GMEP) for f,Φ and Θ is to find u∗ ∈ K such that

f(u∗, y) + Φ(y)− Φ(u∗) + 〈Θu∗, y − u∗〉 ≥ 0 ∀ y ∈ K (21)

Observe that if we define Γ : KXK −→ R

Γ(x, y) = f(x, y) + Φ(y)− Φ(x) + 〈Θx, y − x〉 (22)

then it could be easily checked that Γ is a bi-function and satis-
fies properties (A1)to(A4). Thus, the so called generalized mixed
equilibrium problem reduces to the classical equilibrium problem
for the bifunction Γ. Thus, consideration of the so called general-
ized mixed equilibrium problem in place of the classical equilibrium
problem studied in this section leads to no further generalization.
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Applications to Convex optimization

Let us look at the problem of minimizing a continuously Frechet-
differentiable convex functional with minimum norm in Hilbert
spaces.
Let K be a closed convex subset of a real Hilbert space H . Consider
the minimization problem given by

min
x∈K

φ(x) (23)

where φ is a Frechet-differentiable convex functional. Let Ω the
solution set of (23) be nonempty. It is known that a point z ∈ K is
a solution of (23) if and only if the following optimality condition
holds:

z ∈ K, 〈∇φ(z), x− z〉 ≥ 0, x ∈ K, (24)

where ∇ is the gradient of φ at x ∈ K. It is also known that the
optimality condition (24) is equivalent to the following fixed point
problem:

z = Tγ(z),whereTγ := PK(I − γ∇φ). (25)

for all γ > 0 So we have the following corollary deduced from
Theorem 1 and Lemma 5
Theorem 13: Let H be a real Hilbert space, let K be a closed
convex nonempty subset of H . Let ψ be a continuously Frechet-
differentiable convex functional on K such that Tγ(i) := PK(I −
γ(i)∇ψ) be finite family of uniformly continuous asymptotically
nonexpansive in intermediate sense mapping from K into itself

with sequences {μin}n≥1, {ηin}n≥1 ⊂ [0,+∞) such that
∞∑

n=0

μn,i <

∞ ,
∞∑

n=0

ηn,i < ∞ . Suppose that F =
⋂m

i=1 F (Tγ(i)) = ∅ and let

{xn}n≥1 be a sequence generated iteratively by

yn = PK [(1− βn)xn + βnu],

zn,i = (1− αn)xn + αn[PK(I − γ(i)∇ψ)]zn,i−1;

(26)

i = 1, ..., m

zn,0 = yn; zn,m = xn+1 n ≥ 0 (27)
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where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) such that
∞∑

n=0

βn <

∞ , 0 < a < αn < b < 1 ∀ n ≥ 1. Let x∗ ∈ F, then {xn}n≥1 con-
verges strongly to the minimum norm solution of the minimization
problem (23) if any of the following hold

(1) if and only if lim infn→∞ d(xn, F ) = 0.
(2) one of the Tγ(i) ’s satisfies any of the following conditions:

(a) condition B,
(b) semi-compact or demi compact at 0,
(c) completely continuous.

4. CONCLUDING REMARKS

Our iterative process generalises some of the existing ones. Our
theorems improve, generalise and extend several known results and
our method of proof is of independent interest.
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