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CERTAIN NEW SUBCLASSES OF ANALYTIC
FUNCTIONS INVOLVING GENERALIZED
HYPERGEOMETRIC FUNCTION

JAMIU O. HAMZAT

ABSTRACT. In this work the author considered new subclasses
of analytic univalent functions using certain linear operator.
With the operator, the author was able to study several new
and existing subclasses of analytic univalent functions in the unit
disk. The results presented in this paper include, coefficient es-
timates (which were later used to investigate certain subclasses
of analytic functions with fixed finitely many coefficients) and
distortion theorems for functions belonging to these subclasses.
Furthermore, some relationships between these subclasses were
also discussed.
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1. INTRODUCTION

A single-valued function f(z) is said to be univalent in a chosen
domain D if it never takes on the same value twice, meaning that
if f(z1) = f(zq) for 21,25 € D then 2z, = 2. Also, a set X is said
to be starlike with respect to wy € X if the line segment joining wy
to every other point w € X lies entirely in X. If a function f(z)
maps D onto a domain that is starlike with respect to wp, then f(z)
is said to be starlike with respect to wg. In particular, if wg is the
origin, then we say that f(z) is a starlike function in D. In like
manner, a set X is said to be convex if the line segment joining
any two points of X lies entirely in X. If a function f(z) maps D
onto a convex domain, then we say that f(z) is a convex function
in D(see [2] and [14]).
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Now, let A denotes the class of functions f(z) of the form
f2) =) arn (@ =1) (1)
k=0

which are analytic in the unit disk D = {z: 2z € Cand | z |< 1}.
Let S denotes the class of all functions in A which are univalent in
D. Then a function f(z) belonging to S is said to be starlike of
order v denoted by S*(v) if and only if

b

Also, a function f(z) belonging to S is said to be convex of order
~ denoted by K(v) if and only if

}>7 (0<~y<1) (z€D).

z2f"(z
§R{1+ JJ:/((Z))} >y (0<vy<1) (z€D).
Here, we shall note that

(i.) f(2) € K(v) if and only if zf'(z) € S*(v).

(13.) S*(y) € S*(0) = S*.

(173.) K(v) € K(0) = K.

(iv.) K(y) Cc S*(y) S, 0<~y< L

The two classes above (S*(y) and K(v)) were first introduced by
Roberton[11] and were later studied by Schild[12], MacGregor[7],
Pinchuk[10], Jack[6] among others.

For the sake of our present investigation, we define the function

f(2)" as
f(2)% = arn(@)?, (e =1) (2€D). (2)

for real a (v > 0) (see [3] and [5] among others).
Using Catas operator[1], we write for function f(z)* that

"D f(2)* =) (1 + A(a;rfl_ 1) +1

k=0
[>0, A>0, me Ny, a>0and z € D.

From (3), a function f(2)* € Aissaid to be in the class V' (I, m, a;, A,
7) if it satisfies the inequality

AP ODFEY
%{ (D) ()3 }> 7 @

) ak+1za+k (3)
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fora>0, vy>—-1and z€ D.

On the other hand, a function f(z)* belonging to A is said to be
in the class

W(l,m,a, A\, ~) if it satisfies the inequality

z([m(/\, ) f(z)a>
(D))

fora>0,vy>—-1and z€ D.
We observe that,

f()*eW(l,m,a,\y) < z(f(z)a)/ e V({l,m,a,\ )

"

RE1+ > —y (5)

and

W(l,m,a,\,~v) C V(l,m,a, X, 7).
Recall that the Pochhammer symbol (or the shifted factorial) (\)y
is defined, in term of the Gamma Function I', as

A+ k) 1 for (k=0)
M = T\ { A+ 1) A+2) A+ k—1) for (ke N) (O
or
Mr = F(?J)k) =3 i P {Hfill()\ +j— 1)} , k= Ny=Nu{o}. (7)

Now let oj(j = 1,2,....p) and 5;(j = 1,2, ...,q) be complex num-
bers with 3; # 0,—1,—-2,... and j = 1,2,...,q. The genralized
hypergeometric function ,F is defined by

> (1)g- () 2"

2 B (Bole B\ )
while a;(7 = 1,2,...,p) and §;(j = 1,2, ..., q) are determined using
the concept defined in (6) or (7).

We note that the series ,F; converges absolutely for |z| < oo if
p<q+1,and for z € D if p =g+ 1. Supposing we set

w=Y Bi=> aj (8)
j=1 j=1

it is well-known that the ,F, series, with p = ¢ + 1, is absolutely
convergent for |z| = 1 if ¥(w) > 0 and conditionally convergent for
|z| = 1(z £ 0) if —1 < R(w) < 0( see [14]).

Now, for functions

fi(Z)a = Zai,k+12a+k (%1 =1;,1=1, 2) (9)
k=0

oy =p Fq(ozl, Qs B, ...,Bq) =
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we define the convolution of fi(z)* and fo(2)* as

J1(2)* * fa(z Zal k1o 12 E. (10)

At this juncture, we can now deﬁne the following:
L(a,b,c;2)f(2)* = IT™(N D) f(2)" % 2%9F1(a, b, ¢; 2)

_ Z (1 tXat ko 1)+ l) <(>§£Z>!kak+l<@>za+k (1)
[ >0, )\20, me€ Ng=NU{0}, a>0a; =1, z€ D and ¢ # 0,
-1, =2, ... Obviously,
V(l,m,a,\,v) = L2, 1, )W (l,m,a,\,y), a>0,v>-—1
or inversely
W(l,m,a,\,v)=L(1,1,2)V(I,m,a,\,7y), a>0v>-—1.

A function f(z)® belonging to A is said to in the class V(a, b, ¢, 1,
m, o, X\;y) if L(a, b, c)f(2)* is an element of V (I, m, o, \,v) for v >
—1. Also, a function f(z)* belonging to A is said to be in the
class W(a,b,c,l,m,a, \; ) if z([m()\,l)f(z)o‘)/ is an element of
V({l,m,a, A\, v) for v > —1.

Via,b,c,l,m,a, \,y) = L(2,1,1)W(a, b, c,l,m,a, \,7y)

and
Wi(a,b,c,l,m,a, \,y) = L(1,1,2)V(a,b,c,l,m,a, A, 7).

Furthermore, let Vo(l,m, o, A, ) and Wy (I, m, a, A, ) denote the
classes obtained respectively by taking the intersection of V' (I, m, «,
A,y) and W (I, m,a, A,v) with S. Then,

Vo(l, m,a, \,y) = V(I,m,a, \,v)N S, a>0, v>—1
Wo(l,m,a, A\, y) = W({l,m,a, A\,y) NS >0, v> —1
‘/O(a7 b7 C7 l? m7 a? A; ,y) - V(a7 b7 C7 l? m7 a? A; 7) m S
Wo(a, b, e, l,m,a, \;y) = W(a,b,e,l,m,a, A;y) N S.
Finally, in the present investigation, we give coefficient estimate
and distortion theorems for functions belonging to the various sub-
classes of A earlier defined. In addition to these, the authors derived
some relationship involving the said subclasses. Also, with the aids

of the coefficient estimate presented, certain subclasses of analytic
functions with fixed finitely many coefficients were considered.
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1. COEFFICIENT ESTIMATES

The first four theorems presented in this paper are highly foun-
dational for the present investigation.
Theorem 2.1. Let the function f(2)* be defined by (2). If

i (1+a+ ’Y)kTm‘ (a)r(b)x

(a+7)k (c)ik! ““kﬂ(o‘)’ <1 (12)

T (1+A(a+k—1)+l)m

U T Ma—1) +1
fora > 0,1 >0, AN>0, me& Ny, v > —1and z € D. Then
f(2)* € V(a,b,c,l,m,c, \;v). The result is sharp.
Proof. Since

z(L(a, b, c)f(z)o‘)
R Llab.0f () > —y (z € D).

It suffices to see that

2(L(a,b,c) f(2)*)
—al < D 13
Habofee o|serreen W
for real o and v > —1.
It implies that
ay’ kT M a «
z(L(a,b,C)f(Z)a) —al < 2t M G [ax+1(e) <a+v (14)
L(Cl, ba C)f(Z) 1-— Z;O:l T;:n (?Zl;kk‘ |ak+1 )|

T+ Mathk—1)+1)
(,zel?)(M?,olT,;”:(+ (o + )+>

I+ AMa—1)+1

provided
ZkT,:”‘
k=1

which is equivalent to inequality (12).
Obviously, the result (12) is sharp for the functions given by

f@fzz”+ui1:2i2iénﬁwﬁﬂ(keN) (16)
where

T-m — 1+)\(Oé—1) "
oo \l+Matk—1)+1

k=1

Hl(a)@, (15)
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and this complete the proof of the theorem 2.1.
Corollary 2.2. Let the function f(z)* be defined by (2). If

o0

(1+a+7)
" Dkpm <1lzeD 17
2 ot Flaa@ls1 s (17)

fora > 0,1 >0, A\ >0, m e Ny and v > —1. Then f(2)* €
V(l,m,a, A;7y). The result is sharp for the function given by

a . « (Q + V)k —m _k+1

f(2)* ==z +(1+0¢+7)ka z (k€ N) (18)
where T)"™ is as defined above.
Remark A. In its special cases when m = 0 and b = 1, Corollary
2.2 yields the corresponding result for the class V(7) due to Srivas-
tava and Owa[l4, p.6, Theorem 2.1]. Also, when m =0, b =1 and
—1 < v <0, Corollary 2.2 yields the corresponding result for the
class S*(y) due to Silverman|[13, p.10, Theorem 1].
Theorem 2.3. Let the function f(z)* be defined by (2). If

- +Oé 1+Oé+"}/) (a)k(b)k
Z k(o + )k I ’ (c)xk!

g _ (LHMatk—1)+1 "
U T Ma—1) 1

>0, mée Ny, v > —1and z € D. Then
a, A;7y). The result is sharp.

fawa(@)| <1 (19)

fora > 0,1 >0, A
f(z)* e W(a,b,c,l,m,
Proof. Since

z(L(a, b, c)f(z)“)//
(L(a, b, c)f(z)a)/

We can say that
Z(L(a, b,c) f(z)a)”
(L(a, b, c) f(z)a)/

for real o and v > —1.
It also implies that

R

+1p>—y (z€D).

+1l—a|<a+7vy (z€D) (20)
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z(L(a, b, c)f(z)o‘)”
(L(a, b, c)f(z)a)/

+1—«

oo a m | (a)k(b)k
k:1k< Zk>Tk ((Zlflfk)'k }akﬂ(a)}
< p R0 <a-+ry (21)
1=>"0 (a;r )Tlgn —(c’;kk;k }Gk+1(04)‘

T+ Mathk—1)+1)
(zeD)andT,;”:< +AMat )+>

I+ NMa—1)+1
provided that

S (|20 0

k
a (c)xk!

<ta+)[1-3 ()10 @], )

which is equivalent to inequality (19).
Clearly, the result (19) is sharp for the functions given by
)

(Oé k(Oé + ’}/)k(C)kk'

fl2)* = 2"+ (@ + 1)r(L+a +7)r(a)x(b)

T,™M (ke N) (23)

where
14+ Ma—1) "
T,™ =
L+ AMa+k—1)+1
and this complete the proof of the Theorem 2.3.
Corollary 2.4. Let the function f(2)* be defined by (2). If

—m

(e 9]

Z I+ a)p(l+a+7)
—~ (o + )k
fora>0,1>0,A>0,me Ny =NU{0} and v > —1. Then

f(z)* € W(l,m,a, A\;). The result is sharp for the function given
by

T ari(a)| <1 2D (24)

(a %—(Olé;zg(lyig)j_ ,y)le;mzkH (ke N) (25)

where T,"™ is as defined above.

Remark B. In its special cases when m = 0 and b = 1, Corollary
2.4 yields the corresponding result for the class W(y) due to Sri-
vastava and Owa[l4, p.7, Theorem 2.2]. Also, when m =0, b =1

fe)r ==+
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and —1 < v < 0, Corollary 2.2 yields the corresponding result for
the class K () due to Silverman[13].
Theorem 2.5. Let the function f(2)* be defined by (2). If

S~ 0+ 0+ e (@)

— (et " (oh

. L+ NMa+k—1)+1\"
Tk —
T+ AMa—1)+1

fora > 0,1 >0, AN>0, me& Ny, v > —1and z € D. Then
f(2)* € Vo(a,b,e,l,m,a, ;). The result is sharp.

Proof. Assuming that (26) holds true. Then it follows immediately
from Theorem 2.1 that f(2)* € Vi(a, b, c,l,m,a, \;7y). Conversely,
assume that f(2)* € Vo(a, b, c,l,m,a, \;7y). Then, by definition,

k"“ |ag ()| <1 (26)

R

/
z (L(CL, ba C)f(Z) ) Zk 0 Oé;rl m(())if?lk ak+12’a+k
L(a,b,c)f(z)~ e 0T”‘“‘ kk' B g 120tk

> = (27)
for real o, v > —1 and m € Ny. Now, choose values of z on the
real axis so that

2(L(a,b,e)f(2)")
L(a,b,c) f(2)
is real. Letting z — 17, (27) immediately yields

04—1—1 (a)r(b a)g
1— Z k Tk () X ’CL +1 ZTk W’ k—+1 Oé)’ 1 s

(28)
which implies our result in (26). By taking the functions defined
by

O =" T ra v 1(i‘ Zz)s)kam (Si’zl;)'kza*k KeN  (29)

where T, is as defined earlier.
Corollary 2.6. Let the functions f(2)® defined by (2) be in the

class Vo(a, b, ¢, [, m, o, \;7y) with (azi% > 0. Then

‘ (@+7)k oy (C)gk!
T4+ P (a)k(b)

‘ak—i—l
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where
-m _ ( I+ AMa—1)+1 )m
k L+ MNa+k—=1)+1) °
The result is sharp for the function defined by (29).
Corollary 2.7. Let the functions f(2)® defined by (2) be in the
class Vo(a, 1,a, I,m, a, \;7) with % > 0.

oo

L+ a+79)k
T T PR <1 30
Z:; @t x4 ()] < (30)
Tm L+ XMa+k—1)+1\"
B T+ Ma—1)+1

fora>0,1>0,A>0,mée Ny,v>—1and z € D. The result is
sharp for the functions given by
(o + )k

a_ o T—ma+k k N 1

where T, is as defined earlier.

REMARK C.

(i.) Form =0, @« = 1 and b = 1. Then Theorem 2.5 correspond to
a result for the class Vj(y) proved by Srivastava and Owal[l4].

(ii.) fm=0,a=1, -1 <y <0 and b =1, then Theorem 2.5
correspond to the result for the class S*(v) proved by Silverman[13]
Theorem 2.8. Let the function f(2)* be defined by (2). Then,
f(2)* € Woy(a,b,c,l,m,a, ;) if and only if

= (14 a1+ 0+ )k (@b
kz:; ()k (o4 7)k Tk (c) k!

o L+ Ma+k—1)+1\"
b ( I+ Ma—1)+1 )
fora>0,1>0,A>0,mée Ny, v>—1and z € D. The result is
sharp.

Proof. The proof is very much similar to that of Theorem 2.5 and
so we shall ignore the details involved. Equality in (32) is attained
by the functions given by

f(Z)a — 0 _ (a)k (a+7)k T];m (C) k! Zonrk’ ke N

(+ 1) (14 a+ )k
(33)

@) <1 (32)

where T, is as earlier defined.
The following are immediate results from Theorem 2.8.
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Corollary 2.9 Let the functions f(z2)® defined by (2) be in the

class Wy(a, b, ¢, I, m, a, \; ) with (a)( )() > 0. Then

< @)k (a+Ye o (O)rk!
“(a+1)r(I+a+9) F (a)i(d)k

|aki1(a) (34)
where 7, ™ is as defined earlier. The result (34) is sharp for the
function f(z)* given by (33).

Corollary 2.10. Let the functions f(z)* defined by (2) be in the
class Wy(a, 1, a,l,m, a, \;7y) with (a)’“)( )t~ (). Then

@+ T+ + )k m
; @r @+ T apga (@) <1 (35)

fora>0,1>0, A>0, me& Ny, v>—1and z € D. The result
(35) is sharp for the functions given by

(e (@+7)k
(a+ 1) (1+a+7)

f(2)* =2 — T, "2t keN (36)

where T, is as earlier defined.

REMARK D.

(i.) For m =0, @ =1 and b = 1. Then Corollary 2.10 corresponds
to a result for the class Wy(y) proved by Srivastava and Owal[l4].
(ii.) In particular, supposing we pose a constraint on - such that
—1 <y <0form=0,a=1and b=1, then Corollary 2.10 cor-
responds to the result for the class K*(v) proved by Silverman[13].
For recent works on the coefficient estimates interested reader can
refer [2 — 5] and [8,9].

2. DISTORTION THEOREMS

In order to determine the extreme points of the two classes Vy(a, b, ¢, [, m, «,
X;y) and Wy(a, b, c,l,m,a, X;7), the following Lemmas shall be
proved.
Lemma 3.1. Let the class Vy(a,b, ¢, l,m,a, A;v) with % >0
be convex. Then Vy(a,b,c,l,m,a, ;) is considered as a linear

space over the field of real numbers.
Proof. Let the functions f;(2)* (i = 1,2) defined by

= Zaﬁkﬂ(a)za*k (@i1; @ig41, Yk € N), [cf.eqn8]
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be in the class Vy(a, b, ¢,l,m, a, \;7y). Then, we shall show that the
function

V()Y + (1 =) fa(2)* (0< < 1) (37)
is also in the class Vy(a, b, ¢, [, m, a, A;7y). It implies that

G+ A=) ()" = 27+ 3 [0 (@) + (1= )azpea(2)°] 2, (38)
k=1

which by virtue of Theorem 2.5, yields

Z (1(2 i—;)z)kT]gn (C(Li];;fz)'k [¢}a1,k+1(o¢)‘ + (1= ¢)‘a2,k+1(2)a}]
k=1
S 1+« k m \ Q) K b k
:w;( (ZJ)Z) ' ((():Lfk)! [a1.41(e) (39)
— (Lt a4+ )k (@)r(b)s
o —¢); @+ " (c)k! |a2.k1()]
where

o L+ XMa+k—1)+1\"
k‘( 1+M@—U+l)

and this complete the proof of Lemma 3.1.

Further, since the class Vy(a, b, ¢,l,m, a, A;y) is convex as we have
seen in Lemma 3.1, it has some extreme points given by Lemma
3.2 and Theorem 3.3 below.

Lemma 3.2. Let

fo(2)® = 2 (40)
and
o_ o (@t (k! oo
fu(2)" = u+a+vnmnwn% ke N (41
where

— I+ XMa—1)+1 \™
oo \l+ M Ma+k—1)+1

with % > 0. Then, f(2)* € Vo(a,b,c,l,m,a, \;v) if and only
if it can be expressed in the form

F(2)* =D okfu(2)", (42)
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where 6 > 0, Vk € Ny and
> =1 (43)
k=0

REMARK E. Lemma 3.2 simply states that the family Vj(a, b, ¢, [,
m, v, \;y) is an infinite-dimensional simplex with definite vertices
defined by certain extremal conditions.

Proof. In the first place, we shall assume that the function f(2)*
has the expression (42), that is,

(a+v)r (k! X
— T, 0,2 ke N (44
= 2" Z L+ a+7)5 (a)s( ko Ok% < (44)

where T)7™ is as defined above.
Using (26) and (44), we obtain

f: A+ a+ 9k (@eOk (@7 (c)ih! g,

— (aty)k (k! TF (L a )k (@) (b)ka (45)
k=1 k=1

1 —0p < 1(since Z ok)
k=0
which (in view of Theorem 2.5) implies that f(2)* € Vy(a,b, ¢, l,m,
a, A y).
Conversely, we assume that Vy(a, b, ¢, [, m, «, \; y) with
Using corollary 2.6, we may say write that

(I+a+9)k(a)e(b)

(@e® <
k

S = T aps1(a)| (ke N)  (46)

and
Go=1-) & (47)
k=1

This ends the proof.

The following result on the extreme points of the class Vy(a, b, ¢, 1, m,
a, A;y) follows immediately from Lemma 3.2.

Theorem 3.3. The extreme points of the class Vy(a, b, ¢, 1, m, a, \;
~) with & z’“)(:)’“ > 0 are the functions fy(2)* (k >) given by (40)
and (41). In like manner, we can establish the following theorem.
Theorem 3.4. The extreme points of the class Wy(a, b, ¢, 1, m, a,
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;) with % > () are the functions fx(z)* (k >) given by (39)
and

Je(2)® = 22—

REMARK F.

As already observed in Remark E, each Theorem 3.3 and Theorem
3.4 can be re-expressed in terms of infinite-dimensional simplex.
Corresponding to Theorem 3.3 and Theorem 3.4, we can now prove
the distortion theorems for functions belonging to the classes Vj(a, b,
e, l,m,a, \;v) and Wy(a, b, c,l,m,a, \;v) as follow.

Theorem 3.5. Let the function f(z)* defined by (2) be in the

class Vo(a,b, ¢, 1, m,a, \;7y) with (az’z% > 0. Then

}a_ (a+7v)(c) (1+A(a—1)+l>m’2’a+1
(14+a+v)(a)(d) 1L+ Xa+1

@k (a+y) (k!
(14 ) (1+a+ )k (a)k(b)k

T, "2 ke N (48)

< |7y

|2

o @+  (1+Ma—1)+1\" on
<] +(1+oz+’y)(a)(b)( T+ o +1 ) 2 (49)
and
a1 (a+7)(@+1)(0) (1+AMa—1)+1\" o o)’
ol _(1+a+7)(a)(b)( 1+ Aa+1 ) 1 SKf(Z))
a1 (at+)(a+1)(e) (1+AMa—1)+1\" o
B R (T )

for z € D. The results (49) and (50) are sharp.
Proof. Since

(o + )k (c)kk! <1+)\(a—1)+l)m}z‘a+k
(T+a+)ila)r®)r . 1+ a+1

is a decreasing function of k, we have for fi(2)® (k > 0) defined by
(40) and (41) that

f1<|2‘a) < ‘fk(z)a} < —f1(|2‘a) (z € D), (51)

which readily yields the assertion (49) of the Theorem 3.5.
To prove the statement (50) of Theorem 3.5, we shall note that

(a+Dr (a+v)r  (©Ok! 0 &
{ @r (L +at @ik ”'}(”’

|(f(z)a)l| > alz|*7! — max
keN

and

(Y] < alel*~ + e {

keEN

(a+1)r (a+7)e  (O)ik!
@k (I+a+7)k (@)kd)k

nﬁmﬂ<m>
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for z € D. Thus, we need to show that function
(a+1)k (a+7)r  (c)ik!
(@) (I+a+7)k (@b
is decreasing in k (k € N). For |z|* # 0,
G(a, b,c,l,m, o, N, v, k, \z|°‘) > G(a, b,e,l,m,a, Ny, k+ 1, |z\a) (55)
if and only if
G(a, b,c,l,m,a, N\, k, \z|°‘) =(a+k)(1+a+v+k)(a+k)(b+k)
—(a+v+E)(a+k+1)(E+1)(c+ k)2l >0  (56)

e _ (1+/\(a+k—1)+l>m
oo T+ Ma+ k) +
Now, since G is a decreasing function of |z| for fixed a, b, ¢, [, m, a,
A, 7, k, ||, we have

G, (a, b,c,l,m,a, N\, k, \z|) > Gy (a, b,c,l,m,a, A\, k, 1)

G(a,b,c,l,m,a, )\, k, |2|%) = T, ™z (54)

where

— (@+k)@+7+k+1) |(a+k)b+k) = (k+1)(e+R)TE] (57)

—(k+1)(c+ k)T >0,
provided that the parameters involved are constrained to satisty,
either set of the inequalities preceding (50). Appropriate substitu-
tion in (52) and (53) give rise to the assertion (50) of the Theorem
3.5.
Finally, the bounds of (49) and (50) are attained by the function

1L+ XMa—1)+1\"
(1+a+7)(a)d) 1+ Xa+1
Corollary 3.6. Let the function f(z)* defined by (2) be in the
class Vy(a,b,c,l, m,a, \;v) with % > 0 and a > c. Then,
the unit disk D is mapped onto a domain that contains the disk
|w| < 1o, where 7 is given by
L+ Ma—1)+1\"
(I+a+9)(a)d)\ 1+Ia+1

Corollary 3.7. Let the function f(z)® defined by (2) be in the
class Vy(a, b, ¢, 0, m, «, 1;~) with % > 0 and a > ¢. Then,

o« __ (at+7)() @ " jett e
1 (1+a+7)(a)(b)(1+a) g S’f()

<o et (8 Ve

I+a+v)(a)d) \1+a«
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for z € D and

o - N (2 )

I+a+9)(a)b) \1+«

1 " e
(I+a+7)(a )() 1+«
for z € D. The results (60) and (61) are sharp for the function

) — (o +9)(c) a mza+1
/() ﬂ+a+ﬁﬂ@@(1+a) - @

a—1
oz‘z‘ +

REMARK G.

(i.) Supposing m = 0, « = 1 and b = 1. Then Corollary 3.7
immediately yields the corresponding distortion Theorem for the
class Vi (a, ¢;y) proved by Srivastava and Owa[l14].

(ii.) In its special case when we pose a constraint on vy such that
—1<y<0form=0,a=1andb=1, then Corollary 3.7 yields
the corresponding distortion Theorem for the class S*(v) proved by
Silverman[13].

Also, applying the above technique mutatis mutandi, we can prove

the theorem below.
Theorem 3.8. Let the function f ( ) defined by (2) be in the

class Wy(a, b, c,l, m,a, ;) with (“ o > (. Then

ol (@ (@t (1+A<a—1>+l)m‘z}aﬂ
(14+a) (14 a+v)(a)d) 1+ Aa+1

< |2 (63)

o, (@) (a+7)(c) L+ Mo =1 +1\" a1
Syﬂ_%ﬂ+aﬂ1+a+ﬂ@ﬂ@( 1+ Aa+1 )‘4
for z € D and
a-1 ala+v)(c) L+ XMa—=1)+1\" Y
alz] _(1+04+’y)(a)(b)< 1+ +1 ) 2 g’(f@))
ala+7)(c) L+ XMa—=1)+1\" |a
(1+a+7)(a)(b)< L+Xa+1 ) S
for z € D. The results (62) and (63) are sharp for the function
o o () (a+7)(e) LMo =1 +1)" o
fe)" == (1+oz)(1—|—oz+7)(a)(b)( L+ A +1 ) '

&

a—1
< oz‘z‘

+

(65)
Corollary 3.9. Let the function f(z)* defined by (2) be in the
class Wy(a,b,c,l, m,a, \;v) with (@) ’C“)(: > 0 and a > ¢. Then,
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the unit disk D is mapped onto a domain that contains the disk
|w| < 71, where 7 is given by

(@) (@t  [(1+Ma—1)+N1\"
(1+Oé)(1+oz+v)(a)(b)( 1+ a+1 ) (66)

Corollary 3.10. Let the function f(2)* defined by (2) be in the

class Wy(a, b, ¢, 0, m, cr, 1;7) with % > 0 and a > ¢. Then,

2] — (+7)(c) ( o) )m+1’2’a+1 < ’f(z>a

(1+a+7)(a)b)\ 1+«

o (atN© [ a \" e
S’Z“(Haﬂ)(axb)(wa) d o0

7“1:1—

for z € D and

o - e aw (ra) <] er)

1 1 m+1 N

cr Dot Dl 00 (0 Yo
(1+a+7)(a)d) et

for z € D. The results (66) and (67) are sharp for the function

a . « (oz—i—*y)(c) « i a+1
fz)" == _(1+a+7)(a)(b)(1+a) S (69)

For the recent investigation on distortion theorem, see [2 — 5] and

[8].

a—1
al|

3. STARLIKENESS AND CONVEXITY

At this juncture, our interest is in the starlikeness for functions
belonging to the class Vj(a, b, c,0,m, «, 1;7) and the convexity for
functions belonging to the class Wy(a, b, ¢,0,m, a, 1;v). Obviously,
for —1 < <0, the classes V(a,7) and W (a,~) are respectively
the class of starlike functions of order v and the class of convex
functions of order ~.

Theorem 4.1. Let the function f(2)® defined by (2) be in the class
Vo(a, b, c,l, m,a, A;y) with % > 0. Then, f(2)* is starlike of
order 0 (0 < o < 1) in the unit disk |z| < rq, where

(@ =o)L+ a+7)r@)k®)r,m]

%{/ (@ Tk —o)at o)kl * (70)

o =
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and
T _ (1+/\(a+k—1)+l)m
R Y
Proof. It suffices to show that
2(f(2)2)
—— 7 —al<a—o0 71
) ()

for |z| < re. It implies that

zU@VY_4< S Karsa(@)]l=l*
fG)e

1o Jam@)F =77

that is,
i@tk — o)|ara(e)]|2]*
a—o
With the aid of Theorem 2.5, (72) is true only if

Yoty (a+ k= o)|arga(a)|l2]* - (L4 o+ )i, (@)1 ()

<1 (73)

a—a e (et g (C)kk!k [acs(@)]
74
Hence, we have that i
} }k < (O‘ - J)(l +a+ V)k(&)k(b)kT]gn (75)

(a+k—7)(a+7)(c)k!

where 77" is as earlier defined and this complete the proof of The-
orem 4.1.
Corollary 4.2. Let the function f(z)® defined by (2) be in the class

Vola, 1,a,l, m,a, A;y) with % > 0. Then, f(2)* is starlike of

order o (0 < o < 1) in the unit disk |z| < r3, where

(a=o)(1+a+y),]" (76)

S e vk —o)a )k
keN

s =

REMARK H. In its special case when m =0, « =1 and b = 1,
Corollary 4.2 immediately yields the result for starlikeness due to
Srivastava and Owal[l4].

Theorem 4.3. Let the function f(2)® defined by (2) be in the class

Wo(a, b, e, l, m,a, \;v) with % > 0. Then, f(2)* is convex of
order o (0 < o < 1) in the unit disk |z| < ry4, where

1/k

ala—o)(l+a+ V)k(@)k(b)kTIT (77)

~~ | (a+k—o)(a+7y)(c)k!
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and

L+ Ma+k—1)+1
1+ Ma—1)+1

Proof. It suffices to show that

"= )"

Lf(z)a)// — a—o
ey ) )
for |z| < r4. It implies that
(f(2))" rey k(a4 B)a ()24
ey -] < S e <o (1
that is,
00 ath(y — o)|agiqi(a)||z]*
S e = o) o

a—0

By means of Theorem 2.8, we have that

o[ < ala—o)(1+a+7)i(a) b)kTén ke N, (81)

(a+k—o)(a+v)p(c)k!
and this complete the proof.
Corollary 4.4. Let the function f(z)® defined by (2) be in the class
Wo(a, 1,a, I,m, o, \;v) with % > (0. Then, f(z)* is starlike of
order ¢ (0 < o < 1) in the unit disk |z| < r3, where

o [ela =)ot e,]
UCH Py 2

r3 =

4. FURTHER APPLICATION OF THEOREM 2.5 AND THEOREM
2.8

In this section, we shall establish some relationships between the
various subclasses of A, which are further consequences of Theorem
2.5 and Theorem 2.8.

Theorem 5.1. Let % > (. Then,

1+«
W 7b7 7l7 9 7)‘a - v 7b7 7l7 9 7)‘a_7 . 83
o(a, b, e, l,m, o, ;) O(CL e, l,m,a 2+a+’y) (83)

The result is sharp.
Proof. Let the function f(z)* defined by (2) be in the class
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Wo(a, b, e, l,m, a, \; ) with (a)(i# > 0. we shall note that

(I+a(l+at+y ( R

(@rla+7)r  — (a_l-l——a)

2+atry

(84)

fora>1,v > —1and k € N, we then find that
i (1 + o — QiZiv)k(@)k(b)k
k=1 (1_1_@— lto ) (c)xk!
k

U

2+a+y

= i (a(;r)i)k (L4 a4+ 7k o (@) (b)r ‘a,ﬁq(a)‘ <1 (85)
k=1

(@+9)r © (k!
and by Theorem 2.8, it implies that
—(1+ a))
aev 7b7 7l7 9 7)‘a7 9 86
f(2) 0(a e, l,m,« R (86)

since the result is the best possible for the function f(2)® given by
(65), this obviously ends the proof of Theorem 5.1.
Corollary 5.2.

—(1—|—04))
W 71a >la07 a)‘a CV a1> alaoa 7)\;7 87
ola,1,a a, ;) 0(@ a a R (87)

The result is sharp for the function f(z)® given by (69).

Theorem 5.3. Let % > (0. Then, ifa>cand b=1

Vola, 1,¢,l,m,a, A y) C Vo(l, my a, A; ), (88)
and if a < ¢, for b=1
Vola,1,¢,1,m, a, A;v) D Vo(l,m, a, A; ). (89)

Proof. We note that % is an increasing function of k if a < ¢
and is decreasing in k if a < c¢. Using Theorem 2.8 and Corollary
2.9, then the proof is completed.

In the same manner, we have the next Theorem.

Theorem 5.4. Let % > 0. Then, ifa>cand b=1

k
WO(CL7 1767 l,m,a, A7,7) C Wo(l,m,Oé, A?V)v (90)
and if a < ¢, for b =1
Wo(a, 1, ¢,l,m,a, A;y) D Wo(l,m, a, Ay y). (91)
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5. SUBCLASSES OF Vy(a,b,c,l,m,a, A;y) AND
Wo(a, b, c,l,m,c, \;7y) WITH FIXED FINITELY MANY
COEFFICIENTS

Finally, we shall introduce the subclasses V,,(a, b, c,l,m,a, \;~)
and W, (a,b, ¢,l,m,a, \;7y) of analytic functions with fixed finitely
many coefficients.

In view of Corollary 2.6, we denote by V,,(a, b, ¢, 1, m, a, \;y) Vi (a, b,
¢, l,m, o, \;7y) consisting of functions of the form

flz)" = 2%~ ZAipiziH - Z @k+1(a)zk+1 (ars1(a) > 0),
=1 k=n+1
(92)
where,
(@ +7)ile)itt .
A = ™™ 0<p; <1 (:=1,2,...,n), (93
L+ a+ 7)i(a):(0); ( ), (93)
where
"= ( 1+A(a_.1)+l ) (@)e(b)x >0 and 0<) pi<1.
T+ ati-D)+1) " (O 2

Also, in view of Corollary 2.9, we denote by W, (a,b,c,l,m,a, A;7)
Wo(a,b,c,l, m,a, \;7) consisting of functions of the form

f(2)* =2 - Z Bipiz'™ — Z a1 ()2 (arpa(a) > 0),
i=1 k=n+1
(94)
where,
(a)i(a +7)i(c)a! _ .
Bi: Tm 0< Zgl :1,2,..., 5
Trandtat @, @ CShst ")
(95)
where
I+ Ma+i—1)+1 () -

Furthermore, we define the class V,(a, b, ¢,l,m, «, \; ) and W, (a, b,
¢, l,m, a, \; ) by

Vo(l,m, o, X y) = Vola, 1 a, 1, my o, As ) (96)

and
W, (l,m,a, Ay y) = Wh(a, 1, a,l,m, o, \; ). (97)
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Theorem 6.1. Let the function f(z)* be defined by (92). Then,
f(2)* € Vy(a,b,e,l,m,a, ;) if and only if

i (Lot Ve, oypmsq_ sz (98)

P (Oé + ’Y)k (C)kk"

The result is sharp.
Proof. Putting

aZ:AZpZ (221,2,,71)

n (26), then we have (98). The result is the best possible for the
function of the form

ENL =",
a_, _ZAZ Pzt — O“L’Y) () (7mzz:1p)zk+1 (99)
L4 a+ )T, ™ (@) (b)x
(k >n+1)
where 7)™ is as defined earlier.

Corollary 6.2. Let the function f(z)* be defined by (92) a = ¢
and b = 1. Then f(2)* € V,(a,1,a,l,m,a, \;7) if and only if

= (I+a+9) ~
CTaT Vkpmg, (a)>1-3 pi (100)
2 e 2

The result is sharp for the function

~ (O +)Pi
o o T—m i+1
(ot Me(l = 20 pi)
(14+a+7)
Theorem 6.3. Let the function f(z)* be defined by (94). Then,
f(2)* e Wy(a,b,c,l,m,a, \;7) if and only if

(e 9]

(14 a)p(1+a+ )k (a)s(b)x
2 (@) + )k (¢)k!

The result is sharp for the function

n
Z)a — E BipiZH_l
1=1

(@)k (o +7)x(e)ek! (1 = D77 1pZ)T m k1
(14 a)i(l+ o+ 7)r(a)e(b)r

The proof is much similar to that of Theorem 6.1, thus we ignore

the details involved.

T, (k> n+1) (101)

T ap (o) > 1 — Zpi. (102)
k=n-+1 ;

(k>n+1) (103)
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Corollary 6.4. Let the function f(z)* be defined by (94) a = ¢
and b = 1. Then f(2)* € W, (a,1,a,l,m,«, \;7) if and only if

[e.o]

> e @) 2 1= Y e (109

The result is the best possible for the function

k=n-+1

Fl2)* = 2o — i ()i (a+7)ipi pm it

—~ (1+a)(1+a+7) F

B (1(i)§)k (a +(71)i(2;§);1p2‘> T (k>n+1).  (105)
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