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MHD BOUNDARY LAYER FLOW PAST A MOVING

PLATE WITH MASS TRANSFER AND BINARY

CHEMICAL REACTION

A. M. OKEDOYE1 AND P. O. OGUNNIYI

ABSTRACT. In this paper the study of heat and mass transfer
in unsteady natural convection MHD boundary layer flow past
a moving plate with binary chemical reaction is investigated
analytically. The fluid limiting surface is moved impulsively,
with a constant velocity, either in the direction of the flow or in
the opposite direction, in the presence of a transverse magnetic
field. Both frequency-dependent effects and ”long-time” effects
that would require non-practically long channels to be observed
in steady flow was also studied. A mathematical exploration
is made into important aspects of reaction engineering in re-
active flow, especially residence time flow behaviour, scale-up
and scale-down procedures. From the present study it is ob-
served amongst others that temperature increases as the fluid
angular velocity increases, maximum temperatures exist in the
body of the fluid, concentration increases with an increase in
generative chemical reaction and vice-versa and concentration
phase decreases with increase in generative chemical reaction.
Also, mean velocity was seen to decrease with increase in gener-
ative chemical reaction and reaction order, and increases when
the limiting surface moves in the positive direction of the flow.
The graphical representation of governing flow parameters were
presented and discussed. Flow conditions at the wall were also
investigated, presented and discussed.
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1. INTRODUCTION

Many chemically reacting systems involve the species chemical
reactions with finite Arrhenius activation energy, with examples
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occurring in geothermal and oil reservoir engineering. The interac-
tions between mass transport and chemical reactions are generally
very complex, and can be observed in the production and consump-
tion of reactant species at different rates both within the fluid and
the mass transfer. Mixed convection problem along an isothermal
vertical porous medium with injection and suction was reported by
Hooper et al. [1]. Singh et al. [2] studied heat and mass transfer in
MHD flow of a viscous fluid past a vertical porous plate under oscil-
latory suction velocity. Mixed convection magnetohydrodynamics
flow past an infinite vertical porous plate with variable suction and
oscillating plate temperature as well as flow past an infinite vertical
plate with constant suction were reported in the work Sharma et
al. [3]-[5]. Aaiza et al [6] investigated phenomenon of energy trans-
fer in mixed convection unsteady MHD flow of an incompressible
nanofluid inside a channel filled with saturated porous medium.
is investigated. Viscosity and thermal conductivity are reported
to be the most prominent parameters responsible for different re-
sults of velocity and temperature. Sharma , Chand, Chaudhary [7]
obtained approximate solution of unsteady mixed convection flow
of an electrically conducting fluid past an infinite vertical porous
plate immersed in porous medium with constant transverse mag-
netic. Various governing parameters such as amplitude and phase
of the skin-friction and the rate of heat transfer were discussed.
The flow of Heat transfer in mixed convection inside a square cav-
ity was reported by Sebdani et al. [8] and in a horizontal channel
filled with nanofluids was reported by Fan et al. [9]. While Tiwari
and Das [10] and Sheikhzadeh et al. [11] presented an analysis of
laminar mixed convection flow of a nanofluid in two-sided lid-driven
enclosures. A locally similarity solution of unsteady natural convec-
tion heat and mass transfer boundary layer flow past a flat porous
plate and the effects of chemical reaction rate which is function of
temperature and Arrhenius activation energy on the velocity, tem-
perature and concentration were reported by Maleque [[12], [13]].
Also, Okedoye [[14], [15]] investigated and report on the Unsteady
MHD mixed convection flow past an oscillating plate with heat
source/sink. Makinde and Animasaun [16] investigated the effect
of magnetic field, nonlinear thermal radiation and homogeneous-
heterogeneous quartic autocatalysis chemical reaction on an elec-
trically conducting alumina-water nanofluid containing gyrotactic-
microorganism over an upper horizontal surface of a paraboloid of
revolution. They assumed that viscosity and thermal conductivity
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vary with volume fraction and adopted a suitable models. Their
findings reveal that for any values of magnetic field parameter, the
local skin friction coefficient is larger at high values of thickness
parameter while local heat transfer rate is smaller at high values of
temperature parameter.

A chemically reacting flow is a fluid flow in which a chemical re-
action is also occurring. Such flows occur in a wide range of fields
including combustion, chemical engineering, biology, and pollution
abatement. For most liquids, the viscosity decreases with tempera-
ture and increases with pressure. For gases, it increases with both
temperature and pressure. In general, the higher the viscosity of a
substance, the more resistance it presents to flow (and hence more
difficult to pump!). Chemical reaction can be explained as an inter-
action between two or more chemicals which produces either one or
more new chemical compounds. Many chemical reactions actually
require heat and accelerator. A chemical reaction in which catalyst
is in the same phase (i.e. in the same state of matter) as the reac-
tant(s) is/are known as homogeneous catalytic reaction. Reactions
between two gases, between two liquids and mixture of household
cooking gas with oxygen gas leading to flame are typical examples
of homogeneous catalytic reactions [17]. When fluid moves along a
surface, a thin layer is formed in the vicinity of a surface bounding
the fluid; Ludwig Prandtl called it “boundary layer”. Mass transfer
process with chemical reaction has been given special attention in
the past ([18]-[23] and ref. there in) because of its significance in
chemical engineering, geothermal reservoirs, nuclear reactor cool-
ing and thermal oil recovery. Bestman [24]was probably the first to
study the boundary layer flow involving the binary chemical reac-
tion. He analytically examined the effects of the activation energy
on natural convection flow in a porous medium by using pertur-
bation approach. One of the factors that have an important role
in chemical reaction is the activation energy. It is defined as the
least obligatory amount of energy for atoms or molecules to bring
themselves in a state in which they can undergo a chemical reac-
tion. The concept of activation energy is usually applicable in areas
pertaining to geothermal or oil reservoir engineering and mechan-
ics of water and oil emulsions. Activation energy can be realized
as energy barrier that separates two minima of potential energy (of
the reactants and products of a reaction) which has to be overcome
by reactants to initiate a chemical reaction. Makinde et al. citej25
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presented the numerical solution for unsteady convection flow over
a flat porous plate with nth order chemical reaction and Arrhenius
activation energy. The recent attempts in this direction were made
by Maleque [26]-[27] who investigated the influence of binary chem-
ical reaction with Arrhenius activation energy on mixed convection
flows. Abbas et.al [28] in their work on the heat and mass transfer
analysis in an unsteady boundary layer flow of a Casson fluid near
a stagnation point over a stretching/shrinking sheet in the presence
of thermal radiation. They considered the effects of binary chem-
ical reaction with Arrhenius activation energy by taking chemical
reaction rate as the function of temperature. Other relevant work
on fluid flow with chemical reaction could be found in the work
of Resbois and Leener [29] and Van der Hoek [30]. Salawu and
Okedoye [31] examined the second law of thermodynamic gravity-
driven viscous combustible fluid flow of two step exothermic chem-
ical reaction with heat absorption and convective cooling under
bimolecular kinetic. The important of two-steps chemical reaction
in combustion processes cannot be over emphasis due to it support
in complete combustion of unburned ethanol [32]. This assists in
lowering the release into the atmosphere the toxic air pollutant that
degrade the environment. Makinde et al. [33] studied the thermal
stability of two-step exothermic chemical reaction in a slab. In
the work of Makinde and Animasaum [16], the combined effects
of buoyancy force, Brownian motion, thermophoresis and quartic
autocatalytic chemical reaction on bioconvection of nanofluid con-
taining gyrotactic microorganism over an upper horizontal surface
of a paraboloid of revolution were presented. They assumed that
the thermo-physical of the nanofluid does not vary with volume
fraction. It was reported that Brownian motion boosts concentra-
tion of bulk fluid while thermophoresis reduces it. Mass transfer
has relevance in most living-matter processes such as respiration,
nutrition, sweating etc. The heat/mass transfer effects on revolving
flow of Maxwell fluid due to unidirectional stretching surface. Mass
transfer process is modeled in terms of binary chemical reaction
and activation energy by invoking modified Arrhenius function for
activation energy was reported by Shafique et al. [34]. Makinde
and Olanrewaju [35] provided a numerical solution to the unsteady
mixed convection with Dufour and Soret effects past a semi-infinite
vertical porous flat plate moving through a binary mixture of chemi-
cally reacting fluid. Other contributions in this area include those of
Abdul Maleque [[36]– [38]], who investigated the effects of chemical
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reactions with Arrhenius activation Energy on unsteady convection
heat and mass transfer boundary layer fluid flow.

The applications of Magnetohydrodynamic flow and heat trans-
fer in engineering and technology was found in area such as MHD
generators, plasma studies, nuclear reactors and geothermal en-
ergy extractions. Many researchers reported their findings in the
area of Magnetohydrodynamic flow and heat transfer, Buoyancy
induced flows, and flows in rotating fluids. Some of the earliest
studies on the aforementioned areas could be found in the work
of Soundalgekar et al. [39], who investigated the unsteady ro-
tating flow of incompressible, viscous fluid past an infinite porous
plate and Bergstrom [40] who reported boundary layer flow prob-
lem formed in a rotating fluid by oscillating flow over an infinite
half-plate. Other earlier works include Nazar et al. [41], Abbas
et al. [42], Zheng et al. [43], Makinde et.al [44], Makinde and
Olanrewaju [45] and Chamkha et.al[46]. Okedoye and Ayandokun
[47] investigated the entropy generation in MHD heat and Hall Ef-
fect of an oscillating plate in a Porous medium. In the work of
Shafique et.al [48], the heat/mass transfer effects on revolving flow
of Maxwell fluid due to unidirectional stretching surface was inves-
tigated where they reported that the solute concentration in binary
mixture is proportional to both rotation parameter k and activa-
tion energy E, the reaction rate r and fitted rate n both provide
reduction in the solute concentration. The problem of unsteady
convection with chemical reaction and radiative heat transfer past
a flat porous plate moving through a binary mixture in an optically
thin environment investigated by Makinde et al. [49]. Makinde
[50] explored the influence of melting, heat transfer and thermal
stratification by modifying classical boundary condition of temper-
ature in the Heat Transfer and Lorentz Force Effects on the Flow
of MHD Casson Fluid over an Upper Horizontal Surface of a Ther-
mally Stratified Melting Surface of a Paraboloid of Revolution. The
significance of Lorentz force on the boundary layer flow of Casson
fluid over an upper horizontal surface of a thermally stratified melt-
ing surface of a paraboloid of revolution provide explanation on the
motion of Casson fluid over an upper horizontal surface of a ther-
mally stratified melting surface of a paraboloid of revolution. The
importance of geometry in heat and mass transfer processes of many
engineering and industrial applications is buttressed by the work of
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Figure 1. Flow geometry

Makinde et al. [51]. The thermal boundary layer of Cattaneo-
Christov heat flux, external magnetic field chemical reaction, heat
source and buoyant forces was found to be highly effective on the
flow over a wedge when compared with plate and cone. Avinash
et al. [52] investigated gyrostatic microorganisms contained MHD
flow over a vertical plate. Their results reveal that increases in
thermophoresis and Brownian motion brings about increase in the
heat transfer rate of motile microorganisms. Despite the effort of
the previous researchers chemically reacting flow, there is emerging
needs for determination of the unsteady natural convection MHD
boundary layer flow past a moving Plate with Mass Transfer and a
Binary Chemical Reaction.

2. FORMULATION OF THE PROBLEM

Unsteady, free convection flow of an incompressible and electrically
conducting viscous fluid along an infinite non conducting vertical
flat plate through a porous medium with velocity components (u,
v) in the (x, y) direction was considered. The limiting surface is
moved impulsively, with a constant velocity, either in the direction
of the flow or in the opposite direction in the presence of transverse
magnetic field. In Cartesian co – ordinate system, x-axis is assumed
to be along the plate in the direction of the flow and y – axis normal
to it. A magnetic field of uniform strength B0 is applied in the
direction of flow and the temperature field is neglected. Initially,
the plate and the fluid are at same temperature Tw in a stationary
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condition with concentration level Cw at all points. At time t > 0
the plate starts oscillating in its own plane with a velocity U0. Its
temperature is raised to Tw and the concentration level at the plate
is raised to Cw. The ambient condition is given by φ∞ (where
φ = {u, T, C}) and the part associated with motion called, dynamic
part φd is given as φd = φ− φ∞. The suffix ∞ in the derivatives is
omitted since it is a constant. The binary chemical reaction follows
the one used by Boddington, Feng and Gray [53], and Ogunseye and
Okoya [54]. The equations - continuity, fluid momentum, energy
and species equations in the neighborhood of the plate governing
the motion is described by the following respectively;

∂v

∂y
=0, (2.1)

∂u

∂t
+ v

∂u

∂y
=
1

ρ

∂p

∂x
+ ν

∂2u

∂y2
+ gβτ (T − T∞) + gβc(C − C∞)

+
σB2

0

ρ
(U − u)− ν

K
(U − u)

(2.2)

∂T

∂t
+ v

∂T

∂y
=

k

ρcp

∂2T

∂y2
+

Q

ρcp
(T − T∞) (2.3)

∂C

∂t
+ v

∂C

∂y
=Dm

∂2C

∂y2
− k2

r(T − T∞)rexp(− Ea

RT
) (2.4)

The initial and boundary conditions are equally given by:

u = U0, v = vw(t), T = Tw, C = Cw for all y, t ≤ 0

u = U1, T = Tw + A1e
iωt, C = Cw + A2e

iωt, y = 0 ∀ t > 0

u → U(t), T → T∞, C → C∞ as y → ∞, y → ∞, t ≥ 0

(2.5)

where all the physical variables have their meanings as defined
in the nomenclature, A1, A2 > 0 and A1 = ε(Tw − T∞), A2 =
ε(Cw − C∞).

Let us introduce the non-dimensional variables:

y′ =
yv0
v

, u′ =
u

U0
, t′ =

tv20
4ν

, U ′ =
U

U0

ω′ =
4ωv

v20
, V =

U1

U0
, θ =

Ea

RT 2∞
(T − T∞)

(2.6)

Following Messiha [55], Equation (1) on integration becomes

v(t, y) = constant
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But at
t = 0, v(t, y) = vw(t) = −v0(1 + εAeiωt)

⇒ v(t, y) = −v0(1 + εAeiωt) (2.7)

The stream velocity is given by

U(t) = 1 + εeiωt

At free stream, u → U ,T → T∞,C → C∞, thus from equation (2)

−1

ρ

∂p

∂x
=

∂U

∂t
=

∂

∂t
(1 + εeiωt)

Using the above and, equations (2.6) and (2.7), equations (2.2)-
(2.4) after dropping primes becomes

1

4

∂u

∂t
− (1 + εeiωt)

∂u

∂y
= ε

iω

4
(eiωt) +

∂2u

∂y2

+Grτθ +Grcφ− (M + kp) · (1− u)

(2.8)

1

4

∂θ

∂t
− (1 + εeiωt)

∂θ

∂y
=

1

Pr

∂2θ

∂y2
+ δθ (2.9)

1

4

∂φ

∂t
− (1 + εeiωt)

∂φ

∂y
=

1

Sc

∂2φ

∂y2
− ελφθre

θ
1+εθ (2.10)

where λ is the reactivity parameter, δ is heat generation/absorption
parameter, M is magnetic parameter, kp is porosity parameter,
other flow governing parameters are as defined in the nomenclature.

The non-dimensional parameters governing the flow are define as

kp =
μν

(v20k)
,M =

β0

v0

2σν

ρ
, Sc =

μ

Dm
,Pr =

μcp
k

, δ =
Qν

v20ρcp
,

Grt =
νgβτ

U0v20
(Tw − T∞), Grc =

νgβτ

U0v20
(Cw − C∞),

λ =
ν(εT∞)r

εv20

k2
r

e
1
ε

, ε =
RT∞
Ea

And the corresponding initial-boundary condition (2.5) becomes

y = 0 : u = V, θ = 1 + eiεωt, φ = 1 + eiεωt

y → ∞ : u → U, θ → 0, φ → 0
(2.11)
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3. METHOD OF SOLUTION

To solve equations (2.8) - (2.10) with the initial boundary condi-
tions (2.11), perturbation in the neighborhood of ε is used, similar
to the one used by Lighthill [56]. The Velocity, specie concentration
and temperature fields are given by the expressions

u(y, t) = f0 + εeiωtf1,

φ(y, t) = h0 + εeiωth1,

θ(y, t) = g0 + εeiωtg1

(3.1)

3.1 Velocity, Temperature and Concentration Distribution

Substituting equations (3.1) into equation (2.8) - (2.11), sepa-
rating the harmonic and non-harmonic terms and neglecting the
coefficient of ε2, the mean velocity, mean temperature and mean
chemical specie respectively are;

f0
′′ + f0

′ + (M + kp)f0 = 0, (3.2)

g0
′′ + Prg0

′ + Prδg0 = 0, (3.3)

h0
′′ + Sch0

′ − Scλg0h
r
0e

h0 = 0 (3.4)

with boundry conditions

y = 0 : f0 = V, g0 = 1, h0 = 1,

y → ∞ : f0 → 0, g0 → 0, h0 =→ 0
(3.5)

And the oscillatory part of the velocity, temperature and chemical
species are

f1
′′ + f1

′ + (M + kp +
iω

4
)f1 =

iω

4
− f0

′ −Grtg1 −Grch1 (3.6)

g1
′′ + Prg1

′ + Pr(δ − iω

4
)g1 =− Prg0

′ (3.7)

h1
′′ + Sch1

′ − Sc(
iω

4
λgr0e

g0)h1 =− Sch
′
1 + λSch1

+ rg−1
0 h0g1g

r
0e

g0

(3.8)

Also the corresponding boundary conditions are give by the expres-
sions

y = 0 : f1 = 0, g1 = h1 = 1,

y → ∞ : f1 → 0, g1 → 0, h1 =→ 0
(3.9)
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The solutions of equations (3.2)-(3.4) and equations (3.6)- (3.8)
under the boundary conditions (3.5) and (3.9) respectively, are

g0(y) = e−my (3.10)

h0(y) = e−Scy(1− λa0(1− e−my)) (3.11)

f0(y) = 1 + a13e
−cy + a15e

−my + a16e
−Scy + a17e

(m+Sc)y (3.12)

g1(y) =
iω

4
(e−m1y − e−my) (3.13)

h1(y) = ia1e
−Scy + (a3 + i(a1 + a4) + λa5)e

−ny

+ (a3 + ia4)e
−(m+Sc)y + λ(a6e

−n2y + a7e
−n3y

+ a8e
−n4y + a9e

−(n3+m1)y + a10e
−(n6+m1)y

+ a11e
−(n2+m1)ya12e

−n5y)

(3.14)

f1(y) = 1 + a19e
−c1y + a20e

−cy + a21e
−my + a22e

−Scy

+ a23e
−m1y + a24e

−(m+Sc)y + a25e
−ny + a27e

−n3y

+ a28e
−n4y + a29e

−(n4+m1)y + a30e
−(n6+m1)y

+ a31e
−(n2+m1)y + a32e

−n5y

(3.15)

where

δ >>
Pr − 1

Pr
⇒ m << 1,

here,

n2 = Sc+m(r + 2), n3 = m(r + 1) + n1, n6 = mr + Sc

n4 = Sc+m(r + 1), n5 = Sc+m(r + 3),

The functions f0(y), g0(y) and h0(y) presented by equations (3.10)
-(3.12) are the mean velocity, the mean temperature and mean con-
centration fields respectively, and f1(y), g1(y) and h1(y) presented
by equations (3.13) -(3.15) are the oscillatory part of the velocity,
temperature and concentration respectively.
On substituting equations (3.10) - (3.15) into (3.1), the 2 −

dimensional expression for the velocity, concentration and tem-
perature distribution are
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u(y, t) = 1 + a13e
−cy + a15e

−my + a16e
−Scy + a17e

−(m+Sc)y

+ ε(a19e
−(c1+Ic2)y + (b15 + Ib16)e

−cy + (b17 + Ib18)e
−my

+ (b19 + Ib20)e
−Scy + (b21 + Ib22)e

−(d1+Id2)y

+ (b29 + Ib30e
−n3y + (b23 + Ib24)e

−(m+Sc)y

+ (b25 + Ib26)e
−ny + (b27 + Ib28)e

−n2y

+ (b31 + Ib32)e
−n4y + (b33 + Ib34)e

−(n4+d1+Id2)y

+ (b35 + Ib36)e
−(n6+d1+Id2)y + (b37 + Ib38)e

−(n2+d1+Id2)y

+ (b39 + Ib40)e
−n5y + (b41 + Ib42))e

Iωt

(3.16)

φ(y, t) = e−Scy(1− λa0(1− e−my)) + ε((a3 + I(a1 + a4)

+ λa5)e
−(c1+Ic2)y + (a3 + Ib4)e

−(m+Sc)y + Ia1e
−Scy

+ λ((b1 + Ib2)e
−n2y + (b3 + Ib4)e

−n3y + (b5 + Ib6)e
−n4y

+ (b7 + Ib8)e
−(n4+d1+Id2)y

+ (b9 + Ib10)e
−(n6+d1+Id2)y + (b11 + Ib12)e

−(n2+d1+Id2)y

+ (b13 + Ib14)e
−n5y))eIωt

(3.17)

θ(y, t) = e−my +
1

4
Iεω(e−m1y + e−my)eIωt, (3.18)

Maple package evalc is applied to the above equations to split equa-
tions (3.16)-(3.18) into pairs of real and imaginary parts. From
equation (3.16), the real part of the velocity can be written in terms
of the fluctuating parts as

	(u(y, t)) = 1 + a13e
−cy + a15e

−my + a16e
−Scy

+ a20e
−(m+Sc)y + ε(u1 cosωt− u2 sinωt), or

	(u(y, t)) = 1 + a13e
−cy + a15e

−my + a16e
−Scy

+ a17e
−(m+Sc)y + ε|u12| cos (ωt+ α3)

(3.19)
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where

u1 =a19e
−c1y cos yc2 + b15e

−cy + b17e
−my + b19e

−Scy

+ b21e
−d1y cos d2y + b22e

−d1y sin d2y

+ b23e
−(m+Sc)y + b25e

−ny + b27e
−n2y

+ b29e
−n3y + b31e

−n4y + b33e
−(n4+d1)y cos d2y

+ b34e
−(n4+d1)y sin d2y + b35e

−(n6+d1)y cos d2y

+ b36e
−(n6+d1)y sin d2y + b37e

−(n2+d1)y cos d2y

+ b38e
−(n2+d1)y sin d2y + b39e

−n5y + b41

(3.20)

u2 =− a19e
−c1y sin yc2 + b16e

−cy + b18e
−my + b20e

−Scy

− b21e
−d1y sin d2y + b22e

−d1y cos d2y

+ b24e
−(m+Sc)y + b26e

−ny + b28e
−n2y

+ b30e
−n3y + b32e

−n4y − b33e
−(n4+d1)y sin d2y

+ b34e
−(n4+d1)y cos d2y + b35e

−(n6+d1)y sin d2y

+ b36e
−(n6+d1)y cos d2y − b37e

−(n2+d1)y sin d2y

+ b38e
−(n2+d1)y cos d2y + b40e

−n5y + b42

(3.21)

|u12| =(u2
1 + u2

2)
frac12, tanα3 =

u2

u1
(3.22)

And from (3.17) the expression for concentration field is

	(φ(y, t)) =e−Scy(1− λa0(1− e−my))

+ ε(φ1 cosωt− φ2 sinωt), or

	(φ(y, t)) =e−Scy(1− λa0(1− e−my))

+ ε|φ12| cos (ωt+ α2)

(3.23)

where

φ1 =(a3 + λa5)e
−e1y cos ye2 + (a1 + a4)e

−e1y sin e2y

+ a3e
−(m+Sc)y + λ(b1e

−n2y + b3e
−n3y + b5e

−n4y

+ (b7e
−n4y + b9e

−n6y + b11e
−n2y)e−d1y cos d2y

+ (b8e
−n4y + b10e

−n6y + b12e
−n2y)e−d1y sin d2y

+ b13e
−n5y

(3.24)
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φ2 =a1e
−Scy + (a1 + a4)e

−e1y cos e2y

− (a3 + λa5)e
−e1y sin e2y + a4e

−(m+Sc)y + λ(b2e
−n2y

+ b4e
−n3y + b6e

−n4y + (b8e
−n4y + b10e

−n6y

+ b12e
−n2y)e−d1y cos d2y + (b7e

−n4y + b9e
−n6y

+ b11e
−n2y)e−d1y sin d2y + b14e

−n5y)

(3.25)

|φ12| = (φ2
1 + φ2

2)
1
2 , tanα2 =

φ2

φ1
(3.26)

Also from equation (3.18), the real part of the temperature field
can be written as

	(θ(y, t)) = e−my(1 +
1

4
εω) + ε(θ1 cosωt− θ2 sinωt), or

	(θ(y, t)) = e−my(1 +
1

4
εω) + ε|θ12| cos (ωt− α1)

(3.27)

where

θ1 =
1

4
ωe−d1y sinωt, θ2 =

1

4
ωe−d1y cosωt, (3.28)

|θ12| =(φ2
1 + φ2

2)
1
2 , tanα1 =

θ2
θ1

(3.29)

Note: u1, u2, φ1, φ2, θ1, θ1 are the fluctuating part of Skin-Friction,
Nusselt Number and Sherwood Number.

From (3.19), (3.23) and (3.27) the expression for the transient ve-
locity, transient concentration field and transient temperature were
obtained respectively, when ωt = π

2
, as

u(y, t) =1 + a13e
−cy + a15e

−my + a16e
−Scy

+ a17e
−(m+Sc)y − εu2

(3.30)

φ(y, t)) =e−Scy(1− λa0(1− e−my))− εφ2 (3.31)

θ(y, t)) =e−my(1 +
1

4
εω)− εθ2 (3.32)

3.2. Skin - friction, Rate of mass transfer and Heat flux.
Since we know the velocity distribution, we then calculate the

skin friction as

τ =
τ ′

ρU
′
0v

′
0

= −∂u

∂y
y=0
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τ =a13c+ a15m+ a17(m+ Sc) + ε(a19(c1 + Ic2)

+ (b15 + Ib16)c+ (b17 + Ib18)m+ (b19 + Ib20)Sc

+ (b21 + Ib22)(d1 + Id2) + (b23 + Ib24)(m+ Sc)

+ (b25 + Ib26)n+ (b27 + Ib28)n2 + (b29 + Ib30)n4

+ (b33 + Ib34)(n4 + d1 + Id2) + (b35 + Ib36)(n6 + d1

+ Id2) + (b37 + Ib38)(n2 + d1 + Id2)

+ (b39 + Ib40)n5)e
Iωt

(3.33)

In terms of amplitude and phase of the skin friction, 	(τ) is given
by

	(τ) =a13c+ a15m+ a16Sc+ a17(m+ Sc)

− ε(τ1 cosωt+ τ2 sinωt), or

	(τ) =a13c+ a15m+ a16Sc+ a17(m+ Sc)− ε|τ12| cosωt
(3.34)

with

τ1 =(b22 + b34 + b36 + b38)d2 − a19c1 − b15c

− b17m− b19Sc+ (b33 + b21 + b37)d1 − b23(m+ Sc)

− b25n− b27n2 −−b37n3 − (b31 + b34)n4 − b35n5

(3.35)

τ2 =− b22n− b28n2 − b30n3 − b32)n4 − b40n5 − a19c2

− b21d2 − b22d1 − b24)(m+ Sc)− b33d2

− b36(n6 + d1)− b37d2 − b38(n2 + d1)− b16c

− b18m− b20Sc− b34(n4 + d1)− b35d2

(3.36)

|τ12| =(τ 21 + τ 22 )
1
2 , tanα6 =

τ2
τ1

(3.37)

Also since we know the concentration distribution, then the rate of
mass transfer at the wall is calculated as

Sh =
vξz

′

U
′
0v

′
0

(
μ0

ρ
)
1
2 =

∂φ

∂y
|y=0

Sh =Sc+ λa0m− ε(−(a3 + I(a1 + a4) + λa5)(e1 + Ie2)

− (a3 + Ib4)(m+ Sc)− Ia1Sc− λ((b1 + Ib2)n2

− (b3 + Ib4)n3 − (b5 + Ib6)n4 − (b7 + Ib8)(n4

+ d1 + Id2)− (b9 + Ib10)(n6 + d1 + Id2)

− (b11 + Ib12)(n2 + d1 + Id2)− (b13 + Ib14)n5))e
Iωt
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And in terms of amplitude and phase of mass transfer at the wall,
we have

	(Sh) =Sc+ λa0m− ε(sh1 cosωt+ 2 sinωt), or

	(Sh) =Sc+ λa0m− εsh12 cos (ωt− α5)
(3.38)

where

Sh1 =− a3e1 − a3(m+ Sc)− λ(b1n2 − b3n3 − b5n4

− b7(n4 + d1)− b9(n6 + d1)− b11(n2 + d1)− b13

n5 + (b8 + b10 + b12)d2 + (a1 + a4)e2 − a5e1)

(3.39)

Sh2 =− a3e2 − a1(e1 + Sc)− a4e1 − a4(m+ Sc)

− λ(b2n2 − b4n3 − b6n4 − b8(n4 + d1)− b10(n6 + d1)

− b12(n2 + d1)− b14n5 + (b7 + b11 + b9)d2

+ (a1 + a4)e2 − a5e2)

(3.40)

|Sh12| = (Sh2
1 + Sh2

2)
1
2 , tanα5 =

Sh2

Sh1
(3.41)

Finally, expression for heat transfer at the wall is written as

Nu =− ∂θ

∂y
|y=0,

Nu =m+
1

4
Iεω(d1 + Id2 +m)eIωt,

In terms of amplitude and phase of the skin friction, we have

	(Nu) = m− ε(Nu1 cosωt−Nu2 sinωt), or

	(Nu) = m− εNu12 cos(ωt− α4)
(3.42)

where

Nu1 =
1

4
εωd2, Nu2 =

1

4
εωm− d1) (3.43)

|Nu12| =(Nu2
1 +Nu2

2)
1
2 =

1

4
εω(d22 + (m− d1)

2)
1
2 (3.44)

tanα4 =
Nu2

Nu1

=
d2

m− d1
(3.45)

Where tau1, tau2, Sh1, Sh2, Nu1, Nu1 are the fluctuating part
of Skin-Friction, Nusselt Number and Sherwood Number.
Here also, the expression for the transient Skin-Friction, transient
Sherwood Number and transient Nusselt Number were obtained
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respectively, when ωt = π
2
from (3.33), (3.37) and (3.41), as

τ = a13c+ a15m+ a16Sc+ a17(m+ Sc)− ετ2, (3.46)

Sh = Sc+ λa0m− εsh2, (3.47)

Nu = m+ εNu2 (3.48)

4. DISCUSSION

For the purpose of discussing the effect of various governing param-
eters on the flow behavior, calculations have been carried out for
different values of V , M , kp, Grt, Grc, r and, for fixed values of
Sc, Pr and ε. In order to point out the effects of these parameters
on flow characteristic, to be realistic, the value of Prandtl number
is chosen to be Pr = 0.71 and Sc = 0.62 which represents air at
temperature 25oC and one atmospheric pressure. All parameters
are primarily chosen as follows: V = 0.3, M = 0.2, kp = 0.5,
δ = 0.2, Grt = 0.5, Grc = 0.2, λ = 0.1, r = 1.0 and ω = πt
unless otherwise stated. Equations ((3.20)-(3.22)), ((3.22)-(3.26))
and ((3.28)-(3.29)) gives the expressions for fluctuating part, ampli-
tude and phase of velocity, concentration and temperature profile
respectively, transient velocity, concentration and temperature are
given by equations ((3.30) - (3.33)) while the transient skin-friction,
mass and heat transfer at wall are respectively given by equations
(3.45)-(3.47).

4.1 Temperature, Concentration and Velocity distributions
In Fig. 4.1.1, the transient temperature field is displayed with var-
ious values of angular velocity ω. It is observed that temperature
increases as the fluid angular velocity increases and temperature
boundary layer decreases as the fluid moves away from the plate
which asymptotically approaches zero far away from the plate. The
presence of peak in the profile indicates that maximum tempera-
tures exist in the body of fluid. Also, temperature boundary layer
increases with an increase in ω. It was seen that maximum velocity
occur when ω > 45. This maximum is given by ω2+16

16(4ε+1)
. Fig. 4.1.2

shows that the thermal boundary layer increases for an increase in
Pr, 0 < Pr < 1 but decreases as Prandtl number increases for
Pr ≥ 4. It should also be mentioned that temperature increases
for an increase in heat generation (i.e δ > 0) and vice-versa. Fig.
4.1.3 depict the effect of Prandtl number on fluctuating part of
the temperature. comparing the curves in the profile, it could be
seen that the highest fluctuation in temperature occurs with lowest
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value of Prandtl number which implies higher thermal conductiv-
ity. That is fluctuation reduces as viscosity increases, the lower the
thermal conductivity compare to viscosity, the lower the fluctua-
tion. Figs. 4.1.4 and 4.1.5 depicts the effects of angular frequency
and Prandtl number respectively, on amplitude of temperature dis-
tribution. From these figures it is observed that increase in angular
frequency brings about increase in amplitude of temperature while
increase in Prandtl number diminish the amplitude of temperature.
While in Fig. 4.1.6, the effect of Prandtl number on phase of tem-
perature distribution is displayed, from where it is observed that
increase in thermal conductivity increases the phase of temperature
while increase in viscosity diminish phase of temperature. Tran-
sient concentration distribution variation with respect to chemical
reactivity parameter is shown in Fig. 4.1.7, it could be seen that
concentration increases with an increase in generative chemical re-
action and decrease with increase in destructive chemical reaction.
It is also observe that for higher value of negative λ, correspond-
ing to generative chemical reaction, maximum concentration exist
in the body of the fluid close to the surface. In Fig. 4.1.8, show
that chemical specie boundary layer decreases with an increase in
reaction order. The effect of reaction order on the flow becomes
negligible when r ≥ 3. Figs. 4.1.9 and 4.1.10 depicts the effect
of reactivity parameter and reaction. From both figures, indicate
that increase in chemical reaction parameter increases the ampli-
tude of concentration for both generative and destructive chemical
reaction while increase in reaction order diminish the amplitude of
concentration. Figs. 4.1.11 and 4.1.12 depict the effect of chemical
reaction parameter and reaction order. From Fig. 4.1.11, increase
in chemical reaction increases the phase of concentration, this phe-
nomenon reverses at a regular pattern. The transient velocity pro-
files are shown in Figs 4.1.13 - 4.1.19 for different values of reactivity
parameter λ, limiting surface velocity V , thermal and mass Grashof
numbers Grc, Grt, reaction order r permeability parameter kp and
magnetic parameter M respectively. From Fig. 4.1.13, it could
be seen that transient velocity decrease with increase in genera-
tive chemical reaction and increases with an increase in destructive
chemical reaction. From Fig. 4.1.14, the transient velocity increases
when the limiting surface moves in the positive direction of the flow,
whereas it decreases when it moves in the opposite direction. The
effect of mass Grashof number was shown in Fig. 4.1.5, from this
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figure, the velocity decreases with increase in mass Grashof num-
ber, while Fig. 4.1.16 depict variation of velocity distribution for
various values of thermal Grashof number. Comparing the curves
in the figure, velocity decreases for an increase in thermal Grashof
number for heating of the plate (Grt > 0), while for cooling of the
plate (Grt < 0) resulted in velocity increase as cooling of the plate
increases. Also from Figs. 4.1.17 and 4.1.18, increase in reaction
order decreases the transient velocity and increases with increase
in permeability parameter. It is also deduced from Fig. 4.1.19 that
velocity boundary layer increase with an increase in magnetic pa-
rameter until a steady state is reached where further increase in not
significant. Fig. 4.1.20 depict that for cooling of the plate, the ve-
locity fluctuating part increases while it diminish with an increase
for the heating of the plate. The effect of chemical reactivity param-
eter on velocity fluctuating part displayed in Fig. 4.1.21. show that
for generative chemical reaction the velocity fluctuation increases.
Fig. 4.1.22 depict that velocity fluctuating part increase when im-
pulse velocity of the limiting surface is in the same direction as the
that of the flow while it diminish when impulse velocity of the lim-
iting surface is in a direction opposite that of the flow. Figs. 4.1.23
- 4.1.25 depict the effect of reactivity parameter, impulse velocity
of limiting surface and magnetics parameters on phase of velocity
respectively. From these figures, it could be seen that both gener-
ative chemical reaction and impulse velocity of the limiting surface
moves is in the same direction as the that of the flow increase the
phase of the velocity while both destructive chemical reaction and
impulse velocity of the limiting surface moves is in a direction oppo-
site that of the flow diminish the phase of the velocity and increase
in magnetic parameter increase the phase of the velocity.

4.2. Nusselt Number, Sherwood Number and Skin Fric-
tion.

Fig. 4.2.1 depict the effect of Prandtl number on rate of heat
transfer at the wall. From the figure, increase in viscosity (higher
viscosity compare to thermal conductivity) diminish the rate of heat
transfer at the wall. The phase of heat transfer at wall is seen to
increase with an increase in Prandtl number. This is so because
the higher the viscosity the higher the phase of heat transfer at the
wall as shown in Fig. 4.2.2.
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Fig. 4.1.1. Transient temperature
distribution at different values of ω.

Fig. 4.1.2. Transient temperature
distribution at different vlues of Pr.

Fig. 4.1.3. Temperature fluctuating
part for various values of Pr.

Fig. 4.1.4. Amplitude of Tempera-
ture at different values of ω.

Fig. 4.1.5. Amplitude of Tempera-
ture at different values of Pr.

Fig. 4.1.6. Phase of Temperature at
different values of Pr.
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Fig. 4.1.7. Transient Concentration
profile for different values of λ.

Fig. 4.1.8. Transient Concentration
profile for different values of r.

Fig. 4.1.9. Amplitude of Concentra-
tion at different values of λ.

Fig. 4.1.10. Amplitude of Concen-
tration at different values of r.

Fig. 4.1.11. Phase of Concentration
at different values of λ.

Fig. 4.1.12. Phase of Concentration
at different values of λ.
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Fig. 4.1.13. Transient velocity pro-
file at different values of λ.

Fig. 4.1.14. Transient velocity pro-
file at different values of V .

Fig. 4.1.15. Transient velocity pro-
file at different values of Grc.

Fig. 4.1.16. Transient velocity pro-
file at different values of Grt.

Fig. 4.1.17. Transient velocity pro-
file at different values of r.

Fig. 4.1.18. Transient velocity pro-
file at different values of kp.
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Fig. 4.1.19. Transient velocity pro-
file at different values of M .

Fig. 4.1.20. Fluctuating part of Ve-
locity distribution at different values
of Grt.

Fig. 4.1.21. Fluctuating part of Ve-
locity distribution at different values
of λ.

Fig. 4.1.22. Fluctuating part of Ve-
locity distribution at different values
of V .

Fig. 4.1.23. Phase of velocity profile
for different values of λ.

Fig. 4.1.24. Phase of velocity profile
for different values of V .
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This is so because the higher the viscosity the higher the phase
of heat transfer at the wall as shown in Fig. 4.2.2. Mass trans-
fer rate, amplitude and phase of mass transfer rate at the wall is
depicted Figs. 4.2.3, 4.2.4 and 4.2.5 respectively. Comparing the
curves under the figures, it could be seen that rate of mass trans-
fer rate diminish with an increase in generative chemical reaction
while it increase with destructive chemical reaction. Amplitude of
mass transfer rate also diminish with increase in reaction order as
shown by figure 4.2.4. While it is observed from from Fig. 4.2.5
that phase of mass transfer rate increase with an increase in gen-
erative chemical reaction and diminish with increase in destructive
chemical reaction. The Skin Friction increase with either increase
in destructive chemical reaction or cooling of the plate and diminish
with diminish with either increase in generative chemical reaction
or heating of the plate as shown in Figs 4.2.6 and 4.2.7 respectively.
The fluctuating part of skin-friction for various values of reactivity
parameter and surface limiting velocity is displayed in Figs. 4.2.8
and 4.2.9 respectively. From the figures, the fluctuating part of
skin-friction is seen to increase with an increase in either genera-
tive chemical reaction or impulse velocity of the limiting surface
moves in the same direction as that of the flow, and diminish when
either destructive chemical reaction increase or impulse velocity of
the limiting surface is in a direction opposite to that of the flow.
Figs. 4.2.10 depict that increase in mass buoyancy brings increase
in amplitude of skin-friction while Fig 4.2.11 shows that phase of
skin friction diminish as generative chemical reaction parameter
increase.

Fig. 4.1.25. Phase of velocity profile
for different values of M .

Fig. 4.2.1. Skin-Friction profile for
different values of Pr.
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Fig. 4.2.2. Phase of Heat Transfer
Rate at the wall profile for different
values of Pr.

Fig. 4.2.3. Mass transfer rate at wall
for different values of λ.

Fig. 4.2.4. Fluctuating part of mass
transfer at wall for different values of
r.

Fig. 4.2.5. Phase of mass transfer at
wall for different values of M .

Fig. 4.2.6 Skin-friction profile for dif-
ferent values of λ.

Fig. 4.2.7. Skin-friction profile for
different values of Grt.
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Fig. 4.2.8. Fluctuating part of Skin-
Friction for different values of λ.

Fig. 4.2.9. Fluctuating part of Skin-
Friction for different values of V .

Fig. 4.2.10. Amplitude of Skin-
Friction for different values of Grc.

Fig. 4.2.11. Phase of Skin-Friction
for different values of λ.

5. CONCLUSION

This paper have studied analytically heat and mass transfer in un-
steady natural convection MHD boundary layer flow past a moving
plate with mass transfer and a binary chemical reaction. The fluid
limiting surface is moved impulsively, with a constant velocity, ei-
ther in the direction of the flow or in the opposite direction, in
the presence of a transverse magnetic field. With oscillating fluid
flow, both frequency-dependent effects and ”long-time” effects that
would require non-practically long channels to be observed in steady
flow were studied. Mathematical important aspects of reaction en-
gineering in reactive flow, especially residence time flow behaviour,
scale-up and scale-down procedures is also considered. From the
present study the following conclusions can be drawn:
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• temperature increases as the fluid angular velocity increases
• maximum temperatures exist in the body of the fluid.
• thermal boundary layer decreases as Prandtl number in-
creases.

• concentration increases with an increase in generative chem-
ical reaction and vice-versa.

• transient velocity decrease with increase in generative chem-
ical reaction and reaction order and increases when the lim-
iting surface moves in the positive direction of the flow

• velocity decreases with increase in mass buoyance and ther-
mal Grashof number for heating of the plate

• Skin-friction increases as generative/destructive chemical re-
action increases

• Skin friction increases as limiting surface moves in opposite
direction and decrease limiting surface moves in the same
direction as the fluid flow

• increase in thermal, mass buoyancy and reaction order de-
creases the skin friction

• skin-friction increase with an increase in Pr or ω and de-
crease with an increase in A
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NOMENCLATURE
u nondimensional fluid axial velocity Ea activation energy
T nondimensional fluid temperature r reaction order
C non - dimensional concentration K porosity coefficient
y transverse coordinate k thermal conductivity
ω frequeesncy of free–stream oscillation x horizontal axis
v fluid transverse velocity ν fluid viscosity
Q heat generation/absorption coefficient ρ density
R universal gas constant Grt thermal Grashof number
g acceleration due to gravity Grc mass Grashof number
σ the electrical conductivity Pr Prandtl number
cp specific heat at constant pressure Sc Schmidt number
Dm is mass diffusivity p pressure
Tw temperature at the wall U∞ wall velocity
B0 applied magnetic field i complex identity
kr reactivity of chemical reaction t time
Cw concentration at the wall w condition at wall
βτ thermal buoyancy term ∞ ambient condition
βc mass buoyancy term
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APPENDIX

m =
Pr +

√
Pr2 − 4Prδ

2
, m1 =

Pr +
√

Pr2 − 4Pr(δ − iω
4
)

2

n =
Sc+

√
(Sc2 + 4αSc)

2
, n1 =

Sc+
√

Sc2 + 4Sc(α+ iωSc)

2

c =
1 +

√
1 + 4(M + kp)

2
, c1 =

1 +
√

1 + 4(M + kp + iω
4

2

a0 =
e1Sc

m(m+ Sc)(r + 2)
, a1 =

4ASc

ω
(1− λa0),

a3 =
AmλSca0(m+ Sc)2

m2(m+ Sc)2 + (ωSc
4

)2
, a5 = −(a6 + a7 + · · ·+ a12)

a4 =
AmλSc2a0(m+ Sc)

4(m2(m+ Sc)2 + (ωSc
4

)2)
, a6 =

e1Sc(a3 + ia4 + (1− λa0)
iω
4

n2
2 − n2Sc− iωSc

4

a7 =
e1Sc(a3 + i(a1 + a4))

n2
3 − n3Sc− iωSc

4

, a9 =
ie1Sc(1 + λa0(r − 1)ω

4

(n4 +m1)2 − (n4 +m1)Sc− ωSc
4

a8 =
e1Sc(a1 − ω

4
)

n2
4 − n4Sc− iωSc

4

, a10 =
ire1Sc(1− λa0

ω
4
)

(n6 +m1)2 − (n6 +m1)Sc− iω Sc
4

a11 =
ire1Scλa0

ω
4

(n2 +m1)2 − (n2 +m1)Sc− iωSc
4

, a12 =
e1Scλa0ω

4n2
2 − 4n2Sc− iωSc

,

a13 = V − (1 + a15 + a16 + a17), a15 = − Grt

m2 −m+M + kp
,

a17 = − Grcλa0

(m+ Sc)2 − (m+ Sc) +M + kp
, a16 = − Grc(1− λa0)

Sc2 − Sc+M + kp

, a19 = −(1 + a20 + a21 + · · ·+ a32)

a21 = − cAa15 − iωGrt

4((m2 −m)− c+M + kp) + iω
, a20 = − cAa13

c2 − c+M + kp + iω
4

a22 = − ScAa16 − ia1Grc

Sc2 − Sc+M + kp + iω
4

, a23 = − iωGrt

4((m2
1 −m) +M + kp) + iω

a24 = − A(m+ Sc)−Grc(a3 − ia4)

(m+ Sc)2 − (m+ Sc) +M + kp + iω
4

, a25 = −−Grc(a3 + i(a1 + a4) + λa5)

n2 − n+M + kp + iω
4

a26 = − λa6Grc

n2
2 − n2 +M + kp + iω

4

, a27 = − λa4Grc

n2
3 − n3 +M + kp + iω

4

a29 = − λa9Grc

(n4 +m1)2 − (n4 +m1) +M + kp + iω
4

, a28 = − λa8Grc

n2
4 − n4 +M + kp + iω

4

a30 = − λa10Grc

(n6 +m1)2 − (n6 +m1) +M + kp + iω
4

, a32 = − λa12Grc

n2
5 − n5 +M + kp + iω

4

,

a31 = − λa11Grc

(n2 +m1)2 − (n2 +m1) +M + kp + iω
4

, a33 = − iω

4(M + kp) + iω

We define

ai = bj + Ibk,∀i = 6, 7, · · · , 32, j = 1, 3, · · · , 41, k = 2, 4, · · · , 42
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b1 =
a3(n

2
2 − n2Sc)

2 − 1
4
( 1
4
e(1− λa0)ωSc+ a4)ωSc

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b2 =
(n2

2 − n2Sc)(
1
4
e(1− λa0)ωSc+ a4)ωSc− 1

4
a3ωSc

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b3 =
(n2

3 − n3Sc)(a3 + a4)eSc− 1
4
ea1ωωScω

2

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b4 =
(n2

3 − n3Sc)eSca1 +
1
4
e(a3 + a4)ωωScω

2

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b5 = −1

4

e(a1 − 1
4
ω)ωωScω2

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b6 =
IeSc(a1 − 1

4
ω)(n2

2 − n2Sc)
2

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b7 =
1
4
(eSc(λa0(r − 1) + 1)ω(2d2(n4 + d1 − Sc) − 1

4
ωSc))

ω(d21 + 2d1n4 − d22 − Sc(d1 + n4) + n2
4)ω

2 + (2d2(n4 + d1 − Sc)− 1
4
ωSc)2

b8 =
1
4
(IeSc(λa0(r − 1) + 1)ω(d21 + 2d1n4 − d22 − Sc(d1 + n4) + n2

4))

(d21 + 2d1n4 − d22 − Sc(d1 + n4) + n2
4)

2 + (2d2(n4 + d1 − Sc)− 1
4
ωSc)2

b9 =
1
4
(erSc(λa0 + 1)ω(2d2(n6 + d1 − Sc)− 1

4
ωSc))

(d21 + 2d1n6 − d22 − Sc(d1 + n6) + n2
6)

2 + (2d2(n6 + d1 − Sc)− 1
4
ωSc)2

b10 =
1
4
(erSc(1− λa0)ω((2d1n6 + d21 − d22 + n2

6 − Sc(d1 + n6))− 1
4
ωSc))

(d21 + 2d1n6 − d22 − Sc(d1 + n6) + n2
6)

2 + (2d2(n6 + d1 − Sc) − 1
4
ωSc)2

b11 =
1
4
(eScλa0ω(2d1d2 − Scd2 + 2n2d2 − 1

4
ωSc))

(d21 + 2d1n2 − d22 − Sc(d1 + n2) + n2
2)

2 + (d2(2n2 + ω2dω1 − Sc)− 1
4
ωSc)2

b12 =
1
4
(eScλa0ω(2d1n2 − Sc(d1 + n2) + d21 − d22 + n2

1))

(d21 + 2d1n2 − d22 − Sc(d1 + n2) + n2
2)

2 + (d2(2n2 + ω2dω1 − Sc)− 1
4
ωSc)2

b13 =
1

16

(eωScω2λa0ω
2

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

b14 =
1

4

eScλa0ω(n2Sc+ n2
2)

(n2
2 − n2Sc)2 +

1
16
ω2ωScω2

a5 = a6 + a7 + a8 + a9 + a10 + a11 + a12 b15 =
Aa13c(c

2 +M − c+ kp)

(c2 +M − c+ kp)2 +
1
16
ω2

b16 =
1
4
cAa13ω

(c2 +M − c+ kp)2 +
1
16
ω2

b17 =
Ama15(4m

2 +M − 4m+ kp)− ω2Grt

(4m2 +M − 4m+ kp)2 + ω2

b18 = −ωGrt(4m2 +M − 4m+ kp) +Ama15ω

(4m2 +M − 4m+ kp)2 + ω2

b19 =
Ama16(ωScω

2 +M − Sc+ kp)− 1
4
a1ωGrc

(ωScω2 +M − Sc+ kp)2 + ω2

b20 =
−a1Grc(ωScω2 +M − Sc+ kp)− 1

4
a16mAω

(ωScω2 +M − Sc+ kp)2 + ω2

b21 =
−ωGrc(8d1d2 + ω + 4d2)− 1

4
a16mAω

16(d21 − d22 + 4M − d1 + kp)2 + (8d1d2 + ω − 4d2)2

b22 = − IωGrt(d21 − d22 + 4M − d1 + kp)

16(d21 − d22 + 4M − d1 + kp)2 + (8d1d2 + ω − 4d2)2

b23 =
(ASc+ Am− a3Grc)((m+ Sc)2 − (m+ Sc) + kp)− a4ωGrc

((m+ Sc)2 − (m+ Sc) + kp)2 +
1
16
ω2

b24 =
−a4Grc((m+ Sc)2 − (m+ Sc) + kp)− 1

4
(ASc+ Am− a3Grc)ωGrc

((m+ Sc)2 − (m+ Sc) + kp)2 +
1
16
ω2
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b25 =
−Grc(a3 + λa5)(n

2 − n+M + kp)− 1
4
(a1 + a4)ωGrc

(n2 − n+M + kp)2 +
1
16
ω2

b26 =
−Grc(a1 + a4)(n

2 − n+M + kp)− 1
4
(a3 + λa5)ωGrc

(n2 − n+M + kp)2 +
1
16
ω2

b27 =
−a5Grcλ(n2 − n+M + kp)

(n2 − n+M + kp)2 +
1
16
ω2

b28 =
1
4
a6ωGrcλ

(n2 − n+M + kp)2 +
1
16
ω2

b29 =
−λa7Grc(n2

3 − n3 +M + kp)

(n2
3 − n3 +M + kp)2 +

1
16
ω2

b30 =
( 1
4
λa7Grcω

(n2
3 − n3 +M + kp)2 +

1
16
ω2

b31 =
λa8Grcω(n2

4 − n4 +M + kp)

(n2
4 − n4 +M + kp)2 +

1
16
ω2

b32 =
1

4

λa8ωGrc

(n2
4 − n4 +M + kp)2 +

1
16
ω2

b33 =
λa9Grc(d21 + 2d1n4 − d22 + n2

4 − d1 − n4 +M + kp)

(d21 + 2d1n4 − d22 + n2
4 − d1 − n4 +M + kp)2 + (2d2(n4 + d1)− d2 +

1
4
ω)2

b34 =
λa9Grc(2d2(n4 + d1)− d2 +

1
4
ω)

(d21 + 2d1n4 − d22 + n2
4 − d1 − n4 +M + kp)2 + (2d2(n4 + d1)− d2 +

1
4
ω)2

b35 =
λa10Grc(d21 + 2d1n6 − d22 + n2

6 − d1 − n6 +M + kp)

(d21 + 2d1n6 − d22 + n2
6 − d1 − n6 +M + kp)2 + (2d2(n4 + d1)− d2 +

1
4
ω)2

b36 =
λa10Grc(2d1d2 + 2d1n6 − d2 +

1
4
ω)

(d21 + 2d1n6 − d22 + n2
6 − d1 − n6 +M + kp)2 + (2d2(n4 + d1)− d2 +

1
4
ω)2

b37 = − λa11Grc(d21 + 2d1n2 − d22 + n2
2 − d1 − n2 +M + kp)

(d21 + 2d1n6 − d22 + n2
6 − d1 − n6 +M + kp)2 + (2d2(n4 + d1)− d2 +

1
4
ω)2

b38 =
λa11Grc(2d1d2 + 2d1n2 − d2 +

1
4
ω)

(d21 + 2d1n6 − d22 + n2
6 − d1 − n6 +M + kp)2 + (2d2(n2 + d1)− d2 +

1
4
ω)2

b39 =
λa12Grc(n2

5 − n5 +M + kp)

(n2
5 − n5 +M + kp)2 +

1
4
ω2

b40 =
1

4

λa12Grcω

(n2
5 − n5 +M + kp)2 +

1
4
ω2

b41 =
ω2

(4M + 4kp)2 + ω2
b42 =

ω(4M + 4kp)

(4M + 4kp)2 + ω2
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