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NUMERICAL STUDY OF EFFECT OF ROUGHNESS

ON POROUS LONG JOURNAL BEARING WITH

HETEROGENEOUS SURFACE

G. K. KALAVATHI1, P. A. DINESH and K. GURURAJAN

ABSTRACT. The present paper describes the numerical study
of surface roughness effects on infinitely long journal bear-
ing with slip/no-slip surfaces. Christensen stochastic theory is
adopted to study the effect of roughness. The governing equa-
tions are obtained by considering suitable boundary conditions
and which are found to be non-linear partial differential equa-
tions and are solved using numerical method. To find the angle
of cavitation, Regula-falsi method is used. The Gaussian 16-
point formula is used to estimate load carrying capacity, atti-
tude angle, friction and coefficient of friction. It was found that
surface roughness effect is more dominant for the long bearing
approximation and the influence of longitudinal and transverse
roughness is in reverse trend. Further, attitude angle decreases
as compared to smooth for transverse roughness whereas it is
insignificant for longitudinal roughness. It is observed that, as
a particular, results of infinitely long journal bearing are signif-
icantly different than those for the narrow journal bearing.

Keywords and phrases: Heterogeneous slip/no-slip surface, Long
journal bearing, Porous, Surface roughness.

1. INTRODUCTION

The assumption that the linguistic studies of hydrodynamically
lubricated machines are smooth is unrealistic for a bearing operat-
ing with small film thickness. This is because, in practice, all the
surfaces have irregularities. Also, the surface irregularity height
will be of same order as the mean separation between lubricated
contacts. Tzeng and Saibel [1, 2] were the first who have stud-
ied the surface roughness effects on a slider bearing and narrow
journal bearing surface in hydrodynamic theory. Christensen [3]
has developed a stochastic theory for hydrodynamic lubrication of
rough surfaces. Patir et al. [4], Turga et al. [5] , and Gururajan
et al. [6, 7, 8, 9, 10] have extended this theory to study roughness
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effects on the performance of bearing characteristics.It was found
that direction of influence depends on type of roughness, the oper-
ating parameter and on the nominal geometry. The effect of surface
roughness with couple stress fluids on porous hydrodynamic bear-
ings is examined by authors like Naduvinamani et al. [11, 12]. The
effect of surface roughness on turbulent transonic flow over circular
arc bumps in a channel is studied by Mendona and Sharif [13]. The
effect of surface roughness on magneto hydrodynamic fluids is stud-
ied by Naduvinamani et al. [14] and Ramesh et al. [15]. Effects of
scale and surface roughness on efficiency of water jet pumps using
CFD is studied by Aldas and Yapici [16]. The influences of lon-
gitudinal surface roughness on sub-critical and super-critical limit
cycles of short journal bearings is studied by Jaw- Ren Lin [17].
Amira Amamou and Mnaouar Chouchane [18] investigated nonlin-
ear stability analysis of long hydrodynamic journal bearing using
numerical continuation. It was found that the stability threshold
occurs either at super critical or at a subcritical Hopf bifurcation
depending on bearing characteristics. Tze-Chi Hsu et al. [19] in-
vestigated the study effects of magnetic field and surface roughness
on infinitely long journal bearing. It was shown that due to the
magnetization and surface roughness performance of bearing char-
acteristics was improved.
In traditional lubrication theory, no-slip boundary condition is

taken as basic foundation but researchers have found that no-slip
boundary condition is not applicable for the special engineered sur-
face, because it is found that slip occurs at the interface. The
effects of engineered slip/no-slip on bearing surface by consider-
ing heterogeneous pattern (which means slip occurs in one region
and is absent in other) have been studied by Salant and Fortier
[20, 21, 22, 23]. In all these analysis, it is assumed that the bear-
ing surfaces are smooth but it is not realistic. Recently, Kalavathi
et al. [24, 25] have extended the effect of surface roughness on
infinitely short and finite porous journal bearing by considering
heterogeneous surface. It was found that roughness effect improves
performance of bearing characteristics.

Here, it is assumed that fluid slip is occurring in accordance with
Navier relation [26] and also the critical value of shear stress before
slip onset may be considered which is suggested by Zhu and Granic
[27]. An assumption of conventional lubrication theory is used.
Also, porous matrix is assumed to be homogeneous, isotropic and
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flow is governed by Darcys law. Stochastic theory of Christensen is
used to study the effect of roughness. The effect of surface rough-
ness is numerically studied on journal bearing surface with hetero-
geneous slip/no-slip surfaces. As an illustration, the lubricant flow
along the axis of journal is neglected, i.e., the flow is considered
only along circumferential direction. The aim of current work is to
find out the effects of roughness and the porosity on heterogeneous
surface in case of infinitely long journal bearing.

2. ANALYSIS

Fig.1 shows the diagram of journal bearing geometry and the het-
erogeneous slip/no-slip pattern is shown in Fig.2. The film thick-
ness distribution is shown in Fig.2(a). Here, two surfaces are present,
surface 1 represent moving shaft with speed, us and surface 2 rep-
resents bearing sleeve, which is stationary. Fig.2(b) shows the
slip/no-slip pattern i.e., heterogeneous pattern is applied on the
surface 2. The modified Reynolds equation for longitudinal and
transverse roughness along circumferential direction by consider-
ing Navier slip boundary condition [26] and porous wall thickness
(Prakash and Vij, [28]) by following Kalavathi et al.[24] is expressed
as

d

dθ
[{E(H̄3(1 + 3Σ)) + 12kH0} d

dθ
{E(P )}]

= 6μusR
d

dθ
E{H̄(1 + Σ)}

(1)

for longitudinal roughness.

d

dθ
[{ 1

E(1/H̄3(1 + 3Σ))
+ 12kH0} d

dθ
{E(P )}]

= 6μusR
d

dθ
{(1 + Σ)/H̄2(1 + 3Σ)

E{(1/H̄3(1 + 3Σ))
}

(2)

for transverse roughness.

Here H̄ = Δr(1+εcosθ)+hs and E( ) is the expectancy operator
given by
E(�) =

∫∞
−∞(�)f(hs)dhs,

where f(hs) is the probability density distribution function of the
stochastic variable hs and is defined as

f(hs) =

⎧⎨
⎩

35
32c7

(c2 − h2s)
3, −c < hs < c

0, elsewhere
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Fig. 1 Bearing geometry and journal bearing configuration.

Fig. 2 (a) Diagram of journal bearing in cartesian coordinate
configuration.

(b) Diagram of surface pattern applied to Surface 2

The boundary conditions for pressure are

E(p) = 0 at θ = 0 (3)

d

dθ
E(p) = 0 at θ = θ2 (4)

where θ2 is the angular extent of the film.

2.1. Longitudinal Roughness
The equation (1) is solved for dimensionless mean pressure p̄ by
integrating with respect to θ twice and subjecting to the boundary
conditions of equations (3) and (4),
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p̄ =
E(P )Δr2

μusR
=

∫ θ

0

6[{H̄(1 + Σ)} − {H̄(1 + Σ)}θ=θ2]

[H̄3(1 + 3Σ) + 12ψ]
dθ (5)

where ψ = kH0

Δr3
, Σ = A

(H+A)
, is the permeability parameter. In

equation (5), A → 0 corresponds to case studied by Gururajan
and Prakash [6]. The angle θ at which the oil film breaks and the
cavitation region start is calculated by adopting Reynolds condition

p̄(θ2) = 0. (6)

By equating equation (5) to zero and simplifying, we obtain

−(G6)θ2

∫ θ2

0

dθ

{G7 + 12ψ} +

∫ θ2

0

G6dθ

{G7 + 12ψ} = 0 (7)

The expressions for G-functions are given in appendix.
The average load along the line of center is as follows

E(W0) = E(W )cosφ = −LR
∫ θ2

0

E(p)cosθdθ (8)

The non-dimensional form of equation (8) is

W̄0 =
E(W0)Δr

2

μusLR2
= −

∫ θ2

0

p̄cosθdθ (9)

The average load along normal to the line of center is as follows

E(WΠ/2) = E(W )sinφ = LR

∫ θ2

0

E(p)sinθdθ (10)

Dimensionless form of equation (10) is

W̄Π/2 =
E(WΠ/2)Δr

2

μusLR2
=

∫ θ2

0

p̄sinθdθ (11)

The total dimensionless load carrying capacity is given by

W ∗ =
E(W )Δr2

μusLR2
=

√
W̄ 2

0 + W̄ 2
Π/2

(12)

Attitude angle is given by [6]

φ = tan−1(
W̄Π/2

W̄0

) (13)
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The expression for average circumferential frictional force on the
surface of journal at y = H is as follows [6]

E(F ) =

∫ L/2

−L/2

∫ 2Π

0

E(τH)Rdθdz (14)

where τH is given by

τH =
1

2

∂p

∂x

H2

(H + A)
+ μus

1

(H + A)
. (15)

Taking expectation on both sides of equation (15) and then inte-
grating,

E(F ) = LR

∫ θ2

0

1

2
E(

H̄2

H̄ + A
)
∂E(P )

∂θ
dθ

+μusLR

∫ θ2

0

E(
1

H̄ + A
)dθ

+μusLR

∫ 2Π

θ2

[
h̄θ2
h̄

]E(
1

H̄ + A
)dθ

(16)

The non-dimensional frictional force is given by

F ∗ =
E(F )Δr

μusLR
=

∫ θ2

0

1

2
G8

dp̄

dθ
dθ +

∫ θ2

0

G2(h̄ + A,C)dθ

+

∫ 2Π

θ2

[
h̄θ2
h̄

]G2(h̄ + A,C)dθ,

(17)

where,
dp̄

dθ
=

6[G6 − (G6)θ2 ]

G7 + 12ψ
(18)

The ratio of mean frictional force and mean load carrying capacity
gives coefficient of friction μ∗.

2.2. Transverse Roughness
Equation (2) is solved for mean pressure p̄ , by integrating twice
with respect to θ and subjecting to the boundary conditions given
in equation (3) and (4),

p̄ =
E(P )Δr2

μusR
=

∫ θ

0

{( G9

G10
)− ( G9

G10
)θ=θ2}

{( 1
G10

) + 12ψ} dθ (19)

The cavitation angle θ2 is given by

−
( G9

G10

)
θ=θ2

∫ θ2

0

G10dθ

{1 + 12ψG10} +

∫ θ2

0

G9dθ

{1 + 12ψG10} = 0 (20)
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Fig. 3. Angle of cavitation θ2 verses permeability parameter ψ for
various values of eccentricity ratio ε with C=0.2 and A=3.

The dimensionless load carrying capacity can be obtained by sub-
stituting the pressure from equation (19) in equations (9) and (11).
Mean load capacity is obtained by equation (12) and attitude angle
is given by equation (13).

The mean circumferential frictional force acting on the journal
surface at y = H is given by

F ∗ =
E(F )Δr

μusLR

= − 1

6A

∫ θ2

0

dp̄

dθ

{G11 −G2(h̄, C)

G10

}
dθ

+
1

A

∫ θ2

0

[
G12

{G11 −G2(h̄, C)

G10

}

+
{
G13 −G14 + AG2(h̄ + A,C)

}]
dθ

+
1

A

∫ 2Π

θ2

[ h̄θ2
h̄

][
G12

{G11 −G2(h̄, C)

G10

}

+
{
G13 −G14 + AG2(h̄ + A,C)

}]
dθ

(21)

where,
dp̄

dθ
=

6[( G9

G10
)− ( G9

G10
)θ2 ]

[( 1
G10

) + 12ψ]
(22)

The coefficient of friction,

μ∗ =
F ∗

W ∗ (23)
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Fig. 4. Non-dimensional mean load capacity W ∗ verses roughness
parameter C for different values of slip parameter A with ψ = 0.01 and

ε = 0.1 .

Fig. 5. Non-dimensional mean load capacity W ∗ verses roughness
parameter C for different values of eccentricity ratio ε with ψ = 0.01

and A=5.

3. RESULT AND DISCUSSION

The dimensionless bearing characteristics are expressed as the
function of roughness height by roughness parameter C = c/Δr ,
bearing eccentricity by the eccentric ratio ε = e/Δr , porosity by
the permeability parameter ψ = ΦH0/(Δr)

3 and the slip coefficient
by the parameter A = αμ/Δr.

Numerical results are illustrated in graphs. The definite integrals
appearing in various expressions of bearing characteristics are eval-
uated by using 16 - point Gauss quadrature formula. The values
chosen for the various parameters are as follows: ε is ranging from
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Fig. 6. Non-dimensional mean load capacity W ∗ verses roughness
parameter C for different values of permeability parameter ψ with

ε = 0.5 and A=5.

Fig. 7. Non-dimensional mean load capacity W ∗ verses permeability
parameter ψ for different values of C with ε = 0.5 and A=5.

0.1 to 0.9, ψ =0, 0.001, 0.01, 0.1, 1. The values used here cover
all the ranges of industry practice shown by Murti [29]. ψ = 0
represents non porous bearing. C takes the values from 0.1 to 0.9.
The values of slip parameter A is ranging from 0, 3, 5, 10 (Salant
and Fortier, [23]). C=0 and A=0 represents smooth bearing (the
case studied by Prakash and Vij, [30]). A=0 represents no-slip sur-
face studied by Gururajan and Prakash [6]. Journal bearing are
commonly used in rotating machines like pumps, home appliances,
automobiles, generators and etc..
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Fig. 8. Non-dimensional mean frictional force F ∗ verses roughness
parameter C for different values of A with ε = 0.5 and ψ=0.01.

Fig. 9. Non-dimensional mean frictional force F ∗ verses roughness
parameter C for different values of ψ with ε = 0.5 and A=5.

The roughness effects is studied by considering its effect on lu-
brication flow (i.e., bearing is running hydrodynamically). When
the heights of surface roughness are more than minimum film thick-
ness the assumption made is invalid. Therefore, the mean oil film
thickness should be less than 3 δ for the bearing to operate hydro-
dynamically. This is possible when the values of C are less than
1-ε. This study says that for the better performance of bearing, a
suitable value of roughness parameter, eccentricity ratio and slip
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Fig. 10. Non-dimensional mean frictional force F ∗ verses roughness
parameter C for different values of ε with ψ=0.01 and A=5.

Fig. 11. Non-dimensional mean frictional force F ∗ verses permeability
parameter ψ for different values of C with ε=0.5 and A=5.

parameter should be selected. In practical, to improve bearing per-
formance slip parameter be kept minimum.

3.1. Angular Extent of Oil Film: Fig.3 describes the angular
extent of the fluid film θ2 for different values of eccentricity ratio
with fixed slip parameter and roughness parameter. The roughness
parameter is fixed for C=0.2 this is because the maximum peak-to-
peak roughness is 20% of the diametral clearance of the bearing. It
is observed that transverse roughness causes a slight decrease in θ2
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Fig. 12. Non-dimensional coefficient of frictional force μ∗ verses
roughness parameter C for different values of A with ε=0.5 and

ψ=0.01.

Fig. 13. Relative difference Rμ in mean coefficient of frictional verses
roughness parameter C for different values of ψ with ε=0.1 and A=3.

when compared with smooth bearing, whereas longitudinal rough-
ness results in an increase in θ2. This behavior is observed for all
the values of ε and the effect of roughness is significantly high for
higher values of ε and lower values of ψ. These changes are due to
the presence of roughness which causes the altered flow of lubricant.
Increasing value of ψ results in an increase of θ2 which means that
the cavitation region is reduced by increasing permeability, with
other parameters being fixed. The similar effect is found in the
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Fig. 14. Relative difference Rμ in mean coefficient of frictional verses
roughness parameter C for different values of A with ε=0.1 and

ψ=0.01.

Fig. 15. Attitude angle φ verses eccentricity ratio ε for various values
of ψ with C=0.2 and A=3.

journal of Gururajan[6] graphs.

3.2. Load Carrying Capacity: The results of non dimensional
mean load carrying capacity are presented in Fig.4 through Fig.7.
Figs.4, 5 and 6 shows the variation of load capacity as function of
the roughness parameter C for different values of A, ε and ψ respec-
tively for both types of roughness patterns. Corresponding to the
hydrodynamic limit, the curves in Fig.4 are terminated at ε=0.1
and C=0.9. It is observed that the effect of transverse roughness
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increases the load for various values of slip coefficient A whereas,
longitudinal roughness decreases load as compared to smooth one.
When compared to slip surface, load is significantly higher for no-
slip surface (A=0). Once slip parameter is larger than three, varia-
tion in A has an insignificant effect on the performance of bearing.
Fig.5 contains the graph of load with roughness parameter for

different values of ε with fixed ψ and A . It is observed that trans-
verse roughness increases the load carrying capacity but longitu-
dinal roughness slightly decreases the load. Also, as eccentricity
increases load carrying capacity decreases.
Fig.6 shows the plot of load carrying capacity verses roughness for

various values of ψ with fixed ε and A. In this case transverse rough-
ness increases the load carrying capacity but longitudinal roughness
decreases the load. It is more significant for transverse roughness.
Also, as permeability increases the load capacity decreases.
Thus the roughness effect strongly depends on surface texture.

Both the types of roughness have an opposite influence. This is
because the load capacity is induced by the alteration flow due to
the presence of roughness as seen in report of Gururajan [6, 8].
The variation of W ∗ with ψ for different values of roughness pa-

rameter is shown in Fig.7. For C=0.49, a large scale increase in
load with transverse roughness is seen when compared to longitu-
dinal. The roughness effect decreases load with increasing values
of ψ. Large permeability means there are more voids available in
porous facing, for the quick escape of fluid and porous facing is
main channel for the fluid discharge, therefore the modification of
film thickness have negligible effect due to the presence of surface
roughness. This result is also in accordance with the fact that for
higher values of permeability the resistance offered by fluid film is
very small. Therefore the roughness effect for a fixed value of C
decreases with increase of ψ.

3.3. Frictional Force: Figs. 8, 9, 10 and 11 shows the variation
of non-dimensional friction force. It is seen that roughness always
increases the friction as compared to smooth. This is due to the fact
that for the rough surface, the Coutte friction component is always
greater when compared with a smooth surface and as (C + ε) → 1,
effect will be more accentuated.
Fig. 8 illustrates the effect of roughness on frictional force for

various values of A with fixed eccentricity and permeability. In
accordance with smooth case, it is noted that roughness increases
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the frictional force for transverse roughness whereas this significant
is very less for longitudinal. Also, frictional force decreases with
increasing values of slip parameter. It is seen that, plot of A=0 is
similar to the graph of Gururajan and Prakash [6].
The graph of F ∗ with C for various values permeability factor

with fixed slip parameter and eccentric ratio is depicted in Fig. 9.
As roughness increases the frictional force increases. The curve is
more significant for transverse roughness whereas slight decrease is
observed for longitudinal roughness. Frictional force decreases with
increase of permeability.
Fig.10 contains a plot of mean friction as a roughness parameter

for various eccentricity values with fixed slip parameter and perme-
ability. Decrease in friction is observed for longitudinal roughness
whereas friction significantly increases with roughness for the bear-
ing with transverse roughness structure. Frictional force decreases
with increase of eccentricity.
The friction as a function of permeability for the selected values

of C parameter is drawn. This shows that friction decreases with
an increase in ψ for both types of roughness. This will be more
pronounced for transverse roughness especially for the values of
C approaching the hydrodynamic limit C=0.49 and ε=0.5 see the
Fig.11.
From these figures, it is evident that for longitudinal roughness,

the effect is less significant as compared with smooth one. In prac-
tical case, friction is regarded as insensitive to one dimensional lon-
gitudinal roughness. For transverse roughness pattern, substantial
increase in friction is observed in correspondence with smooth, be-
cause of increase of Coutte part of friction component and Poiseuille
component.

3.4. Coefficient of Friction: Fig.12 is a graph of variation of μ∗

with C for several values of A. It can be identified that both types
of roughness have an opposite influence. Longitudinal irregularity
raises the friction coefficient with increase of roughness parameter
whereas transverse roughness decreases. This is partly because of
increasing friction and decreasing load.
The roughness effect on the surface of bearing is calculated by

relative difference coefficient Rμ, where Rμ = (
μ∗
rough−μ∗

smooth

μ∗
smooth

)X100.

Fig.13 and Fig.14 shows the coefficient of friction as a function
of roughness for different values of permeability and slip parameter
respectively. It is observed that coefficient of friction increases with
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roughness for longitudinal type and it decreases for transverse case.
The effect will be almost independent of variations in permeability
and slip.

3.5. Attitude Angle: Fig.15 shows the locus of the journal cen-
tre for various values of ψ with fixed roughness parameter and slip
parameter. It is observed that roughness effects are not very much
significant, although attitude angle varies appreciably with ψ. At-
titude angle decreases as compared to smooth for transverse rough-
ness. But the effects are never significant for longitudinal rough-
ness.

4. CONCLUSION

This study indicates that effect of roughness on a bearing surface
with heterogeneous slip/no-slip can improve the performance of
journal bearing and the direction of influence depends on type of
roughness.
A transverse roughness hampers the flow, this results in signifi-

cant increase in load carrying capacity and friction. However, co-
efficient of friction is decreased. The effect of roughness strongly
depends on eccentricity and permeability. Also, φ decreases slightly
with increase of ε when compared to smooth.
A longitudinal roughness will ease out the outflow of lubricant,

thereby decreasing the load capacity. However, slight increase in
friction force and coefficient of friction are observed. Friction force
is weakly depending on permeability. Notably, φ is not altered
much.
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NOMENCLATURE

A dimensionless slip coefficient αμ/Δr
C dimensionless roughness parameter (= c/Δr)
c maximal asperity deviation from the nominal film height
E() expected value of
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e bearing eccentricity
F ∗ mean frictional force (= E(F )Δr/μURL)
f ∗ coefficient of friction (= (R/Δr)E(F ))
H film thickness (= h+ hs)
H̄ nominal fluid film
Ho thickness of porous bearing height (=H/Δr)
h nominal film height (= (Δr)(1 + cosθ))
h̄ film height (= h/Δr)
hs deviation of film height from the nominal level
k permeability
L bearing length
p pressure in the film thickness
p̄ mean pressure (= {(E(p)Δr2)/μusR})
R journal radius
R() relative difference (e.g., RW = ({W ∗

r −W ∗
s }/W ∗

s )X100)
u,v,w velocity components in the film thickness
us Shaft surface speed
Vo normal velocity of the lubricant at the Bearing interface

with which it is getting into Pores
W load capacity
Wo,W(Π/2) load components
W ∗ mean load capacity (= [{E(w)(Δr)2}/(usR2L)])
x,y,z Cartesian co-ordinates
α slip coefficient
σ standard deviation
ε eccentricity ratio (=e/Δr)
μ viscosity of the lubricant
θ circumferential co-ordinate (x = R)
Δr radial clearance
ξ random variable
Σ A/(H̄ + A)

APPENDIX

The various G - functions are given as follows

A1 E(H̄) = h̄ = 1 + εcosθ.
A2 E(H̄2) = h̄2 + C2/9.
A3 E(H̄3) = h̄3 + h̄C2/3.

A4 G2(h̄, C) = E
( 1

H̄

)
=

1

h̄

{
1 + 105

∑∞
n=1

X2n

(2n+ 1)(2n + 3)(2n + 5)(2n + 7)

}
,

A5 G3(h̄, C) = E
( 1

H̄2

)
=

1

h̄2

{
1 + 105

∑∞
n=1

X2n

(2n+ 3)(2n + 5)(2n + 7)

}
,
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A6 G4(h̄, C) = E
( 1

H̄3

)
=

1

h̄3

{
1 + 105

∑∞
n=1

(n+ 1)X2n

(2n+ 3)(2n + 5)(2n + 7)

}
,

where X =
c

h̄
.

A7 G2(h̄+A,C) = E
( 1

H̄ + A

)

=
1

(h̄+A)

{
1 + 105

∑∞
n=1

X2n

(2n+ 1)(2n + 3)(2n + 5)(2n + 7)

}
,

where X =
c

h̄+ A
.

A8 G2(h̄+ 4A,C) = E
( 1

H̄ + 4A

)

=
1

(h̄+ 4A)

{
1 + 105

∑∞
n=1

X2n

(2n+ 1)(2n + 3)(2n + 5)(2n + 7)

}
,

where X =
c

h̄+ 4A
.

A9 G6(h̄, A, C) = E{H̄(1 + Σ)} = E(H̄) +A− A2G2(h̄+ A,C)
Method to obtain expected values :

H̄(1 + Σ) = H̄
(
1 +

A

H̄ + A

)
= H̄ +A− A2

H̄ + A
(By division)

E{H̄(1 + Σ)} = E
[
H̄ +A− A2

H̄ +A

]

= E(H̄) +A− A2E
( 1

H̄ + A

)

= h̄+ A− A2G2(h̄+A,C)
A10 G7(h̄, A, C) = E{H̄3(1 + 3Σ)}

= E(H̄3) + 3AE(H̄2) − 3A2E(H̄) + 3A3 − 3A4G2(h̄+A,C).

A11 G8(h̄, A, C) = E
( H̄2

H̄ +A

)
= E(H̄)− A+ A2G2(h̄+A,C).

A12 G9(h̄, A, C) = E
( 1 + Σ

H̄2(1 + 3Σ)

)

= 1
8A

{
G2(h̄, C)−G2(h̄+ 4A,C)

}
+ 1

2
G3(h̄, C).

A13 G10(h̄, A,C) = E
( 1

H̄3(1 + 3Σ)

)

= 3
64A2

{
G2(h̄+ 4A,C)−G2(h̄, C)

}
+ 3

16A
G3(h̄, C) + 1

4
G4(h̄, C).

A14 G11(h̄, A,C) = E
( 1

H̄(1 + 3Σ)

)
= 1

4
G2(h̄, C) + 3

4
G2(h̄+ A,C).

A15 G12(h̄, A,C) = d
dθ

E
( 1 + Σ

H̄2(1 + 3Σ)

)

= (−εsinθ)
[

1
8A

G3(h̄+ 4A,C)−G3(h̄, C)−G4(h̄, C)
]
.

A16 G13(h̄, A,C) = E(1 + Σ) = 1 +AG2(h̄+ A,C).

A17 G14(h̄, A,C) = E
[ (1 + Σ)

(1 + 3Σ)

]
= 1− 2AG2(h̄+ 4A,C).
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