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ON HOLOMORPHY OF FENYVES BCI-ALGEBRAS

E. ILOJIDE!, T. G. JAIYEQLA AND M. O. OLATINWO

ABSTRACT. Fenyves BCI-algebras are BCI-algebras that sat-
isfy the Bol-Moufang identities. In this paper, the holomor-
phy of BCl-algebras are studied. It is shown that whenever
a loop and its holomorph are BCl-algebras, the former is p-
semisimple if and only if the latter is p-semisimple. Whenever a
loop and its holomorph are BCI-algebras, it is established that
the former is a BCK-algebra if and only if the latter has a BCK-
subalgebra. Moreover, the holomorphy of the associative and
some non-associative Fenyves BClI-algebras are also studied.
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1. INTRODUCTION

BCK-algebras and BCI-algebras are abreviated to two B-algebras.
They were introduced by Imai and Iseki [16]. The two algebras
originated from two different sources. Omne of the motivations is
based on set theory. In set theory, there are three most elemen-
tary and fundamental operations. They are the union, intersection,
and set difference. If we consider those three operations and their
properties, then as a generalization of them, we have the notion of
Boolean algebras. If we take both the union and intersection, then
as a general algebra, the notion of distributive lattices is obtained.
Moreover, if we consider the union or the intersection alone, we have
the notion of upper semilattices or lower semilattices. However, the
set difference together with its properties had not been considered
systematically before Imai and Iseki. Jaiyéola et al. [15] introduced
new kinds of BCl-algebras known as Fenyves BCI-algebras. In this
paper, we will study the holomorphy of the classical BCI-algebras
as well as the holomorphy of Fenyves BCl-algebras.
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2. PRELIMINARY

Definition 1([28]): A triple (X;*,0) is called a BCI-algebra if the
following conditions are satisfied for any x,y,z € X

(1) ((wxy)* (2% 2) * (25 9) = 0

(2) x %0 =x;

B)zxy=0andyxz=0= x=y.
We call the binary operation * on X the multiplication on X, and
the constant 0 of X the zero element of X. We often write X
instead of (X%, 0) for a BCl-algebra in brevity.
Example 1([28]): Let S be a set. Denote 2° for the power set
of S in the sense that 2° is the collection of all subsets of S, —
the set difference and ) for the empty set. Then, (2°;—,0) is a
BClI-algebra.
Example 2([28]): Suppose (G;-,e) is an abelian group with e as
the identity element. Define a binary operation * on G by x %y =
zy~!. Then (G, *,e) is a BCI-algebra.
Example 3([28]): Let Z be the set of integers. Then, (Z, —,0) is
a BCl-algebra.
The following theorem gives necessary and sufficient conditions for
the existence of a BCl-algebra.
Theorem 1([28]): Let X be a non-empty set,* a binary operation
on X and 0 a constant element of X. Then, (X,*,0) is a BCI-
algebra if and only if the following conditions hold:
(1) ((zxy)* (zx2)) * (2 xy) = 0;
2) (zx(zxy)*y=0;
rxx =0;
rxy=0and yxx =0 imply x = y.

3. THE HEART OF THE MATTER

Definition 2: A BCI- algebra (X, *,0) is called a Fenyves BCI-
algebra if it satisfies any of the identities of Bol-Moufang type.
The identities of Bol-Moufang type are given below:

Fizxy-ze = (xy - 2)x Fei: (zy - 2)x = z(y - zx) (extra
Fyi: xy-zx = (z-yz)x (Moufang identity)
identity) Fri: (zy - 2)x = z(yz - x)
Fs:: xy -z = x(y - 2x) Fgi: (x-yz)r = x(y - 2x)
Fy:: xy-zx = x(yz-x) (Moufang  Fy:: (z-yz)r = x(yz - x)
identity) Fio:: 2(y - zz) = 2(yz - x)

Fsi: (zy - 2)z = (v -y2)z Fizxy oz = (xy-x)2
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2oy -rz = (v-yxr)z
iy - xz = x(yr - z) (extra

identity)

moay vz =x(y - x2)
2 (zy-x)z = (v yx)z

i (zy - o)

i (zy - x)z = x(y - xz) (Mo-

z=uz(yzr - 2)

ufang identity)

2 (z-yx)z = x(y - xz) (left

Bol identity)

moa(yr - z) =x(y - x2)
myr-ze = (yx - z2)x
myr - ze = (y - xz)r (extra

identity)

yr - ze =y(rz - x)

2yx - ze = y(x - zx)

2 (yr-2)r = (y-z2)x

: (yx - 2)x = y(rz - x) (right

Bol identity)

i (yx - 2)x = y(x - zx) (Mo-

ufang identity)

2 (y-zz)r =y(az-x)

2 (y-zz)r =y(x- zx)
y(xz ) =y(x - z2x)
wyr-xz = (yr- )2
myr-rz = (y-xx)z

2y -rz =y(ax - 2)
myr-rz =y(x - xz)

2 (yr-x)z = (y-2x)z

i (yxr - x)z = y(zx - z) (RC

identity)

141

@ (yrx)z = y(z-2z) (Ciden-

tity)

2 (y-ax)z =ylax - 2)
2 (y-zx)z = y(x - 2zz) (LC

identity)

my(zx - z) =y(x - x2)
@ axx-yz = (z-ay)z (LC iden-

tity)
woar-yz = (xx-y)z
xx-yz = x(x - yz)
xx-yz =x(zy - 2)

2 (x-ay)z = (v - y)z
(- a2y)z = z(x - yz) (LC

identity)

i (xx-y)z = z(x -

yz) (LC
identity)

2 oa(r-yz) =x(ry - 2)
wyz-ar = (yz- o)z
wyzoar = (y-zo)x

i yzoax = y(ze-x) (RC iden-

tity)

tyz-ar =y(z - xw)

2 (yz o)z = (y-z0)x
i (yz - o) = y(zx - x) (RC

identity)

@ (yz - 2)r = y(z - zx) (RC

identity)

2 (y-zo)r =y(zx - x)
F59!Z (
F6O::

y-zx)r =y(z-zx)
y(zz - ) = y(z - w2)

Consequent upon this definition, there are sixty varieties of Fenyves
BCT -algebras. We give some varieties of Fenyves BCl-algebras as
follows:
Definition 3: A BCl-algebra (X, *,0) is called an Fj-algebra if it
satisfies the following condition: zy*zx = (zyxz)*x ¥V x,y,z € X.
Definition 4: A BCl-algebra (X, *,0) is called an F;- algebra if it
satisfies the following condition: (zy*z)xr = (r*xyz)x ¥V x,y,z € X.
Definition 5: A BCl-algebra (X, *,0) is called an Fj;-algebra if it
satisfies the following condition: (r*zy)z = z(xy*2) V x,y,2z € X.



142 E. ILOJIDE, T. G. JAIYEQLA AND M. O. OLATINWO

Let us now give some examples of a Fenyves” BCl-algebra:
Example 4: Let (G;-, e) be an abelian group with e as the identity
element. Define a binary operation * on G by z *y = xy~!. Then
(G, *,e) is an Fg-algebra, Fig-algebra, Fyg-algebra, Fyg-algebra, Fjg-
algebra, Fio-algebra, Fyy-algebra, Fxg-algebra.

Example 5: Let S be a set. Denote 29 for the power set of S
in the sense that 2° is the collection of all subsets of S, — the set
difference and () for the empty set. Then (2%; —, () is an Fy-algebra,
Fys-algebra, Fs4-algebra.

Definition 6([28]): A BCl-algebra (X, *,0) is called associative if
(xxy)xz=xx*x(y*x2)VavyzeX.

Definition 7([28]): A BCl-algebra (X, *,0) is called p-semisimple
if0x(0xz)=xVereX.

The following theorems give equivalent conditions for associativity
and p-semisimplicity in a BCl-algebra:

Theorem 2 ([28]): Given a BCl-algebra X, the following are
equivalent:

(1) X is associative.
(2) Oxx=zVuzelX.
B) zxy=y*xxVayelX.
Theorem 3 ([28]): Let X be a BCl-algebra. Then the following
conditions are equivalent for any z,y, z,u € X:
(1) X is p-semisimple.
) Ox (y*xx)=xx*y.
) (x*xy)*(xx2) =2xy.
) z*x = z*y implies © = y. (the left cancellation law)
(6) z*xy =0 implies z = y.
Theorem 4 ([28]): Let X be a BCl-algebra. X is p-semisimple if
and only if one of the following conditions holds for any z,y, z € X:

(

(3
(4
(5

(1) 2%z =y * z implies z = y. (the right cancellation law)

(2) (y*xx)*(zxx) =yx*2.

(3) (xxy)* (zxz2)=0x*(y*2).
Definition 8 (Jaiyéola [29]): Let L be a non-empty set. Define
a binary operation (-) on L . If -y € L for all z,y € L, (L,-) is
called a groupoid. If the equations:

a-r=1>b and y-a=>=

have unique solutions for x and y respectively, then (L, -) is called
a quasigroup. If there exists a unique element e € L called the
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identity element such that for all z € L, x-e =e-x =z, (L,-) is
called a loop.

Theorem 5 ([28]): Suppose that (X;x*,0) is a BCl-algebra. X
is associative if and only if X is p-semisimple and X is quasi-
associative.

Theorem 6 ([28]): Suppose that (X;*,0) is a BCI-algebra. Then
(xxy)xz=(xxz)*xyforall z,y,z € X.

Remark 1: In Theorem 5, quasi-associativity in BCI-algebra plays

a similar role which weak associativity (i.e. the F; identities) plays
in quasigroup and loop theory.

Definition 9([28]): A BCI-algebra (X;*,0) is called a BCK-algebra
if0xx =0 for all z € X.

Since late 1970s, much attention has been paid to the study of BCI
and BCK algebras. In particular, the participation in the research
of polish mathematicians Tadeusz Traczyk and Andrzej Wronski
as well as Australian mathematician William H. Cornish, etc. has
made the study of BClI-algebras to attract interest of many math-
ematicians. Many interesting and important results are discovered
continuously. Now, the theory of BCl-algebras has widely spread
to areas such as general theory which include congruences, quo-
tient algebras, BCI-Homomorphisms, direct sums and direct prod-
ucts, commutative BCK-algebras, positive implicative and implica-
tive BCK-algebras, derivations of BCI-algebras, and ideal theory of
BCl-algebras ([16, 17, 14, 22, 27]).

Jaiyéold et al [15] looked at Fenyves identities on the platform
of BCl-algebras. They classified the Fenyves BCl-algebras into
46 associative and 14 non-associative types and showed that some
Fenyves identities played the role of quasi-associativity, vis-a-vis
Theorem in BCl-algebras. They clarified the relationship between
a BCl-algebra, a quasigroup and a loop. Some of their results are
stated below.

Theorem 7 ([15]):
(1) A BCI algebra X is a quasigroup if and only if it is p-
semisimple.
(2) A BCI algebra X is a loop if and only if it is associative.
(3) An associative BCI algebra X is a Boolean group.

Theorem 8 [15]: Let (X;%,0) be a BCl-algebra. If X is any of
the following Fenyves BClI-algebras, then X is associative.

(1) Fj-algebra (3) Fy-algebra (5) Fr-algebra
(2) Fy-algebra (4) Fs-algebra (6) Fy-algebra
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(7) Fip-algebra (21) Fys-algebra (35) Fys-algebra
(8) Fij-algebra (22) Fyr-algebra (36) Fyy-algebra
(9) Fio-algebra (23) Fyg-algebra (37) Fys-algebra
(10) Fi3-algebra (24) F3p-algebra (38) Fyr-algebra
(11) Fy4-algebra (25) F3i-algebra (39) Fys-algebra
(12) Fi5-algebra (26) F3p-algebra (40) Fyo-algebra
(13) Fig-algebra (27) Fsz-algebra (41) Fyp-algebra
(14) Fi7-algebra (28) Fiy-algebra (42) Fs;i-algebra
(15) Fig-algebra (29) Fis-algebra (43) Fss-algebra
(16) Fyo-algebra (30) Fig-algebra (44) Fsr-algebra
(17) Fyy-algebra (31) Fir-algebra (45) Fsg-algebra
(18) Fys-algebra (32) Fig-algebra (46) Fgo-algebra
(19) Fyy-algebra (33) Fyo-algebra

(20) Fys-algebra (34) Fyi-algebra

Remark 2: All other F;’s which are not mentioned in Theorem 8
were found to be non-associative. Every BCl-algebra is naturally
an F54; BCl-algebra.

Definition 10 (Jaiyéola [29]):(Holomorph). Let (@, -) be a groupoid
(quasigroup, loop) and A(Q) < AUM(Q,-) be a boolean group
of automorphisms of the groupoid (quasigroup, loop) (@Q,-). Let
H = A(Q) x Q. Define o on H as

(Oé,l') © (B>y> = (Oéﬁ,xﬁ ’ y) for all (OJ,IL'), (5,3/) € H.
(H, o) is a groupoid (quasigroup, loop) and is called the A-holomorph
of (@, ).
Definition 11 (Jaiyéola [29]):(A-regular and p-regular bijections).
A bijection U of a groupoid (G, -) is called A-regular if there exists
an autotopism (U, I, U) of (G, -) such that U -y = (z-y)U V 2,y €
G.

A bijection U of a groupoid (G, -) is called p-regular if there exists
an autotopism (I, U, U) of (G, -) such that z-yU = (z-y)U V 2,y €
G.

The holomorph of a loop is a loop according to Bruck [4]. Since
then, the concept of holomorphy of loops has caught the attention
of some researchers. Interestingly, Adéniran [1] and Robinson [25],
Chein and Robinson[9], Adéniran et al [2], Chiboka and Solarin [10],
[12], Bruck [4], Bruck and Paige [5], Robinson [24], Huthnance [26],
Adéniran et tal [3] and, Jaiyéola and Popoola [20] have respectively
studied the holomorphic structures of Bol/Bruck loops, Moufang
loops, central loops, conjugacy closed loops, inverse property loops,
A-loops, extra loops, weak inverse property loops and generalized
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Bol loops. Isere et al [18] looked at the holomorphic structure of
Osborn loops.

In this present work, the holomorphy of BCI-algebras are stud-
ied. The holomorphy of both the associative and non-associative
Fenyves BCl-algebras are also studied.

4. MAIN RESULTS

4.1. REGULAR BIJECTIONS AND AUTOMORPHISMS OF BCI-
ALGEBRAS

We first present a result on regular bijections and automorphisms
of BCl-algebras.

Lemma 1: Let (G, %) be a BCl-algebra with 6 € SYM(G, *). Then
the following hold:

(i) 0 is A-regular < 0R, = R0 < L,s = L, for all z € G.

(ii) d is p-regular < 0L, = L0 < R,s = R, for all x € G.

(iii) d is p-regular < 0R, = R,s < Lys = 0L, for all x € G.

Proof:

(i) 0 is A-regular < (0,1,0) € AUT (G, %) < yoxxl = (y *
)0 < yoR, = yR,0 & 0R, = R0 < ydR, = yR,0 &
yoxx = (y*x)0 < wLys = xL,0 < Lys = Ly0.

(i) 0 is p-regular & (1,6,0) € AUT (G, %) < ol xyd = (z *
y)0 < yoL, = yL,0 < 0L, = L0 < yoL, = yL,0 &
rxyd = (r*y)d < xRy = xR0 & Rys = Ry6.

(iii) § is p-regular with adjoint & = § < (6,61, 1) € AUT
(G,x) & xdxyd' ™t = (xxy)l & 26 *xydd'™' = z*yd (by
replacing y by yd) & w0 *xy = v % yd < w0R, = vRy)s <
R, = Rys & 20R, = 2Ry & 20 xy = o+ y0 & yLys =
YSLy < Lys = 0L,

Lemma 2: Let A be an automorphism on a BCl-algebra (G, -).
Then the following hold for all z,y € G-

(i) RyA= ARy

(i) L, A= AL,4

Proof: Suppose A is an automorphism on (G, ). Then (z-y)A =
xA-yAforall z,y € G.
(i) Fixing x, we have tRyA = AR 4 = R,A = ARy 4.

(i) Fixing y, we have yL, A = yAL,s = L, A= AL4.
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4.2. HOLOMORPHY OF BCI-ALGEBRAS

We now present results on holomorphy of BCI-algebras.
Theorem 9: Let (G, -,0) be a BCl-algebra, and let (H, o) be the
A-holomorph of (G,-). (H,o) is a BCl-algebra if and only if [(z0 -
yo) - (x-2zy)] - (z-y) =0 for all z,y,z € G,0,7 € A(G).
Proof: We shall be using Definition 1. Now, (I,0) € H Consider
(a,x) o (1,0) = (al,zl -0) = (a, ). So, (I,0) is the zero element
of H.
NOW let (o, x),(B,y) € H. Suppose (a,x) o (8,y) = (I,0) and
( ,1‘) (170) Then (aﬁaxﬁy):([>0) and (ﬁOé,yOé'x):
(I,O)<:>aﬁ I.xf-y = 0and fa = ILLya -2 = 0 & a =
s - yanndB—a lya-2 =0 a=p3,28-y =0 and
0 < za-y =0 and ya -z = 0. Replace z with za™!
=0 ndywithyof1 inya-r=0toget z-y =0 and
=r=y=(a,z)=(5y)
Now, let (o, x), (8,y), ( z) € H. Consider {[(a,x) o (8,y)] o

(@2) o (1.2)] } o [(1,2) 0 (B,9)] = [(@B,28-y) o (ar,27 - 2)] o

(48, Zﬁ-y) ~ | (aBar, (xﬁ-y)av-(m-z))} (18, 28y) = |aBaryB, (25

y)OfY‘(fw'Z))Vﬁ-(Zﬁ-y)] (as o, 8,y are homomorphisms)= [/, ((zBay-

yan) - (@y- 298+ (28-9)] = (I, (za-yaB) - (@8- 298)) - (:B-y) ) =

(1,0) & [(xowyozﬁ) . (xﬁzﬁv)] (zB-y) = 0. Replace z with 2571,

x with 287! to get [(xaﬁ ~yaf) - (z- zv)} (z-y) =0 (as aff = fa

for Boolean group) < [(zd-yd)-(z-27)] - (z-y) = 0 (where § = af).
Conversely, Suppose [(z6-yd)-(z-27)]-(z-y) = 0forall z,y, z €

G, 0,7 € A(G). Doing the reverse on [(zaf-yaf) - (z-27)] - (z-y)

in the equation (I, ((xa-yapf) - (xf - z7vP)) - (2 - y)) = (I,0) we

have (ozﬁawﬁ, [(m yap) - (zf - 267)} (28 - y)) = ({,0) which

subsequently leads to {[(a,2) o (8,9)] o [(2) 0 (3,2)] } o [(3,2) 0
(B,y)] = (1,0). Hence, (H, o) is a BCl-algebra.

Theorem 10: Let (G, -) be a groupoid with A-holomorph (H, o).
(H,o) is a BCl-algebra if and only if (G,-) is a BCl-algebra and
(0 -yd) - (x-27)] - (z-y)=0forall z,y,z € G,0,7 € A(G).
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Proof: Suppose (H, o) is a BCl-algebra. The set S = {(/,z):z €
G} is a subalgebra of (H, o). Consider the function f: (G,-:) — S
defined by f(z) = (I,z)Vx € G. We claim that f is an isomor-
phism.

Now, let (I,z),(I,y) € S. Then (I,z)o (I,y) = ({I,z] -y) =

Let z,y € G. Consider f(x-y) = (l,z-y) = ([I,z] - y) =
(I,z)o(I,y) = f(z)o f(y). So, f is a homomorphism.

Now, let z,y € G > f(z) = f(y) = (I,z) = (I,y) = = = v.
So, f is one to one. Clearly, by definition, f is onto. So, f is an
isomorphism.

Now, since (H,o) is a BCl-algebra, its subalgebra S is also a
BCl-algebra, and by the isomorphism, (G, -) is a BCI-algebra. By
Theorem 9, we have [(z6 - yd) - (x - z7)] - (z-y) = 0.

Conversely, suppose (G, -) is a BCl-algebra and [(z0 - yd) - (x -
27)] - (z - y) = 0, then by Theorem 9, (H, o) is a BCI-algebra.
Theorem 11: Let (G,-) be a BCl-algebra with an A-holomorph
(H,o) which is also a BCl-algebra. (H,o) is p-semisimple if and
only if (G, -) is p-semisimple.

Proof: (H,o) is p-semisimple < (1,0) 0 [(1,0) o (o, z)] = (v, )
(£,0) 0 [(1,0) o (e, )] = (@, ) & (I,0) o [([ev, 0cx - )] = (e, )
(1,0)0(,0-2) = (a,2) < ({a,0a-02) = (o, ) < (a,0-(0- 7))
(,z) < 0-(0-2) =2 < (G,-) is p-semisimple.

Corollary 1: Let (G,-) be a groupoid with A-holomorph (H, o).
(H,o) is a p-semisimple BCl-algebra if and only if (G,-) is a p-
semisimple BClI-algebra and [(z6 - yd) - (z - z7)] - (z-y) = 0.
Proof: Follows from Theorem 10 and Theorem 11.

Theorem 12: Let (G, -) be a BCl-algebra with A-holomorph (H, o)
which is also a BCl-algebra. (G, -) is a BCK-algebra if and only if
{(I,z) : z € G} is a BCK-algebra.

Proof: Now, {(/,z): 2z € G} is BCK < (1,0) o (I, 2)
(I1,0 - 2) = (1,0) & (1,0 -2) = ([,0) < 0 -z =
BCK.

Corollary 2: Let (G,-) be a groupoid with A-holomorph (H, o).
(H, o) is a BCK-algebra if and only if (G, -) is a BCK-algebra and
[(0-yd) - (x-27)] - (z-y)=0forall z,y,z € G,0,7 € A(G).
Proof: Follows from Theorem 11 and Theorem 12.

I

= (1,0) &
0 < (G,-) is

4.3. HOLOMORPHY OF ASSOCIATIVE FENYVES BCI-ALGEBRAS

We now present results on holomorphy of associative Fenyves BCI-
algebras.
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Theorem 13: Let (G, -,0) be a BCl-algebra with an A-holomorph

(H, o) which is also a BCl-algebra. (H, o) is associative if and only

if (G,-) is associative.

Proof: Now, (H,o) is associative if and only if (7,0) o (a,x) =

(o,z) & (Ia, 00 - x) = (o, ) & 0- 2 =z & (G, -) is associative.

Corollary 3: Let (G, -,0) be a BCl-algebra with an A-holomorph

(H,o) which is also a BCl-algebra. (H,o) is an Fj-algebra if and

only if (G, -) is an Fj-algebra wherei = 1,2,4,6,7,9,10, 11, 12,13, 14,
15,16, 17, 18,20, 22, 23, 24, 25, 26, 27, 28, 30, 31, 32, 33, 34, 35, 36, 37,
38,40,41,43,44,45,47,48,49, 50, 51, 53, 5758, 60.

Proof: Follows from Theorem 8 and Theorem 13.

Corollary 4: Let (G,-) be a groupoid with A-holomorph (H, o).

(H,o) is an associative BCl-algebra if and only if (G,-) is an as-

sociative BCl-algebra and [(zd - yd) - (z - z7y)] - (2 - y) = 0 for all

z,y,z € G,0,7 € A(G).

Proof: Follows from Theorem 8, Theorem 10 and Theorem 13.

4.4. HOLOMORPHY OF BCI-ALGEBRAS AND NON-ASSOCIATIVE
FENYVES BCI-ALGEBRAS

We now present results on holomorphy of BCI-algebras and non-
associative Fenyves BCl-algebras.
Theorem 14: Let (G, -) be a BCl-algebra with A-holomorph (H, o)
which is also a BClI-algebra such that every automorphism ¢ on
(G,-) is p-regular and | § |= 2. Then (H, o) is an Fj-algebra if and
only if (G, ) is an Fj-algebra; where i = 27, 38.
Proof: Let (H,0) be an Fyr-algebra, and let (o, z), (8,v), (v, 2) €
(H,0). Then {[(8,y) o (e, x)] o (7,2)} o (e, 2) = (B,y) o {(a,x) 0
(7, 2) o (@, 2)]} & {[Be, yar- 2] 0 (7, 2)} o (a, ) = (B,y) o {(a,x) 0
ya, za-z]} < {fay, (ya-z)y-2 oo, 2) = (B, y) o {aye, ya-(za-
x)} & {fay, (yay-ay) -z} (o, 2) = (B,y) o{aya, zya- (2 x)
{Barya, [(yay - 27) - 2la - x} = {Baya,yaya - [zya - (za - x)]
{Barya, [(yay - ay)a - za] - a} = {Baya, yoayar - [zya - (za - x)]
{Barya, [(yaya - zya) - za] - 2} = {Baya, yaya - [zye- (2a - z)]
(yaya - xya) - zal - ¢ = yaya - [xya - (za - ).

Replace 2z with za™!, y with y(aya)™! to get [(y - zya) - 2] - & =
y - leya- (z-2)].

Put § =~vya to get [(y-20) - z] -z =y-[zd- (2 x)].

Replace = with zd to get [(y - 26%) - 2] -xd =y - [x6* - (2 - 20)] &
(y-x)-2]-2d =y-[x-(2-20)] & 2Ly, Rys = 2Rys Ly Ly < LypRys =
RusLyL, < 0LyuRes = 0RysLyL, < LRy = R,0L,L, <



ON HOLOMORPHY OF FENYVES BCI-ALGEBRAS 149

LyoRod = RyLyLy6 < LyoRy = RyLyLy < 2Ly Ry = 2Ry Lo L, as
required.

Let (H, o) be an Fsg-algebra, and let (o, x), (5,y), (v, 2) € (H, o).
Then [(,y)o (I,0)]o (1, 2) = (5.) 0 [(1,0)o (v.2)]  [3.yI -0]c
(7, 2) = (B,y)o[Iv,0v-2] & [By,yy-2] = [By,yv-(0-2)] & yy-2 =
yy-(0-2) < 2Ly, = 2LoLy, < Ly, = LoLy, < vLy, = YLoLy, <
L,y = LyyLy, < L,y = LoLyy < L, = LoL, < 2L, = zLoL, as
required.

Theorem 15: Let (G, -) be a BCl-algebra with A-holomorph (H, o)
which is also a BClI-algebra such that every automorphism ¢ on
(G,-) is A-regular, p-regular and | § |= 2. Then (H, o) is an F;-
algebra if and only if (G, ) is an Fj-algebra; where ¢ = 30, 40, 50, 53,

55,56, 58,

Proof: Let (H,o) be an Fyp-algebra, and let (o, x), (8,y), (7, 2) €
H. Then (8,) o {[(z)0 (3, 2)]o (0, 2)} = (B,y) 0 { (e, ) 0[(7, 2) o
(a,2)]} < (B,y) o {lay, a7 - 2] - (e, 2)} = (B,y) o {(a, x) o [y, zex -
2]} & (B,y)ofaya, (xy-2)a-z} = (B,y) o{aye, aya- (za-2)}
(B,y) o {aye, (zye - 2a) - x} = (B,y) o {aya, zya - (2o - 7)) &
{Baya, yaya- [(zay - za) - 2]} = {Baya, yaya - [zya - (za - 2)]} <
{yarya - [(zay - za) - 2]} = {yaye - [za - (za - x)]}.

Replace z with za™!, y with y(aya)™! to get

y-l(way-2) 2] =y-[ray- (2 2)].

Put ay =0 to get

y-[(xd-2)-x] =y-[z0-(2-2)] & 2L,sR. Ly, = 2R, LysL, <
LosRoL, = RoLusL, < 0LusRoL, = 0R,LosL, < Ly0R,L, =
Ry0LosLy < LyRy0L, = RyLo0L, < LyRyL,0 = RyL,L,0 <
L,R,L,=R,L,L, < zL,R,L, = 2R, L, L, as required.

Let (H,o) be an Fj-algebra, and let (o, z),(8,v),(v,2) € H.
Then (8,9) o {[( ) o (@, 2)] 0 (7,2)} = (8.9) o {{a,) 0 [(,2) o
(7, 2]} = (B,y) o {laa, za- 2] o (v, 2)} = (B,y) o {(a, ) 0 [ary, 7 -
A} & (8,) o [aay, (wa - o)y - 2] = (8) 0 [aay, 20y - (27 - ) &
(B,y) o [aay, (xay - a7) - 2] = (B,y) o [aay,zay - (z7 - 2)] &
{Baay, yaary - [(xay - 27) - 2]} = {Baay, yaay - [zay - (z7 - 2)]} &
yaay - [(zay - za) - z] = yaary - [xay - (z7y - z)]. Replace y with
y(aay)™ to get y - [(zay - 27) - 2] = y - [vay - (zy - 2)]. Put
ay=20togety- [(xd-ay) 2] =y-[x0- (v7-2)] & 2Lwseyly =
2Ly LosLy < Lgsay)y Ly = LayLesLy,. Replace x with xy to get
L($,Y5.$72)Ly = L$W2L175Ly 54 L(x,y(;.x)Ly = LxLx,y(;Ly. Put "}/5 =0to
get L(x@x)Ly = L:th@Ly ~ L(xx)éLy = L:th@Ly <~ eL(xcotx)GLy =
OL,LyoL, < OLweonioly = LoOLogLy, < LpOL, = L,L,0L, <
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LowLyf = LyLoLy0 < LyoLy = LyLyLy < LyoL, = 2Ly Ly Ly as
required.

Let (H,o) be an Fsp-algebra, and let («,z),(5,y),(v,2) € H.
Then (a,z) o {(a, z) o [(8,y) © (v, 2)]} = (@, x) o {[(e, ) © (B, y)] 0
(7? Z)} A (Oé,l') © {(Oé,l‘) © [B’%yﬁy ’ Z]} = (Oé,.%') © {[Oéﬁ,l’ﬁ ’ y] ©
(7,2)} & (a,z)o{aby, x87-(y7-2)} = (o, ¥)o{afy, (x8-y)y-2} &
{aapy, zapy-(xBy-yy-2)} = {aaby, zapy-(x8-y)y-2} & {vafy-
(xBycotyy-2)} = {xaBy-(xBv-yv)-z}. Replace y with yy~! to get
zafBy-[xfy-(y-2)] = zafy-[(xfy-y) z]. Put 6§ = afy to get 24 -
[2B7y-(y-2)] = x0-[(xBy-y)-2]. Put 0 = By to get xd-[26-(y-2)] = xd-
[(x‘gy> Z] <~ szL:BGthé = nyoRzLLBé < R.Lyglos = LogR. Lys <
eRzLxéLxé - eLxGRZLx(S < RzLxeLxé = LxeRzLxé < RzLxLxée =
L,R.L,s0 < 0R,L,L,s0 =0L,R.L.s60 < R,L,0L.50 = L,R,0L,s50

< R, L, L. 00 =L, R,L,00 = R,L,L, =L,R.L, < yR.L,L, =
yL,R.L, as required.

Let (H,o) be an Fjs-algebra, and let (o, z),(8,v),(v,2) € H.
Then [(8,y) o (v,2)] © [(@, ) o (a, 2)] = (B,y) o {[(7,2) © (a, )] 0
(@, 2)} & [By,yy-2loaa, za-z] = (8, y) o {[ya, za - z]o(a, 7)} &
[Braa, (yy-2)ac-(za-x)] = (B,y)o[yaq, (za-z)ara] < [fyaa, (yyaa:
zaa)-(za-z)] = {fyaa, yyaa, [(zaa-za)-z]} < (yyaa-zaa)-(zo-
r) = yyaa-[(zaa-za)-x]. Replace y with y(yaa)™!, z with z(aa)™!
toget (y-2) - (za-z) =y-[(z-2a) 2] © 2L Ry0s = 2Ry Re Ly <
LyReas = ReaRoly < LyRisa = ReaRoly < aLyRaa
aRy Ry Ly & LyaR .00 = @Ry Ry Ly < LyRp.pa = RpaR, Ly,
LyR(Cg.:C)Oé = RgER:CLyOé <~ LyR(Cg.Cg) = RxRxLy = ZLyR(Cg.CC)
2R, R, L, as required.

Let (H,o) be an Fis-algebra, and let (o, z),(8,v),(v,2) € H.
Then {[(8,y) o (7,2)] o (, 2)} o (a, ) = {(B,y) o [(7,2) o (e, )]} o
(a,2) = {187, 17-2Jo(a, ) }o(a, ) = {(B, y)olya, 2a-a]}o(a, ) +
{Bya, (yy - 2)a -z} o (a,2) = {Bya,yya - (za - 2)} o (a,2)
{Braa, [(yya - za) - zla -2} = {Braw, [yya - (za - 2)]a - 2} <
{Braa, [(yyo - za) - zla- 2} = {Byaa, [yyae - (zaa - za)] - 2} <
{Braa, [(yyaa- zaa) - za] - a} = {Byaa, [yyaa- (zaa - za)] - o} <
[(yyaa - zaa) - za] - x = [yyao - (zaa - za)] - . Replace y with
y(yaa) !, z with z(aa) ™' to get [(y-2) za] -z = [y- (2 -2a)] -z &
2LyRuaRy = 2ReuLyRy < LyRyaRy = RuaLyRy & aL,RynRy =
ARy, R, & LyRyaR, = RyaL,R, < LyR,Rec = RoL,Rocr <
L,R,R, = R, L,R, & 2L, R, R, = 2R, L, R, as required.

Let (H,o) be an Fsg-algebra, and let («,z),(5,y),(v,2) € H.
Then {[(8,) o (1, 2)] o (a,)} o (@, 2) = (8,) 0 {[(7,2) © (a, )] o
(@, 2)} & {[Br,yy - 2o (e, 2)} = (B,y) o {lya, zar - 2] o (e, )} &

gl
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{6ya, (yy - 2)a - x} o (ay2) = (B,y) o {yaa,(2a - ¥)a -z} <

{Braa, [(y7 - 2)a - ala - ©} = {Braa,yraa - [(za - p)a - 2]} <
{Byaa, [(yya - za) - 2o -z} = {fyaa,yroa - (200 - za) - o} <
{Braa, [(yya - za)a - zal - x} = {Byaa, yyaa - (zaa - za) - 2} &
{Braa, [(yyaa - zaa) - zal - 2} = {fyaa, yyaa - (zaa - za) -z} <

{[(lyyaa - zaa) - za] - ;E} = yyaa - {(zaa - za) - x}. Replace y with
y(yaa) !, 2 with z(aa) ™ to get [(y-2) - za] -z =y [(z-2a) 2] &
2LyRynRy = 2RuaRoLy © LyReaRy = RyaRoLy < aLyRyaRy =
aRyaRyoLy, € LyaRuaRy = RyaR,L, < LyRyaR, = RyaR,L, &
L,R.R,a = R,R,L,a < L,R,R, = RyR,L, < zL,R.R, =
2R, R, L, as required.

Let (H o) be an Fig-algebra, and let (o, x),(8,v),(v,2) € H.

Then {(8,1) o [(7.2) o (@ 2)]} 0 (@ 2) = (B,) 0 {[(72) 0 (,2)] o
(@.2)} & {(8,9) 0 v,z - al} o (o,2) = (B,y) o {yov,2a - o] o
(@, 2)} & {Bya, yya-(za-z)fo(a, ) = (B, y)o{raa, (za-x)a -z} &
{Bya, [yya - (za - 2)a - al} = (8,y) o (oo, (za0 - za) - 2} &
{Byac, [yyaa - (za - x)al - x} = {Bvaa, yyao - (zaa - za) - x} &
{Byaa, [yyaa - (zaa - za)] -z} = {fyaa, yyaa - (zaa - za) -z} <
[yyvaa - (zaa - za)] - x = yyaa - [(zaa - za) - z]. Replace y with
y(yaa) !, z with z(aa) ' to get [y- (z-za)] -z =y [(2-2a) 2] &
RyaLyRo = 2RonRuLy < RoaLyRy = RunRoLy < aRyaLyRy —
aRyoR,L, & RyaL,R, = RyaR,L, & R,L,Rya = R,R,L,a <
R,L,R, = R, R, L, = 2R, L R, = 2R, R, L, as required.
Theorem 16: Let (G, -) be a BCl-algebra with A-holomorph (H, o)
which is also a BClI-algebra such that every automorphism ¢ on
(G,-) is A-regular and | § |= 2. Then (H, o) is an Fj-algebra if and
only if (G, -) is an Fj-algebra; where i = 4,5, 6, 10, 20, 21, 25, 31.
Proof: Let (H,o) be an Fj-algebra, and let (a, ), (8,y), (7,2) €
H. Then [(0,2) o (8,1)] o [(7, 2) 0 (a, )] = (@) o {[(5,9) 0 (7, 2)]
(@)} & (08,28 - y) o (v, 20 - )] = (a,2) o [(Bryy - 2) o
(a,2)] & [afya, (x6-y)ya- (za-2)] = (a,z) o [y, (yy-2)a- 7] &
[aBya, (xf - y)ya - (za - 2)] = {afyo,afya- [(yy - 2)a - 2]}
[apya, (zBya-yya) - (za-x)] = {afya, zfya - [(yya - za) -2} <
(xBva - yya) - (za - z)zfya - [(yya - za) - x]. Replace z with za™!,
y with y(ya)™" to get (zfya-y)  (2-2) = 2fyya - [(y - 2) 2] &
(26 -y) - (z-x) = 26 - [(y - 2) - z](where § = fya) & yLpsR.o =
yR.R.L,s < L,R,. = R.R,L,s < L,0R., = R,R,L,0 &
as required.

Let (H,o) be an Fs-algebra, and let (o, x),(8,v),(v,2) € H.

Then {[(v,z) o (B,y)] o (v, 2)} o (a, 2) = {(a, ) o [(B,y) 0 (7, 2)]} o

—~ —
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(a,x) & {[af, z8-y]o(7,2)}o(o, ) = {(a, )o[By,y7-2]}o(a, 7) &
{apy, (@B - y)y - 2} o (a,x) = {afy, (xB7) - (yy- 2)} o (a,2) &
{apya, (2B - y)y - 2o - 2} = {afya, [(2By) - (yy - 2)]e - 2} <
{apya, [(xBy - y7) - 2o - a} = {afra, [(aBye) - (yy - 2)o] - o} <
{apya, [(xBy - yy) - 2la - 2} = {afya, [(x6ya) - (yya - za)] -2} <
{afya, [(xBy-y7)a-za] -2} = {abya, [(zfya) - (yya-za)] -2} <
{apya, [(abya-yya)-za] -x} = {afya, [(8ya) - (yya-za)] -z} <
[(zfya - yya) - za] - © = [(x6ya) - (yya - za)] - z.

Replace z with za™!, y with y(ya)™! to get

[(wfyor-y) - 2] -z = [(xBya) - (y-2)] - @

Put 6 = Bya to get

(26 -y) -2z =[26-(y-2)] < yLysR.R, = yR,LysR, <
L.,sR.R, = R.L,sR, < 0L,sR.R, = 6R.L,sR, < L,R.R,0 =
R.L,R.0 & L,R.R, = R.L,R. & yL,R.R, = yR.L,.R. as re-
quired.

Let (H,o) be an Fg-algebra, and let (o, ), (8,y),(v,2) € H.
Then {[(a,) o (8,y)] o (1.2)} o (a,2) = (a,2) o {(B,y) o [(,2) o
(a, )]} & {[0B, 28 9] 0 (7, 2)} o (@,) = (@) 0 {(B,y) o [y, za-
2} & a8, (@8- y)y - 2] o (ayx) = (av) o [Bya,y7a - (20 - 7)] &
{afya, [(zB - y)y - 2la - at = {afyo, zfya- [yye - (2a - z)]}
{afya, [(xBy - y7) - 2]a - a} = {afyo,afya- [yya - (za - 2)]}
{afya, [(xB87 - yy)a - za] - x} = {afya, xfya - [yya - (za - x)]}
{afya, [(zfyo-yya) - za] - 2} = {afya, zfya - [yya- (za- )]}
[(zfya - yya) - zal - x = {zfya - [yya - (za - z)]}. Replace z with
za! y with y(ya) ™" to get [(z8vya-y) - 2]- 2 = {zfra-[y- (2 2)]}.
Put § = fyatoget [(xd-y)-2]-x =xd-[y- (2 )] © yLsR. R, =
L,0R.R, = 6R.,.L,s & L.,R.R,0 = R,,0L,s & L,R.R,0 =
R..L,0< L,R.R,=R.,L, < yL,R.R, =yR..L, as required.

Let (H,o) be an Fjp-algebra, and let («,z),(5,y),(v,2) € H.
Then (,2) 0 {(8,) 0 [(7, 2) o (a, D)} = (a,2) 0 {[(B, ) © (1, )] 0
(Oé,.%')} = (Oé,.%') © {(B>y) o |y, za - 1‘]} = (Oé,.%') © {[ﬁf%yﬂy ’ Z] ©
(Oé,.%')} = (Oé,l')o{ﬁ"yOé, Yo ZOél')} = (Oé,l')o{ﬁ"y&, (3/72)0435} =
{afyo, zfyo - [yya- (za - 2)]} = {afyo, zfyo- (yy - 2)o - 2} <
{afyo, zfya- [yya - (za - 2)]} = {afyo, zfya - (yyo - za) - 2} <
{zfvya - [yya - (za - x)]} = {zfya - (yya - za) - }. Replace z
with za™!, y with y(ya)™! to get {zBya - [y (2 - 2)|} = {28va -
(y-z)-x}. Put 6 = Byatoget 20 -[y-(z2-x)] =20 [(y-2)-
[L’] <~ sz-xLaxS = szR:er(S <~ Rz-xLx6 = RZRCELCL‘5 < 5Rz-xL:t§ =
0R.R,L,; & R.,0L,; = R.R,0L,s <& R.,L,0 = R.R,L,0 <
R..L,=R.R,L, < yR,,.L,=yR.R,L, as required.

—

=
=
=
=
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Let (H,o) be an Fyy-algebra, and let (o, z),(8,v),(v,2) € H.
Then (a,2) o {[(8,4) o (@ )] o (,2)} = (@, 2) 0 {(8,) o [(e,2) o
(7, 2)]} < () o {[Bev, yar- 2] o (7, 2)} = (e, ) o {(B,y) o [y, 7 -
2]} & (o, z)o{Bay, (ya-x)y- 2} = (o, x) o {Bay,yay - (a7-2)} &
{afay, zfay - [(yo- 2)y - 2]} = {aBay, zBay - [yay - (zy - 2)]} &
{afay, zfay - (yay - a7) - 2} = {aBay,zBay - [yay - (z7 - 2)]} &
{zBay - (yay-z7) - 2} = {zfay - [yay - (x7 - 2)]}. Replace y with
y(ay)™! to get {zfay - (y-2) -z} = {zfay [y (v 2)]}. Put
d=paytoget xd-[(y-z) -zl ={x0-[y-(zv-2)]} © yR.R.Lys =
R.R.0L,s = 6R,.0L,s & R,R.L,0 = R,.L,0 & R,R.L, =
R,.L, < yR.,R.L, =yR,..L, as required.

Let (H,o) be an Fy-algebra, and let (o, ), (5,y),(v,2) € H.
Then [(8, ) o (0, )] o (1, 2) o (@ 2)] = {[(£,9) © (,2)] 0 (1,2)} o
(a,2) & (Bat,ya-2) o (ya, 20-2) = {[Ba y-a] o (7, 2} o (a,7)
[Bavya, (yar-z)ya (za-x)] = [Bay, (yo-z)y-2]o(a, ) & [Baya, (ya-
z)ya- (za-x)] = {Baya, [(ya-z)y-zla-z} & [Baya, (yaya - zya)-
(za-z)] = {Baye, [(yay-a7) - 2la-a} < [Baya, (yaya-zya) - (za-
)] = {Paya, [(yay - xy)a - za] - 2} & [Baya, (yaya - aya) - (2a -
)] = {Baye, [(yoya - aya) - za] - 2} < (yaya - zya) - (2o - x) =
[(yaya - xya) - za] - . Replace y with y(aya)™!, 2z with za™! to
get (y-aya)-(z-x) = [(y-axya) - z] - x. Put 6 = ya to get
(y-x0)-(z-x) = [(y-x6) 2] & yRysR... = yRusR. Ry & RysR,. =
R,sR.R, & 0R,sR,,. = 0R,sR.R, & R,R., = R,OR.R, &
as required.

Let (H,o) be an Fys-algebra, and let (o, z),(8,v),(v,2) € H.
Then {[(8,y) o (a, x)] o (7, 2)} o (a, ) = {(B,y) o [(@, x) o (7, 2)]} 0
(a,2) & {[forya -] o (3,2)} 0 (a,2) = {(B,9) o [ay,27 - 2]} o
(@, 2) & {[fay, (ya - x)7 - 2]} o (a, 2) = [Bay - (27 - 2)] o (o, 2) &
{[Bay, (yay - xy) - 2]} o (o, ) = [Bay,yay - (z7 - 2)] o (a,2) &
{Barya, [(yay - z7) - Za -z} = {Baye, [yay - (27 - 2)]a - 2} <
{Barya, [(yoy - ay)a - za] - w} = {Pavya, [yaya - (xy - 2)al - 2} <
{Barya, [(yaya - zya) - za] -2} = {Baya, [yaya- (zya - za)] -2} <
(yaya - zyar) - za] - © = [yaya - (zya - za)] - z. Replace y with
y(aya)™, z with za™! to get [(y - zva) - 2] -2 = [y - (xya - 2)] - .
Put 0 = vya to get [(y-xd)-z]-x = [y- (xd-z)] - x. Replace x with
xd to get [(y-xdd) - z]-xd =[y- (266 -2)]-xd < [(y-x) 2] 26 =
[y : (.1' : Z)] - x0 & yR:tRszé = ny-szé < RyR.Rys = Ry Rys <
0R,R.R,s = 0R,.R,s & R,R.0R,s = R,.0R.,s & R,R.,R,0 =
R,.R,0 < R,R.R, = R,.R, & yR,R.R, = yR,..R, as required.
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Let (H,o) be an F3-algebra, and let (o, ), (8,y),

y),(v,2) € H.
Then [(8,y) o ()] o [(a, 2) o (7,2)] = {[(8.) o (. 93)% a

o (a,x)}o
° (v

(7, 2) & [Pa,ya-z]oay,zy- 2] = {[fa, ya- 2] o (@, 2)} o (7,2) &
[Bacy, (yar - w)ay - (27 - 2)] = {[Baa, (ya - 2)a - a]} o (7.2) &
[Baay, (yaay - zay) - (2 - 2)] = {[faw, (yaa - za) -2} o (v,2) &
[Bacry, (yaay - z07) - (27 - 2)] = {Baa, (yaa - za) - lyedotz} <

—

Baary, (yaay - zay) - (wv z)] = {Baay, [(yaay - zay) -y - 2]} <
yaay-xay)-(ry-2) = [(yaay-zay)-z7] 2. Replace y with y(aa)™!
to get (y-zay)-(zy-2) = (y-xay)-xy-z. Put § = ay to get (y-xd)-
(xy-2) =[(y-20)-27] 2 © YRy Ryryr = YR1s Ry R. & RysRoryo =
RysRy R, Putx = xd to get R s2 Rysy: = Rys2 Rysy R & Ry Rysy.. =
RyRy5,R.. Put 0y = 0 to get RyRup.. = RyRpoRR. <& RyRpnyp =
RoRwR. < 0R,Rgsyp = ORy RogR. < RyfR(pyp = RoORupR.
R.R,.0 = R,R,0R, < R.R,..0 = R,R,R.0 < R,R,,=R,R.R, &
yR.R,.=yR,R, R, as required.
Theorem 17: Let (G, -) be a BCl-algebra with A-holomorph (H, o)
which is also a BCI-algebra. Then (H, o) is an Fj-algebra if and only
if (G,-) is an Fj-algebra; where i = 42, 54.
Proof: Let (H,0) be an Fjs-algebra, and let (o, z), (8,v), (v, 2) €
H. Then (1,0) o [(B,y) o (v,2)] = [(1,0) o (B,y)] o (7,2) < (1,0) 0
(87, yy -2l = 18,08 ylo(v,2) < [IB7,087 - (yvy-2)] = [{B7, (08"
y)y -zl & (87,087 (yv-2)] = [87, (087 -yy) - 2] & 0By (yy-2) =
08y yy) -2 0:-(yy-2) = (0-y7) -z & yyR.Lo = yyLo . &
YR, Ly =vLoR, < R,Ly = LoR, < yR,Ly = yLoR, as required.
Let (H,o) be an Fss-algebra, and let (5,y),(v,2) € H. Then
(B:y)o(v,2) = (B,y)o(7,2) & (Bv,yv-2) = (By,yy-2). Put By =4
toget (0, yy-2) = (§,yy-2) © yyz=yy2 < 2L, = 2L, < L, =
Ly, < ~vLy =Ly & Lyy =L,y L, =Ly, & zL, = zL, as
required.

—~
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