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Qualitative Study of the Role of Pap Screening on
HPYV Transmission Dynamics

ALI JAVAME AND ABBA B. GUMEL!

ABSTRACT. A new deterministic model is designed and used
to assess the population-level impact of Pap cytology screening
on the transmission dynamics of human papillomavirus (HPV),
and associated dysplasia, in a community. In the absence of Pap
screening, the disease-free equilibrium (DFE) of the resulting
model is shown to be globally-asymptotically stable whenever
the associated reproduction number (Rg) is less than unity. Fur-
thermore, the model has a unique endemic equilibrium, which
is locally- and globally- asymptotically stable for special cases.
The disease-free equilibrium of the Pap screening model is also
shown to be globally-asymptotically stable when its reproduc-
tion number (Ros) is less than unity. The effect of uncertainties
in the estimates of the parameter values used in the numerical
simulations of the Pap screening model is accounted for via un-
certainty and sensitivity analysis. Numerical simulations of the
Pap screening model show that HPV transmission models that
do not incorporate disease transmission by individuals in the
pre-cancerous stages may under-estimate the burden of HPV
(and associated dysplasia) in the community. Although Pap
screening significantly reduces the incidence of cervical cancer
(for instance, detecting 50% of sexually-active females with cer-
vical intraepithelial neoplasia resulted in 95% reduction of cer-
vical cancer cases over 10 years), its singular use is insufficient
to lead to the effective control of the spread of HPV in the com-
munity.

Keywords and phrases: HPV, cervical cancer, equilibria, stabil-
ity, reproduction number.

1. INTRODUCTION

Human papillomavirus (HPV), a major sexually-transmitted dis-
ease, is known to be the causative agent of cervical cancer [1, 13]
(in addition to causing many other cancers in both females and
males [6, 13, 49, 50]). Each year, about 500,000 women develop
cervical cancer (with more than half of those women dying of the
disease) globally [4, 49]. In the year 2011, for instance, about
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12,000 cervical cancer cases were recorded in the USA (with about
4,000 fatalities) [4]. HPV targets epithelial basal cells, and HPV-
associated diseases are transmitted via skin-to-skin contact [29]. It
is known that 70% — 90% of HPV cases clear their infections natu-
rally within two years [1, 13, 15]. In women who do not clear their
HPV infection (typically those infected with high-risk HPV types
[6, 13, 61]), pre-cancerous lesions (cervical intraepithelial neoplasia
(CIN)) may persist for many years (and, consequently, progress to
cervical cancer [13, 45, 49, 50]). Furthermore, high-risk HPV types
cause pre-cancerous intraepithelial neoplasia in males (INM), re-
sulting in various cancers (such as anal and penile cancers) [5, 19].
Pap screening has played an essential role in the early detection of
CIN and, consequently, reduce cervical cancer incidence and mor-
tality [45, 50] (for instance, it is known that regular Pap screening
decreases the incidence of cervical cancer by 70% over the last five
decades [28, 43]). Pap screening detects abnormal cervical cells,
including pre-cancerous cervical lesions and early cervical cancers
[13, 17, 50]. Once detected, pre-cancerous lesions can be treated
successfully (using, for instance, loop electrosurgical excision pro-
cedure, which involves the removal of a cancerous tissue using a wire
loop, or using laser therapy [14, 50, 53]). Cervical cancer screen-
ing consists of two screening tests, namely cytology-based screening
(known as the Pap test (or Pap smear or Pap cytology), and HPV
testing [50]. The major goal of the screening is to detect abnormal
cells that may develop into cancer if left untreated, while HPV test-
ing is used to check for the presence of DNA or RNA of high-risk
HPV types in cervical cells [36, 50]. It has recently been recom-
mended that women have their Pap test at the age of 21 [50] (and
such test should be administered every 3 years for women of age 21
through 29 [50]; women of age 30 through 65 can be screened every
5 years with Pap and HPV co-testing or every 3 years with a Pap
test alone [15, 50]). Pap screening is not administrated for males.

Although three anti-HPV vaccines, namely Cervariz® (Glaxo-
SmithKline), Gardasil@® and Gardasil 9® (Merck Inc.), have been
approved for use to protect new sexually-active males and females
against some of the most common HPV types [37, 49, 51, 57, 60,
Pap screening remains a critically important preventive measure
against HPV infection (this is largely due to the low coverage, high
cost, and the side-effects associated with the use of the two anti-
HPV vaccines [7, 25, 31, 38, 49, 56]).



582 ALI JAVAME AND A. B. GUMEL

Mathematical models, typically of the form of deterministic sys-
tem of non-linear differential equations, have been developed and
used to study the transmission dynamics of HPV and associated
dysplasia in a community [2, 3, 16, 19, 20, 21, 22, 35, 40, 44, 45, 48].
Myers et al. [48] modeled the natural history of HPV infection and
cervical carcinogenesis using a deterministic model. Models for as-
sessing the impact of vaccination on HPV dynamics were presented
in [2, 3, 10, 11, 16, 19, 21, 22, 40]. Malik et al. [45], Kulasingam
and Myers [40] and Bosch et al. [9] investigated the combined im-
pact of an anti-HPV vaccine and Pap screening on the dynamics of
HPV and associated dysplasia. The purpose of the current study is
to extend prior Pap screening models for HPV transmission in the
literature by developing, and rigorously analyzing, a more realistic
model for assessing the population-level impact of Pap screening.
Some of the notable features of the novel model to be designed in-
clude adding the dynamics of pre-cancerous and HPV-related can-
cers in males, HPV transmission by individuals in the pre-cancerous
stages and including the dynamics of exposed (asymptomatic) in-
dividuals (i.e., HPV-infected individuals with no clinical symptoms
of the disease). The paper is organized as follows. The new Pap
screening model is formulated in Section 2. The model in the ab-
sence of Pap screening is analyzed in section 3. The full model
is analyzed in Section 4. Uncertainty and sensitivity analyses, as
well as numerical simulations of the Pap screening model, are also
reported.

2. MATHEMATICAL MODEL

The new model for the transmission dynamics of HPV in a com-
munity, in the presence of the Pap cytology screening, is designed by
stratifying the total sexually-active female population at time ¢ (de-
noted by Nf(t)) into twelve mutually-exclusive sub-populations of
susceptible females (S¢(t)), exposed (asymptomatic) females (E(t))
symptomatic (infected with clinical symptoms of HPV) females
(1£(t)), females with persistent HPV infection (Pf(t)), females with
undetected low-grade CIN (L, (t)), females with detected low-grade
CIN (Ly4(t)), females with undetected high-grade CIN (Hy, (1)),
females with detected high-grade CIN (H4(t)), females with unde-
tected cervical cancer (Cf,(t)), females with detected cervical can-
cer (Cq(t)), females who recovered from cervical cancer (Ry.(t))
and females who recovered from HPV infection without developing
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cervical cancer (Ry(t)), so that
Ni(t) = S5()+ By(t) + L(0) + Py(t) + Ly(t) + Lya(t)
+ Hpu(t) + Hypq(t) + Cpo(t) + Cra(t) + Rye(t)
4+ Ry(t). (2.1)

Similarly, the total sexually-active male population at time ¢ (de-
noted by N,,(t)) is sub-divided into nine mutually-exclusive sub-
populations of susceptible males (5,,(t)), exposed (asymptomatic)
males (FE,,(t)), symptomatic males (I,,(t)), males with persistent
HPV infection (P, (t)), males with low-grade INM (L,,(t)), males
with high-grade INM (H,,(t)), males with HPV-related cancer (C,,(t)),
males who recovered from HPV-related cancer (R,,.(t)) and males
who recovered from HPV infection without developing HPV-related
cancer (R,,(t)). Thus,

Np(t) = Sn(t) + En(t) + Ln(t) + Po(t) + L (t) + Hy (1)
+  C(t) + Rone(t) + Ry (t). (2.2)

It follows from (2.1) and (2.2) that the total sexually-active (het-
erosexual) population, at time ¢, is given by N(t) = N¢(t) + Ny (2).
The model for the transmission dynamics of HPV (and associated
dysplasia) in a community, in the presence of Pap screening, is
given by the following deterministic system of non-linear differen-
tial equations (a flow diagram of the model is depicted in Figure

1; the associated state variables and parameters are tabulated in
Tables 1, 2 and 3):
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=75+ &Ry — (Am + py)Sy,

= AmSp — (o5 + pnf)Ef,

=orEr — (Y5 +pg)ly,

= =bp)bply +dpagrLpu + qrazsHyuw — (af + pg) Py,

= (1 —kp)agPs+qrazgHypu — (95 + 105) Lpus

=dys3gsLyy — (r1+ps)Llya,

= —(df1 +dp2 +dg3)lgsLyu + Jp2vCru — (25 + pp)Hypu,
=qp3zpHpy — (r2 +pp)Hya,

=[1—(as1 +ar2 +ars + qr)lzgHyuw — (vp + 115 + 65u)Cru;
=Jjr17fCpu — (r3 + py +3£a)Cra,

== U +3r2)sCru+r3Cra — pyRyc,

=bpbply +kpayPr+dpigrLyu +r1Llga+apzpHpy +r2Hpa — (&5 + pp) Ry,

=7Tm +EmBRm — (A\f + m)Sm,

=ASm — (om + pom)Em,

= omEm — (Ym + tm)Im,

= (1 = bm)mIm + dm2gmLm + gmszm Hm — (@m + pim) Pm,
= (1= km)amPm + gm22m Hm — (gm + pm) Lm,

= [1 = (dm1 + dm2)lgm Lm + Jm¥mCm — (2m + pm)Hm,

=[1 = (gm1 + gm2 + gm3)]zm Hm — (ym + pm)Cm,

= (1 = jm)¥mCm — pm Rme,

(2.3)
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The description of the derivation of the equations for the Pap
screening model (2.3) is given in Appendix A. The model (2.3)
is an extension of many HPV Pap screening models in the litera-
ture (such as those in [2, 3, 11, 20, 22, 45]) by, inter alia,

(i) incorporating the dynamics of exposed females (Ey) and
males (F,,), and allowing for HPV transmission by exposed
males and females (this is not included in the models devel-
oped in [11, 20, 22, 45));

(ii) incorporating the dynamics of individuals (females and males)
in the pre-cancerous intraepithelial neoplasia stages (CIN
and INM), as well as the dynamics of HPV-related cancers
in males (which are not included in the models developed in
[3, 11, 20, 22, 45]; it should, however, be stated that three
CIN stages for females are included in the model developed
in [45)):

(iii) allowing for the loss of infection-acquired immunity by re-
covered individuals (this is not included in the models con-
sidered in [11, 20, 22, 45]);

(iv) incorporating the regression from cervical (for females) and
other HPV-related cancers (for males) to high-grade in-
traepithelial neoplasia stages and from low- and high-grade
intraepithelial neoplasia stages to persistent infection (this is
not included in the models considered in [3, 11, 20, 22, 45));
it should, however, be stated that only regression from high-
grade intraepithelial neoplasia stage to persistent infection
is included in the model developed in [2]);

(v) allowing for HPV transmission by individuals (females and
males) in the various intraepithelial neoplasia stages (this is
not included in the models considered in [2, 3, 11, 20, 22,
45]).

2.1. Basic Properties. Since the Pap screening model (2.3) mon-
itors human populations, all its associated parameters and state
variables are non-negative for t > 0.

Theorem 2.1. Let the initial data be Sp(0) > 0, Ef(0)
1§(0) = 0, P¢(0) = 0, Lyu(0) = 0, Lya(0) = 0, Hp(0)
0, Cfu ) > 0, Cfd(()) > 0, Rfc(O) > 0, Rf(O)

> > 0, Pn(0) > 0, Ln(0) ,
(0) > 0, Rne(0) > 0, R,,(0) > 0. Then the so-
/ » Lya(t), Hypu(t), Ha(t),

)

~

~

VIV IV IV

0
0
0
0
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H, (1), Cr(t), Rine(t), Rin(t)) of the model (3.1), with positive initial
data, will remain positive for all time t > 0.

Proof. Let

t1 = sup {t>0:85(0)>0,E(0) > >0,P(0) >0,
Lpu(0) 20, Lp4(0) = 0, Hpy(0) 2 0, Hya(0) 2 0,C(0) = 0,

Ct4(0) > 0, Rs.(0) > 0, Rs(0) > 0,5,(0) >0, E,,(0) > 0,

1n(0) = 0, P (0) = 0, Lip(0) = 0, H,,(0) = 0, Cra(0) > 0,

Rone(0) > 0, R, (0) > 0} > 0.

0,1;(0) >

The first equation of the model (2.3) can be re-written as

;i {Sf( ) exp [/Ot Am(u)du] } > T €XP [/Ot Am(w)du =+ i (t) |

so that,

S | [ An(uduct ugin] - 5,00

t1 z
/ Tfexp [/ A (u)du + ufz} dz.
0 0
Thus,

Si(t) > S;(0)exp [— / 1Am<u>du—uft1}
0
Xp | — 1)\m du —
+ e p{ /0 (u)du :“ftl]
X /0 Tf eXp [/0 A (w)du + (§+/Lf)2:| dz > 0.
0

Similarly, it can be shown that E(t) >

Lyu(t) = 0, Lya(t) > 0, Hp,(t) > 0, Hya(t) >
Cra(t) >0, Rfc<t) >0, Rf( ) >0,5,(t) >0, E,(t) >0, 1,(t) >0,
P.(t) > 0, L,(t) > 0, Hy(t) > 0, Cpr(t) > 0, Ryue(t) > 0 and
R,,(t) > 0 for all time ¢ > 0. Hence, all solutions of the Pap
screening model (2.3) remain positive for all non-negative initial
conditions. 0

is equal to:
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Lemma 2.1. The closed set

D, =D;UD,, CRP? xR,
with,

Dy = {(S§, Ef, Iy, Pf, Lyu, Lya, Hpuy Hya, Cu, Cra, Rye, Ry) € RY
. Nf S ﬂ} s
My

and,

Dm = {(SmuEm,jmaPm7LmaHm70maRmcaRm> € R?&- : Nm < W_m} ,

m

is positively-invariant and attracting for the Pap screening model

Proof. Adding the first twelve equations of the model (3.1) gives

dN
—h == Ny = OpuCra+ 034Cpa) < 7p— Ny (24)

AN
It follows from (2.4) that d—tf < 0if Ny(t) > 3. Further, it

follows, using Comparison Theorem [41], that

N#(t) < Np(0)emr® 4 ZL[p — emms0)],
iy

In particular, Ny(t) < i N £(0) < LES Similarly, it follows from
Ff Ff

the last nine equations of the model (3.1) that

Non(t) < Ny (0)em® 4 T [ pmpm(®)]
fim
7Tm

Thus, N,,(t) < — if N, (0) < T, Therefore, the region D; is
v

positively-invariant for the Pap screening model (2.3). Further-
more, if N;(0) > ™ and N,,(0) > Tm then either the solution
My

m

0
enters the region Dy in finite time, or N(t) approaches 2 and
Ky

Ny (t) — T asymptotically [45]. Hence, the region D; attracts all

m
solutions in Ril . O
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Since the region D, is positively-invariant, the usual existence,
uniqueness, continuation results hold for the system (hence, it is
sufficient to consider the dynamics of the flow generated by the
Pap screening model (2.3) in this region [30]).

Before analyzing the Pap screening model (2.3), it is instructive
to explore the dynamics of the model in the absence of Pap screen-
ing (since Pap screening is not generally implemented in resource-
poor countries [26] and older, as well as poor, women, who are at
the highest risk of developing cervical cancer, are less likely to be
screened [26, 27]), as below.

3. ANALYSIS OF SCREENING-FREE MODEL

In the absence of Pap screening, the model (2.3) can be re-written
as (denoted by screening-free (or basic) model):
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' dd_‘? = 7= O+ 19) S5,
% = A\nSp— (o5 + pyp)Ey,
dd[;f =orEy — (rp+¥p + pg)ly,
% % =l — (rpo+ ap + puy) Py,
é di =apPr— (13 + g5 + 15)Qy,
d;’;f 95Qy — (rya =+ ps +95)C,
dle%t © =rpCy — pyRye,
\ dz =1rpds+1pPr+1p3Qr — upRy,
(3.1)
( % =T — (Af + ) S,
ddEt = ArSp — (O + tm) Enn,
‘% = 0 — (Tt + Y + i) I,
z dp = Vil — (T2 + Qm + i) Prm,s
<
- dfl?_tm = P — (T3 + Gon + fi) Qs
di = gnQm — (Tma + tin)Crn,
% = TmaCrm — fm Bone,
\ d% = Pyt Lon + T2 P+ T3 Q. — fhn B,

where N(t) = Nf(t) + Nm(t), with Nf(t) = Sf(t) + Ef(t) + If(f) +
Pf(t)—|—Qf(t)+Cf(t)+Rfc(t>+Rf(t) and Nm(t> = Sm(t) —i—Em(t) +
L (t) + Po(t) + Qum(t) + Coi(t) + Rine(t) + Ry (t). The variables and

parameters of the screening-free model (3.1) are described in Tables



590 ALI JAVAME AND A. B. GUMEL

4 and 5, respectively. It is assumed, for mathematical convenience,
that, for the model (3.1), only infected individuals in the sympto-
matic (/; and I,,,) and persistent infection (P and P,,) classes can
transmit the disease. Thus, the forces of infection, A, and s, are
now re-written, respectively, as

Bt (L + 0 Pr) Brcr (Iy+ 04 Pf)
= me and)\f:ff;;[mff.

The result below can be established using the approach in Section
2.

Am

(3.2)

Lemma 3.1. The closed set

D =D;UD,, C R} xRY,
with,

s

and,

m

T
Dm = {(Sm7EWL7[m7Pm7QWHCmyRmmRm) € Ri : Nm S _};

s positively-invariant and attracting for the screening-free model

(3.1).

3.1. Asymptotic Stability of Disease-free Equilibrium (DFE).
The DFE of the screening-free model (3.1), obtained by setting the
right-hand sides of the equations of the model to zero, is given by,

& = (55, E5 17, P7 Q% CF, Ry, Ry, S Eny 1, B, Qs O
R ... R)

mce?

- <ﬂ,0,o,o,o,o,o,o,”—m,o,o,o,o,o,o,()).
Ky m
The local asymptotic stability of the DFE (&) can be established
using the next generation operator method [18; 58|. Using the
notation in [58], the non-negative matrix F (of new infection terms),
and the M-matrix V (of the transition terms) associated with the
model (3.1), evaluated at &, are given, respectively, by:
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0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
F_l0o 0 0 0
0 Brep Bregby 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
and,
[ hy 0 0 0
—or  hs 0
0 —tr hs
0 0 —ay My
. 0 0 0 —ygr
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
| O 0 0 0

o O O O O O o o o o

0
0
0
0

o O O O O O o o o o

BmcsSi  BmesSiom
m Np,
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
he 0 0
—om  hr 0
0 =, hs
0 0 —Qyy,
0 0 0

0 0]
00
0 0
0 0
0 0
00|
0 0
0 0
0 0
00
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
he 0
—9m  hio

with, h; = of+ Uy, hy = Tf1 —i—iﬂf—i-,uf, hs =T +oar+ puy, hy =
Tf3 +gf+lu’f> h’5 =Ty +,uf+5f7 h6 = Om + [, h? = Tm1 +wm+ﬂm7
thng+Oém+Mm7 thTm3+gm+Mm and hm:?"m4 + -

It follows from [58] that the basic reproduction number of the
model (3.1) [30], denoted by Ry, is given by (where p is the spectral
radius of the next generation matrix F)V ')

with,

Ro=p(FV") = /R.Ry,

(3.3)
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Tt Hon B O ( Qm@%n) Bresoy ( 9f¢f)
R, = 1+ and R, = 1+ :
/,Lfﬂ'mhﬁh'y hg ! hlhg h3

The result below follows from Theorem 2 of [58].

Lemma 3.2. The DFE, &, of the model (3.1) is locally-asymptotically
stable (LAS) if Ry < 1, and unstable if Ry > 1.

The epidemiological consequence of Lemma 3.2 is that HPV can be
effectively-controlled in the community (when Ry < 1) if the initial
sizes of the sub-populations of the model (3.1) are in the basin of
attraction of the DFE (&;). The threshold quantity, R, represents
the average number of secondary HPV infections generated by one
infected male (female) in a completely-susceptible male (female)
population [30]. It is epidemiologically interpreted as follows.

Interpretation of the basic reproduction number. Consider the screening-
free model (3.1). Susceptible males acquire HPV infection, fol-
lowing effective contacts with symptomatic females (/;) or females
with persistent HPV infection (P;). The number of male infec-
tions generated by symptomatic females is the product of the infec-

tion rate of symptomatic females (M>, the probability that

Ny
an exposed female survives the exposed class and move to the
symptomatic stage (# = Z—’;) and the average duration in the

11
ritdptuy o he
male infections generated by females with persistent HPV infec-

tion is the product of the infection rate of females with persistent
HPYV infection (%), the probability that an exposed female
survives the exposed class and moves to the persistent infection

symptomatic class < ) Furthermore, the number of

class <—rf1 ot hz) and the average duration in the persistent

1
rratagtpy
new male infections generated by infected females (symptomatic or
those with persistent HPV infection) is given by (it is worth noting

that N = 5 = )

Hm,

infection class = h—13) Hence, the average number of

pmBrcror  pmBreroifsds\ oo Brcroy Oty
Sf =2 114+ 22 ), (34
( Tmhiho * Tmhihahs " hihg * hs ( )
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The terms in the left-hand side of (3.4) represent the number of new
male infections generated by symptomatic females (I;) and females
with persistent HPV infection (Py).

Similarly, susceptible females acquire HPV infection, following
effective contacts with symptomatic males (I,,,) or males with per-
sistent HPV infection (P,,). The number of female infections gen-
erated by symptomatic males is the product of the infection rate

of symptomatic males (%—£%>, the probability that an exposed

male survives the exposed class and move to the symptomatic

stage (Um”fum = ‘2—7;) and the average duration in the symptomatic
class <+ = i). Furthermore, the number of female in-
Tm1+Ym+im hr

fections generated by males with persistent HPV infection is the
product of the infection rate of males with persistent HPV in-
Brmcf0m S
Ny,
the exposed class and moves to the persistent HPV infection class

(m = h—7> and the average duration in the persistent in-

fection < >, the probability that an exposed male survives

S S
Tm2+0m +ll«m hS

female infections generated by infected males (symptomatic or those

with persistent HPV infection) is given by (noting that S} = Z—;)

fection class . Thus, the average number of new

(Mmﬁmcfo-m ,umﬁmcfa-memd}m) * 71-f,umﬁmcfo-m ( em,@bm)

+ S = HIEmEmTTm (g Tm T
Tmhehs Tmhehrhg s Tmhehy hg
(3.5)
The terms in the left-hand side of (3.5) represent the number of
new female infections generated by symptomatic males (7,,) and
males with persistent HPV infection (F,,). Since two generations
are needed in the female-male-female HPV transmission cycle, the
geometric mean of (3.4) and (3.5) gives the basic reproduction num-
ber, Rg, of the screening-free model (3.1).

Lemma 3.2 shows that the effective control of HPV in the com-
munity (when Ry < 1) is dependent on the initial sizes of the
sub-populations of the model. In order to show that such control
is independent of the initial sizes of the sub-populations, a global
asymptotic stability result should be established for the DFE (&)
of the screening-free model (3.1). This is done below.

Theorem 3.1. The DFE, &, of the screening-free model (3.1) is
GAS in D whenever Ry < 1.
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The proof of Theorem 3.1, based on using a comparison theorem, is
given in Appendix B. The epidemiological implication of Theorem
3.1 is that HPV will be eliminated from the community whenever
the associated basic reproduction threshold (Rg) is less than unity
(in other words, the requirement Ry < 1 is necessary and sufficient
for the effective control or elimination of HPV from the commu-
nity). Figure 2 shows the solution profiles of the screening-free
model (3.1), generated by simulating the model using various ini-
tial conditions, showing convergence to the DFE (&) for the case
when Ry < 1 (in line with Theorem 3.1).

3.2. Existence and Stability of Endemic Equilibrium Point:
Special Case. In this section, the existence and stability of en-
demic equilibria (i.e., equilibria where the infected components of
the screening-free model (3.1) are non-zero) will be explored. Let,
Sl = (S**7E**7[**7P;*7Q;*7C**7R;z7 R;*7SZ’T7E$7[;?7P:1*7Q;T7
Cos Ropey R),
represents an arbitrary EEP of the model (3.1). Furthermore, let
and )\f - )
Tm Tm

(3.6)
be the force of infection for males and females at endemic steady-

state, respectively (it should be mentioned that N,,(t) is now re-
placed by its limiting value N = Z—:) Solving the equations of

Kok
Ay =

the screening-free (3.1) at the endemic steady-state gives:

PNty hy hy hs
! h4 ’ h5 ’ Je [,l,f ’
R = Tflj;* ™ TfQP;* + Tf?’Q;* S** — Tm, ok )\}* ;":k
! i "N T he
Jo e D ¢ I** v P**
]**: ’VTLm,7 P**: mm, **: mm) 37
O = %—@: R rm40:;;k R — Tmll:;l* + TmQP,:l* + T‘m3Q:j:
m hl() ) mc Lom ) m L

Substituting the expressions in (3.7) into (3.6) gives

Bmcf:umam (Qmwm + hS))‘}*

A** — ,
m h6h7h8()\>}* + ,Um)

(3.8)
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T BrCritmap(Ophp + h3) A%

A= 3.9
f Wmhlhgh:;()\;k; + Mf) ( )
Substituting (3.8) into (3.9), and simplifying, gives
2
m —1
Wmhlhghg [5me/Lm(me'm(9m + O'mhg) + th6h7h8]

It follows from (3.10) that (since all the parameters of the model
(3.1) are positive) A} is positive whenever Ry > 1 (so that the
screening-free model (3.1) has a unique EEP whenever Ry > 1).
The components of the unique EEP can then be obtained by sub-
stituting (3.10) into the steady-state expressions in (3.7). Further-
more, if Ry = 1, then A}* = 0 (which corresponds to the DFE, &,
of the model (3.10)). For Ry < 1, A} < 0 (which is biologically
meaningless). These results are summarized below.

Theorem 3.2. The screening-free model (3.1) has a unique en-
demic equilibrium (of the form &) whenever Ry > 1, and no en-
demic equilibrium otherwise.

The local asymptotic stability property of the unique EEP (&)
of the screening-free model (3.1) will now be explored, for a special
case with no disease-induced mortality for the females (i.e., §y = 0).
It is convenient to define A = psp,, (D1 Dy — D3), where,

D1 = amgmA} finomOm + @ngm AT Vmlmy Om
Fam A} i VmOmhio + @A U rmsomhio
+pmhehrhshohio + Af pmhrhghohio + A} pim o mhghohio
+AF Tmiomhghohio + A mmomhohio

+)‘}k‘* wmer Om h9h10 )
Dy = aygrN psbroy +apgribsry o+ aphs A oy

+Oéfh5)\:;kwf7”f30'f + th1h2h3h4h5 + )\z;k/llfhgh3h4h5
+)\::[Lf0fh3h4h5 + )\:;k’l“fl th3h4h5 + )\;‘:ufd]fafmhg,
+/\:<:;¢f7“ﬂafh4h5,
1
D3 = W ( ;* ;:ky'fﬂmo—famﬁfﬁmcf2h4h5h9h10) (Vmbm + hs)
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with,
Sp = Nj- By~ I — P}~ Qf — O} — Ry~ Ry 20,
Si o= Ny By I — P — Qi — C — R — RE >0,

and,

Bme(]:: + QmP:,L*) )\}* _ ﬁf@f(];* + HfP;f*)

N ’ Nz

Theorem 3.3. The EEP (&) of the model (3.1) is LAS if Ry > 1,
0y =0 and A # 0.

wok
Ay =

The proof of Theorem 3.3, based on using a Krasnoselskii argu-
ment [23, 24, 55], is given in Appendix C. The epidemiological
implication of Theorem 3.3 is that, for the screening-free (3.1) with
Ro > 1 and negligible cancer-induced mortality in females (6; = 0),
HPV will persist in the community whenever the initial sizes of the
sub-populations of the model (3.1) are in the basin of attraction
of the unique EEP (&;). The equilibrium (&) is now shown to be
globally-asymptotically stable for a special case (below).

It is convenient to define Ry = Rolg,,—¢,—0 and the region (stable
manifold of the DFE of the screening-free model (3.1))

Do = Dy, UD,,, CRY x RY,
with,
Dy, = {(Sy, Es Iy, Py, Qy, Cy, Rye, Ry) € R
Ep=1I; =Py =Q;=C; =0},
Dro = {(SmsEms I, P, Quy Cony Rine, i) € RS
En=1I,=P,=Qnu=C,=0}.

Theorem 3.4. The unique EEP (&) of the screening-free model
(3.1), with 0, = 0 = 0, is GAS in D\Dy whenever Ry > 1,
Sp(t) < S3* and Si(t) < S for all t.

The proof of Theorem 3.4, based on using a nonlinear Lyapunov
function of Goh-Volterra type, is given in Appendix D. Theorem
3.4 shows that, for the case of the model (3.1) where individu-
als with persistent HPV infection do not transmit infection (i.e.,
0, = 0; = 0), HPV will always persist in the population when-
ever the associated reproduction threshold (R;) exceeds unity, and
that Sy(t) < S and S,,(t) < S for all time ¢. Figure 3 depicts
solution profiles of the screening-free model, showing convergence
to the unique EEP (&) for the case when Ry > 1 (in agreement
with Theorem 3.4). Tt is worth stating that although the conditions
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Sp(t) < S and Sp(t) < Sy for all ¢ are somewhat restrictive, ex-
tensive numerical simulations of the screening-free model (3.1) sug-
gest that the conditions always hold (all the extensive simulations
carried out support this claim).

The screening-free model (3.1) contains numerous parameters.
Hence, uncertainties can arise in the estimates of the values of these
parameters used in the numerical simulations of the model. To ac-
count for the effect of such uncertainties in the numerical simula-
tions of the screening-free model (3.1), a detailed uncertainty anal-
ysis (using Latin Hypercube Sampling (LHS) [8, 32, 33, 34, 46, 47])
is carried out. The implementation of the LHS technique entails
defining each parameter of the model as a distribution, and, subse-
quently, generating numerous LHS runs for a given output (which,
in this study, is the basic reproduction threshold, Ry). Sensitiv-
ity analysis (using Partial Rank Correlation Coefficients (PRCC)
[32, 33, 34]) is also carried out to determine the key parameters of
the model that most influence the disease transmission dynamics
(i.e., parameters of the model (3.1) that most affect the value of the
basic reproduction threshold Rg). Figure 4 depicts the box plots of
the basic reproduction number (Ry), as a function of the 1000 LHS
runs carried out, using the baseline parameter values and ranges in
Table 5. For any given number of runs (Ng), each box plot displays
the lower and upper quartile ranges of Ry (denoted by the lower
and upper horizontal lines on a box, respectively). The horizontal
line within a box denotes the median value (middle quartile) of R,.
The upper and lower whiskers denote the most extreme values for
Ro [47]. Values for Ry plotted beyond the whiskers are classified
as outliers. Figure 4 shows that the distribution of Ry lies in the
range Ry € [3.55,4.20], with a mean of Ry = 3.90 (which is in
line with the Ry values reported in [22, 45]). Furthermore, Table
6 shows the PRCC values of the parameters of the screening-free
model (3.1), from which it is clear that the most dominant parame-
ters are the average number of female sexual partners for males per
unit time (cs), the average duration of sexual activity for females
and males (us and p,,), the infection probability for females and
males (; and f3,,,), the recruitment rate of new sexually-active indi-
viduals (7 and 7,,), modification parameter for the infectiousness
of individuals with persistent infection, relative to those in the cor-
responding symptomatic class (f; and 6,,) and the natural recovery
rate of infected females (7).
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In summery, the screening-free model (3.1) has the following dy-
namic features:

i) The disease-free equilibrium of the screening-free model (3.1)
is locally- and globally- asymptotically stable whenever the
associated reproduction number (Ry) is less than unity. The
epidemiological implication of this result is that the community-
wide control (or elimination) of HPV (and related dyspla-
sia) is feasible if the basic reproduction number (Ry) of the
screening-free model (3.1) can be reduced to (and main-
tained at) a value less than unity. This can be achieved
wa the use of intervention strategies, such as Pap cytology
screening.

ii) The screening-free model (3.1) has a unique endemic equi-
librium point whenever the basic reproduction number (Ry)
exceeds unity. This equilibrium is shown to be locally- and
globally- asymptotically stable for special cases.

iii) It is determined (based on the detailed uncertainty and sen-
sitivity analyses) that the most dominant parameters that
affect the disease transmission dynamics (as measured in
terms of increase in the value of the associated basic repro-
duction threshold, Ry) are:

(a) the average number of female sexual partners for males
per unit time (cy);

(b) the average duration of sexual activity for females and
males (pr and fi,,);

(c) the infection probability for females and males (5 and
Bm);

(d) the recruitment rate of new sexually-active individuals
for females and males (7; and m,,);

(e) the modification parameters for the infectiousness of in-
dividuals with persistent infection (in relation to those
in the respective symptomatic class) (6 and 6,,);

(f) the natural recovery rate of infected females (7).

4. ANALYSIS OF PAP SCREENING MODEL

4.1. Asymptotic stability. The DFE of the Pap screening model
(2.3) is given by,
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SOS = (S;>E;7[}kaP}kaL;uaL?daH}ku7H}kd>c;u7c;daR>}caR77S;>
E LN P Ly HY Cr R R

mI’-m? mce)

= (ﬂ,o,o,o,o,o,o,o,0,0,0,0,W—m,O,O,O,O,O,O,O,O)-
Iy o

Using the next generation operator method (as in Section 3), it
follows that the associated next generation matrices, F, and Vi,
are given, respectively, by:

Ogxo Fi1 Vi Ogxe
s — d s — )
7 { Fo 06><6:| and V. {wam Vs, ]

where (with 0,«, being the zero matrix of order n),

'ﬁmeS}ﬁm Bmcfs; ﬁmcfs;em ﬁmcfs;em /Bmcfs;ememh O-
Ny Ny Ny Nz, Ny,
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
F1= 0 0 0 0 0 0]
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0,
[Bregng Breg Bregfp O Brep Bres0pbpn 00 0]
0 0 0 0 0 0 0 00
0 0 0 0 0 0 0 00
Fo = 0 0 0 0 0 0 0 0 0],
0 0 0 0 0 0 0 00
0 0 0 0 0 0 0 00
| 0 0 0 0 0 0 0 0 0
[ k1 0 0 0 0 0 0 0 07
—0oy ha 0 0 0 0 0 0 0
0 7(17bf)1,[)f h3 7dfggf 0 —qf4zf 0 0 0
0 0 —(1—kf)ay ha 0 —gpezy O 0 0
V1 = 0 0 0 —dg3gyr  hs 0 0 0 0 {,
0 0 0 ) he 0 —jpvp O
0 0 0 0 0 —qf3zf h7 0 0
0 0 0 0 0 —ba 0 hsg 0
0 0 0 0 0 0 0 —jpvs  hol
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V2

with, by = [1—(dp1 +dg2 +dy3)]gr, bo = [1 = (ap1 +qp2 + a3+ qpa)],
b3 = [1_(dm1+dm2)]gm> b4 = [1_(Qm1+Qm2+qm3)]Zm7 hl = Uf+uf7
hy = 2/Jf+ﬁbf7 hs = af+ iy, hy = g+, hs = g, hg = Zrtuy,
hy = 1o+ g, hg = v+ g+ 00, hg = 34 fif +0fa, hio = O+ fim,
hll = ¢m +/4Lm7 h12 = Oy +/4Lm7 h13 = dm +Mma h14 = Zm +Mm and
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hio 0 0 0 0 0
—Om hi1 0 0 0 0
0 _(1 - bm)wm hi2 —dm29m  —Qqm3zZm 0
0 0 _(]- - km)am h13 —gdm2Zm 0 ’
0 0 0 —b3 h1a —JmYm
0 0 0 0 —by his

h15 = Ym + tm-
It follows from [58] that the effective reproduction number (i.e.,

reproduction number in the presence of Pap screening) of the model

(2.3) is given by

A

Ay

B,

with

Ros = p(FV™') = /Ry R, (4.1)
where, Ry = p(F1V; ') = ﬁ—; and R,, = p(FRV] 1) = B—; and,

B

BinCsT gt (a3b3c10h150m0m + a3baci1h130:m,0m

—aghi3hiahi500,0m, + asbscony hithis — asbscgeiinmhia

+ayscgnmhirhishis 4+ bscionmhiihizhis + byciinmhiihiahas

—Nmhithiohighiahis + asbzcohis0,, — asbycscrion,
+agcghishi50,, + bzciohiohi50, + bsciihizhizom
—h12h13h14h150m)7

/Lfﬂmhlohn(az;bs,cghw — agbscgery + ascghighas
+bsciohizhis + baciithizhis — hishishishys),
Brer(arbicshso by + arbacshyo py — ayhahehso (0
+agbicanrhahg — asbacicsnha + ascinphohghsg
+bicsnphohshg + bacsnphahshy — nphohshahehs
+agbicohgo s — asbacicsof + ascihehgo s + bicshshgoy
+bocshshyop — hshahshsoy),

(agbicahg — asbacics + ascihghs + bicshshs
+bocshshg — hghyhghg)hiha,

ar = (L=bp)Yyp, a0 = (1 —ky)ay, ag = (1 —by) Y, a4

(1= k) am, c1 = dppgy, ¢2 = q2yp, ¢3 = G2y, ¢4 = dygsgy, Cs
Jf2Vfs C6 = q3Zfy €1 = JuVfs €8 = dm2Gms C9 = Gm3Zm, C10
Gm2Zm, €11 = JmYm-. It can be shown that the quantities A;, A, By
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and By are positive (the calculations are lengthy, thus, not reported
here). Hence, the reproduction number, Ry;, is positive. The result
below follows from Theorem 2 of [58].

Lemma 4.1. The DFE, &y, of the Pap screening model (2.3) is
LAS if Ros < 1, and unstable if Ros > 1.

The associated threshold quantity, R, represents the average num-
ber of secondary HPV infections generated by one infected male
(female) in a susceptible male (female) population where a certain
fraction of susceptible females undergo routine Pap screening [30].
We claim the following result.

Theorem 4.1. The DFE, &y, of the Pap screening model (2.3) is
GAS in Dy whenever Ry, < 1.

Proof. The proof of Theorem 4.1 is given in Appendix E. 0

The epidemiological implication of Theorem 4.1 is that HPV will
be eliminated from the community whenever the community-wide
implementation of the routine Pap screening program is effective
enough to bring (and maintain) the associated effective reproduc-
tion threshold (Rys) to a value less than unity. Figure 5 shows the
solution profiles of the model (2.3) converging to the DFE (&)
when Ros < 1 (in line with Theorem 4.1).

In summary, the analyses in Sections 3 and 4 show that the
screening-free model (3.1) and the Pap screening model (2.3) have
the same qualitative dynamics with respect to the asymptotic sta-
bility of the respective disease-free equilibrium (since the DFE of
each of the two models is GAS whenever its associated reproduc-
tion number is less than unity). Thus, this study shows that Pap
screening does not alter the asymptotic dynamics of the screening-
free model for HPV spread (with respect to the dynamics of the
disease-free equilibrium).

4.2. Simulations. Figure 6 depicts the box plots of the effective
reproduction number (Ros), as a function of the LHS runs car-
ried out, using the parameter values and ranges in Tables 2 and
3. This figure shows the distribution of Rgs to be in the range
Ros € [1.45,2.70] (which is in line with those reported in [16, 22, 45]).
Thus, although Pap screening reduces the range of the basic repro-
duction number (Rg) of the screening-free HPV transmission model
(3.1) (from Ry € [2.80,4.95] to Ros € [1.45,2.70]), the community-
wide implementation of a routine Pap screening program for females
is insufficient (albeit it greatly reduces HPV burden) to lead to the
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effective control of HPV in the community (since the distribution of
Ros, depicted in Figure 6, exceed unity; and the disease will persist
in this case). Table 7 depicts the PRCC values of the parameters
of the Pap screening model (2.3), from which it is clear that the
most dominant parameters (that govern the dynamics of the Pap
screening model (2.3), with respect to the threshold quantity, Ros)
are the average number of female sexual partners for males per
unit time (cy), the fraction of symptomatic females (males) who re-
covered naturally from HPV (bs(b,,)), the infection probability for
individuals (5, and ), the recruitment rate of new sexually-active
individuals (7; and m,,), the average duration of sexual activity (/i
and fi,,,) and the transition rate out of the Iy(,,) class (¢ ;(¢y,)).

The effect of the uncertainty in the estimates of the aforemen-
tioned eleven dominant (PRCC-ranked) parameters is further as-
sessed by simulating the Pap screening model (2.3) for the following
two scenarios:

(i) the baseline value of each of the top-eleven PRCC-ranked
parameters in Table 7 is increased by 10%;

(ii) the baseline value of each of the top-eleven PRCC-ranked
parameters in Table 7 is decreased by 10%.

It follows from Figure 7 that an increase (decrease) in the baseline
values of these top PRCC-ranked parameters lead to a correspond-
ing increase (decrease) in the numerical simulation results obtained
(cumulative number of HPV cases over a 10-year period), confirm-
ing the sensitivity of the simulation results on these parameters.
Figures 8 and 9 show similar sensitivities of these parameters on
the cumulative cervical cancer (for females) and HPV-related can-
cers (for males) cases, respectively.

The effect of the HPV transmission by individuals (sexually-
active females and males) in the pre-cancerous stages (both CIN
and INM) on the dynamics of HPV is assessed by simulating the
Pap screening model (2.3) in the presence, and absence, of such
transmission. Figure 10 shows that HPV transmission by individ-
uals with CIN and INM increases (in the long run) the cumulative
number of HPV cases. Thus, these simulations suggests that HPV
transmission models that do not incorporate HPV transmission by
individuals in the pre-cancerous (CIN and INM) stages may under-
estimate HPV (and, consequently, cancer) burden in the commu-
nity.

A contour plot of the effective reproduction number (Ros), as
a function of the fraction of symptomatic females who recovered
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naturally from HPV (by) and the fraction of symptomatic males
who recovered naturally from HPV (b,,), is depicted in Figure 11.
As expected, the plot shows a decrease in Ry, values with increasing
values of the fractions b and b,,. Furthermore, it shows that, based
on the parameter values in Tables 2 and 3 used in the simulations,
even if 100% of symptomatic females and males recover naturally
from HPV, the disease will still persist in the population (since such
recovery fails to reduce the effective reproduction number, R, to
a value less than unity; which is needed to eliminate the disease, in
line with Theorem 4.1).

Finally, the effect of Pap screening on the cumulative number
of cervical cancer cases is assessed by simulating the model (2.3)
with different values of the fraction of females with CIN detected.
Figure 12 confirms the effectiveness of Pap screening on minimizing
cervical cancer cases. For example, while detecting 25% of females
with CIN leads to about 65% reduction of cervical cancer cases in
the community over a 10-year period, detecting 50% of females with
CIN results in a 95% reduction of cervical cancer in the community
over the same time period.

CONCLUSIONS

A new deterministic model for the transmission dynamics of HPV
and related cancers in a community, where routine Pap cytology
screening is administrated for sexually-active females, is designed.
The model extends numerous other HPV transmission models in the
literature by incorporating more crucial aspects of HPV dynamics,
such as the dynamics of individuals (females and males) in the
pre-cancerous (CIN and INM) and cancerous stages. Furthermore,
the new model allows for the loss of infection-acquired immunity by
recovered individuals, and incorporates the regression from cervical
(for females) and other HPV-related cancers (for males) to high-
grade intraepithelial neoplasia stages (and from low- and high-grade
intraepithelial neoplasia stages to persistent infection). Some of the
main theoretical and numerical results obtained are summarized
below:

i) In the absence of Pap screening, the DFE of the result-
ing screening-free (basic) model is shown to be globally-
asymptotically stable whenever the associated reproduction
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number (Ry) is less than unity. This model has a unique en-
demic equilibrium, which is shown to be locally- and globally-
asymptotically stable for special cases, whenever the asso-
ciated reproduction number (Ry) exceeds unity.

ii) The disease-free equilibrium of the Pap screening model
(2.3) is locally- and globally-asymptotically stable when-
ever the associated reproduction number is less than unity.
Thus, the community-wide control or elimination of HPV
(and related dysplasia) is feasible if the community-wide
implementation of routine Pap screening could reduce (and
maintain) the associated reproduction number (Ros) to a
value less than unity.

iii) The parameters of the Pap screening model (2.3) that most
influence the disease transmission dynamics (with respect
to the effective reproduction threshold, Ro) are:

(a) the average number of female sexual partners for males
per unit time (cy);

(b) the fraction of symptomatic females (males) who recov-
ered naturally from HPV (bs(b,,));

(c) the infection probability for females and males (5, and
Bin);

(d) the recruitment rate of new sexually-active individuals
(my and 7, );

(e) the average duration of sexual activity (us and fi,,);

(f) the average duration of sexual activity and the transi-
tion rate out of the Iy (1,,,) class (V¢(vm)).

iv) Adding Pap screening to the screening-free model does not
alter the qualitative dynamics of the screening-free model
(with respect to the asymptotic stability of the disease-free
equilibrium).

v) Numerical simulations of the Pap screening model (3.1) sug-
gest that:

(a) HPV transmission by individuals with CIN and INM
increases (in the long run) the cumulative number of
new HPV cases;

(b) Pap screening is very effective in minimizing cervical
cancer cases. For instance, detecting 50% of females
with CIN results in a 95% reduction of cervical cancer
cases in the community over a 10-year period;
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(c) Pap screening alone is insufficient to lead to effective
control of HPV in the community (since it fails to re-
duce Ros to a value less than unity);

(d) HPV transmission models that do not include disease
transmission by individuals in the pre-cancerous stages
may underestimate HPV-associated burden in the com-
munity.
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APPENDICES
APPENDIX A. DESCRIPTION OF THE PAP SCREENING MODEL (2.3)

The derivation of the equations of the Pap screening model (2.3) is described below.

The population of susceptible females (Sy(t)) is generated by the recruitment of new
sexually-active females (at a rate m¢). This population is increased by the loss of infection-
acquired immunity by infected females who recovered from HPV-infection without developing
cervical cancer (at a rate £). The population is decreased by the acquisition of HPV infec-
tion, following effective contact with infected males (i.e., males in the Em, Im, Pm, Lm and
H,, classes), at a rate A\, given by

= N, .

Am (A1)
In (A.1), Bm is the probability of transmission of HPV infection from infected males to
susceptible females per contact, and cf(Nm, Ny) is the average number of female partners
per male per unit time (hence, Bmcy(Nm, Ny) is the effective contact rate for male-to-female
transmission of HPV). Furthermore, 0 < n,, < 1 is a modification parameter accounting for
the assumption that exposed males (in the Ep, class) are less infectious than symptomatically-
infected males, and 6,, > 0 models the assumed variability of the infectiousness of HPV-
infected males in the Pp,, L., and Hp, classes in relation to HPV-infected males in the E,,
and I,, classes. Furthermore, 6,,;, > 1 accounts for the assumed increase of the infectiousness
of males with high-grade INM in comparison to infected males in the P,, and L., classes.
The population of susceptible females is further diminished by natural death (at a rate py;
it is assumed that females in all epidemiological compartments suffer natural death at this
rate). Thus,
% =7f+ &Ry — (Am 4 pyp)Ss- (A.2)
The population of females exposed to HPV (E(t)) is generated by the infection of susceptible
females (at the rate A, ). Exposed females develop clinical symptoms of HPV (at a rate o)
and suffer natural death. Thus,
dE
th =AmSy — (o5 +py)Ey. (A.3)
The class of infected females with clinical symptoms of HPV (I¢(t)) is populated by the
development of clinical symptoms of HPV by exposed females (at the rate o). It is assumed
that a fraction, 0 < by < 1, of members of this class recovers (at a rate bgiy), while the
remaining fraction, 1 — by, develops persistent HPV infection (at a rate (1 — bs)y ). This
population is further decreased by natural death. Thus,
dl
de =0fEp — (Y5 +pp)ly. (A-4)
The population of females with persistent HPV infection (Pf(t)) is generated by the de-
velopment of persistent HPV infection by symptomatic females (at the rate (1 — bs)vy) as
well as by the reversion of individuals with low-grade and high-grade CIN (at a rate dfagy
and qr4z5, respectively; where the fractions dsp and gp4 are defined below). It is assumed
that detected individuals with CIN do not develop persistent HPV infection (since they are
expected to be effectively treated). Individuals move out of this class through recovery (at a
rate kpap; where ky is the fraction of females with persistent HPV infection that recovers; the
remaining fraction, 1 — kj, progress to low-grade CIN stage), development of pre-cancerous
CIN lesions (at a rate (1 — ky)ay) and natural death. Hence,
dPy
o = A= bp)Uply +dpagyLyu +apazpHyw — (g +pgp) Py (A.5)
The population of females with undetected low-grade CIN (L, (t)) is generated by the
development of CIN lesions by females with persistent HPV infection (at the rate (1—kjs)oy)
or by the regression of females with high-grade CIN (at a rate gs2zs; where the fraction gso
is defined below). Transition out of this class occurs at a rate gy (where a fraction, djq,
recovers; another fraction, dys, reverts to Py class; yet another fraction, dy3, is detected and
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the remaining fraction, 1 — (d¢1 + df2 + dy3), progresses to the high-grade CIN 2/3 stage).
Furthermore, this population is decreased by natural death. Thus,
dLy,
dt
The population of females with detected low-grade CIN (L z4(t)) is populated by the detection

of females in the Ly, (t) class (at the rate dgsgy). It is decreased by recovery (at a rate r1)
and natural death. Hence,

= —kp)ayPr+apozpHpu — (95 + pg)Lyu- (A.6)

dLrq
—* =dgagrLyu — (m + pp)Lya. (A7)

The population of females with undetected high-grade CIN 2/3 (Hy,(t)) is generated by the
progression of females with low-grade CIN (at the rate [1 — (dgy + dy2 + ds3)]gy) or by the
regression of individuals in the Cy, class (at a rate jrovy; where the fraction jso is defined
below). Transition out of this class occurs at a rate zy (where a fraction, gy1, recovers; a
fraction, g2, reverts to the Ly, class; a fraction, g3, is detected; another fraction, qyq4,
reverts to the Py class and the remaining fraction, 1 — (g1 + qf2 + g3 + qf4), progresses to
the Cy,, class). Furthermore, this population is decreased by natural death. Thus,

dH .,
dt
The population of females with detected high-grade CIN 2/3 (H4(t)) is populated by the
detection of females in the Hy,(t) class (at the rate ggzzy). It is decreased by recovery (at
a rate r2) and natural death. Hence,

dH g

T qp3zfHypy — (r2+pp)Hyq. (A.9)

The population of females with undetected cervical cancer (C,(t)) is generated by females
in the Hy, class who develop cervical cancer (at the rate [1 — (g1 + qf2 + qf3 + qfa)]zy)-
Transition out of this class occurs at a rate vy (where a fraction, js;, is detected; another
fraction, jro, reverts to the Hy, class and the remaining fraction, 1 — (j71 + jr2), recovers).
Furthermore, it is decreased by natural death and cancer-related mortality (at a rate dy,,).
Thus,

=1 —(df1+dra+ds3)lgrLsu+Gs2vfCru — (zf + 1) Hpu. (A.8)

dCy,
dt
The population of females with detected cervical cancer (Cq(t)) is populated by the detection
of females in the Cy,(t) compartment (at the rate jri1v¢). It is diminished by the recovery
(at a rate 73), natural death and cancer-related mortality (at a rate d74). Hence,

dCrq
dt

The population of females who recovered from cervical cancer (Ry.(t)) is generated by the

recovery of females with undetected (at the rate [1 — (jf1 + jr2)]vs) and detected (at the

rate r3) cervical cancer. Like in other epidemiological classes, females in this class also suffer
natural death (at the rate us). Hence,

dRy.

Cdt

The population of females who recovered from HPV infection without developing cervical
cancer (Ry(t)) is populated by the recovery of females in the Iy, Py, Ly, Lyq, Hy, and
Hyq classes (at the rates bpiby, kyay, dp1gys, 71, qp12p and 72, respectively). It is decreased
by the loss of infection acquired immunity (at the rate {;) and natural death, so that

=[1—(gr1+ap2+ars+ara)lzgHpuw — (vp + g + 35u)Cru. (A.10)

=Jr17fCpu — (r3+ py +8¢a)Cra- (A.11)

=[1 =G +ir2)lvsCru +73Cra — pyRye. (A.12)

dR
dftf =bppsly+kpapPr+dpigsLyy+riLlsa+qpizpHpy +r2Hpg— (§5 +pp)Ry. (A.13)

The population of susceptible males (Sy,(t)) is generated by the recruitment of new
sexually-active males (at a rate mp,). This population is further increased by the loss of
infection-acquired immunity by infected males who recovered from HPV infection without
developing HPV-related cancer (at a rate &r,). The population is decreased by the acquisition
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of HPV infection, following effective contact with infected females (in the Ey, Iy, Py, Ly,
Lyq, Hy, and Hyg classes), at a rate Ay, given by

_ By em(Nem, Np) {ns By + I + 05 [(Pr + Lpu+ OpnHpu + v (Lya+ 0uHyra)]}
Ny '

Af

(A.14)
In (A.14), By is the probability of transmission of HPV infection from infected females to
susceptible males per contact, and c¢m (Nm, Ny) is the average number of male partners per
female per unit time. Similarly, 0 < ny < 1 is a modification parameter accounting for the
assumption that exposed females (in the Ey class) are less infectious than symptomatically-
infected females, and 6y > 0 models the assumed variability of the infectiousness of HPV-
infected females in the Py, Ly, Lyq, Hy, and Hyq classes in relation to the infectiousness
of females in the E; and Iy classes. Furthermore, 67, > 1(6, > 1) accounts for the as-
sumed increase of the infectiousness of females with undetected (detected) high-grade CIN,
in comparison to those in the Py and Ly, (Lyq) classes. The parameter v > 0 models the
variability of the infectiousness of females with detected CIN, in relation to the infectiousness
of females with undetected CIN. The population of susceptible males is further diminished
by natural death (at a rate pm; it is assumed that males in all epidemiological compartments
suffer natural death at this rate). Thus,
dj—tm =7Tm +E&mBRm — (Af + pm)Sm. (A.15)
The population of exposed males (Ep,(t)) is generated by the infection of susceptible males
(at the rate Ay). Exposed males develop clinical symptoms of HPV (at a rate 0,,) and suffer
natural death. Thus,
dEm,

7 = >\fS7rL - (Um + H/WL)EnL- (A16)

The class of infected males with clinical symptoms of HPV (I,,(t)) is populated by the
development of clinical symptoms of HPV by exposed males (at the rate o). It is assumed
that a fraction, 0 < by, < 1, of individuals in this class recovers (at a rate bmm ), while the
remaining fraction, 1 — b, develops persistent HPV infection (at the rate (1 —bm)¥m ). This
population is further decreased by natural death. Thus,

dlm

prale omEm — (Ym + pom ) Im. (A.17)

The population of males with persistent HPV infection (P, (t)) is generated by the develop-
ment of persistent HPV infection by symptomatic males (at the rate (1 — by )¥m) as well as
by the reversion of males with low-grade and high-grade INM (at a rate d2gm and gm3zm,
respectively; where the fractions dz and ¢p,3 are defined below). Individuals move out of this
class through recovery (at a rate kmam; where ky, is the fraction of males in this class that
recovers; the remaining fraction, 1 — kp,, progresses to low grade INM stage), development
of pre-cancerous INM lesions (at a rate (1 — kpm )aym ) and natural death. Hence,
dPn,

The population of males with the low-grade INM (L, (t)) is generated by the development of
INM lesions by males with persistent infection (at the rate (1 — km)am ) or by the regression
of males in the Hy, class (at a rate ¢ma2zm ). Transition out of this class occurs at a rate gm
(where a fraction, dm1, recovers; another fraction, dp,2, reverts to Py, class and the remaining
fraction, 1 — (dm1 + dm2), progresses to the high-grade INM 2/3 stage). Furthermore, this
population is decreased by natural death. Thus,

dLpm,

W = (1 - km)ampm + qm2zm Hm — (gm + Mm)Lm- (A-lg)
The population of males with the high-grade INM 2/3 (H,, (¢)) is generated by the progression
of infected males with INM (at the rate [1—(dm1+dmz2)]gm) or regression of males in the Cm,
class (at a rate jm7ym; where the fraction j,, is defined below). Transition out of this class
occurs at a rate zp, (where a fraction, g1, recovers; a fraction, g2, reverts to the Ly, class;
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another fraction, gms, reverts to Pp, class and the remaining fraction, 1 — (¢m1 + gm2 + qm3),
progresses to class Ci,). Furthermore, the population is decreased by natural death. Thus,

dH .
Ttnl = [1 - (dml + dm2)]g'mL7n + ]’m'YnLCm - (Z’VV‘L + I’I/‘IIL)H‘"L- (AQO)

The population of males with HPV-related cancer (Ci,(t)) is generated by males in the Hyp,
class who develop HPV-related cancer (at the rate [1 — (¢m1 + gm2 + gm3)]zm). Transition
out of the class occurs at a rate 7,, (where a fraction, jm, reverts to the Hy, class and the
remaining fraction, 1— j,, recovers). Furthermore, it is decreased by natural death (it should
be mentioned that since HPV-related cancer, such as penile cancer, is rare in males [59], no
mortality due to HPV-related cancer is assumed for males). Thus,

dCrm

7 = [1 - (le + gm2 + QMS)}ZmHm - ("Ym + Mm)cm (A~21)

The population of males who recovered from HPV-related cancer (Rmc(t)) is generated by
the recovery of males with HPV-related cancer (at the rate (1 — jm)ym). It is reduced by
natural death. Hence,
dRmec
dt

= (]- - ]m)'YmCm — mBme. (A.22)

The population of males who recovered from HPV infection without developing HPV-related
cancer (R,,(t)) is populated by the recovery of males in the Ip,, Pp, Ly and Hp, classes
(at the rates bm¥m, kmam, dm1gm, and gm1zm, respectively). It is decreased by the loss of
infection acquired immunity (at the rate &,,) and natural death, so that

dR
Ttm = bmWPmIm + km@m Pm + dm1gmLm + @mi12zmHm — (Em + ftm) Rm. (A.23)

It is worth stating, from the equations given in {(A.15) — (A.23)}, that

dNpm (t
TW;() = Tm — UmNm (t), so that Np,(t) — :—m, as t —» oo. (A.24)
m

Furthermore, since the model {(A.2) - (A.23)} is a sex-structured one, it is crucial that the
conservation law of sexual contacts (i.e., the total number of sexual contacts made by males
balances that made by females) is preserved in the heterosexual community [45]. Hence, for
the model {(A.2) - (A.23)},

em(Nimy Ni) Nop = cf(Nm, N§) Nj. (A.25)

It is assumed that male sexual partners are abundant, and that females can have enough
number of male sexual partners per unit time (so that it is reasonable to assume that
c¢f(Nm,Ny) = cs a constant). Hence, (A.25) can be re-written as

Ny

c¢m(Nm,Ny) = N
m

(A.26)

It is assumed (for mathematical convenience), from the now on, that only undetected infected
females with low- or high-grade CIN can transmit HPV infection to males (i.e., v = 0).
Consequently, using (A.25) in (A.1) and (A.14), the force of infections, Am and Ay, are now
re-written, respectively, as

U Bmey [n + +N( + L + O )]7 (A.27)

)\f _ ﬁfo [nfEf-i-If+0f(Pf+qu+9thfu)]
Nm ’
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APPENDIX B. PROOF OF THEOREM 3.1

Proof. Consider the screening-free model (3.1). The proof is based on using a Comparison
Theorem [41]. It is worth mentioning, first of all, that since the off-diagonal entries of the
Jacobian matrix of the infected components of the screening-free (3.1), at the DFE (&),
are non-negative, the system (3.1) satisfies the Type K condition [41]. Hence, comparison
theorem can be used.

Let Ro < 1 (so that the DFE, &y, of the screening-free model (3.1) is LAS, in line with
Lemma 3.2). The infected components of the model (3.1) can be re-written as:

C;—”: =(F-V)z — Jax, (B.1)
whese, = [Ef(t)7 If(t)7 Pf(t)7 Qf(t)7 Cf(t), RfC(t)7 Rf(t)7 Em(t)’ Im(t)7 P (1), Qm(t)7

Cm(t), Rme(t), Rm (8)] 7,

where the matrices F and V are as defined in Section 3.1, and

PO PRS0 P PR 1

Tf Tm
where,
7 :( Orx7 1 ) Jy = ( O7x7  O7x7 )
O7x7  O7x7 /)’ T2 Orx7 )’
with,
0 Bmcf"r‘fﬂm, /Bmcfgmﬂ'fﬂm 0 0 0 0
Tm i Tmif
0 0 0 0O 0 0 O
0 0 0 0O 0 0 O
Ji=1] o 0 0 0 0 0 0 [

0 0 0 0O 0 0 O
0 0 0 0O 0 0 O
0 0 0 0O 0 0 O

0 Bgcy PBycgy 0 0 0 0

0 0 0 0O 0 0 O

0 0 0 0O 0 0 O

T2 = 0 0 0 0O 0 0 O

0 0 0 0O 0 0 O

0 0 0 0O 0 0 O

0 0 0 0O 0 0 O

It is worth noting that J; and J2 are non-negative matrices. Furthermore, since, for all

. . - Sr(t
t > 0in Ds, Sp(t) < Ny(t) < % and Sy (t) < Nm(t) < 22, it follows that, WT;U <

1 and %T’n"(t) < 1. Hence, J is a non-negative matrix. Thus, it follows, from (B.1), that
dx
’ <(F-V)x. (B.2)

Using the fact that the eigenvalues of the matrix 7 — V all have negative real parts when
Ro < 1 (based on the local asymptotic stability result given in Lemma 3.2), it follows that the
linear differential inequality system (B.2) is stable whenever Ro < 1. Hence, by Comparison
Theorem [41],

tl—lfgo (Ef(t)v If(t)v Pf(t), Qf(t)7 Cf(t)7 Rfc(t)v Rf(t)a Em(t)u I7n(t)7 Pm(t)v Qm(t), Cm(t)7
Rme(t), Rm(t)) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0).
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Substituting E¢(t) = If(t) = Pf(t) = Q¢(t) = C¢(t) = Rc(t) = Ry (t) = En(t) = Im(t) =
P (t) = Qm(t) = Cim(t) = Rmc(t) = Rm(t) = 0 into the first and ninth equations of the
model (3.1) shows that Sy (t) — S} and Sy (t) — S, as t — oo (for Rp < 1). Thus,

Jlim  (87(), By(0), 15 (0), Py(8), Q4(8), C(6), Rye(t), Ry (6), S (8) B (8), I (1), P (),
Qm(t), Cm(t), Rmec(t), Rm(t)) = &o-

APPENDIX C. PROOF OF THEOREM 3.3

Proof. Consider the screening-free model (3.1). Let Rg > 1 (so that the unique EEP (&) of
the screening-free (3.1) exists, by Theorem 3.2), §7 = 0 (hence, Nf(t) = N; = % at steady-
state) and A # 0. Thus (using N} = Z—’;), and Sy(t) = Nj(t) — Efp(t) — I(t) — Pr(t) —
Qf(t) = C¢(t) — Rye(t) — Rp(t) and Sm(t) = Ny (1) — Em(t) — Iin(t) — Pm(t) — Qm(t) —
Cm(t) — Rme(t) — Rm(t), it is sufficient to study the following limiting system (instead of
the system (3.1)):

% = Am(Nj = Ep — Iy — Py — Qg — Cy — Rpe — Ry) — (04 + pg) Ey,

% = oyE;—(rp1 4y +pp)ly,

% = ¢plp— (ry2+op + pp) Py,

% = apPf—(rss+ 95 + 1y)Qy,

% = gfQf — (rpa+uy +05)Cy,

di{a = rpaCr —pyRye,

% = rpdy+rpoPr+rpsQf — ppRy, (C.1)
d%m = A(Ny, —Em —Im — P — Qm — Cm — Rime — Rim) — (0m + pm) Em,
% = omEm — (rm1 + Ym + pm)Im,

ddigﬂ = Ymlm — (Pm2 + am + fim) P,

d%m = amPm — (rm3 + gm + pm)Qm,

d%m = gmQm — (Tma + pm)Cm,
””Z;"C = 7m4Crm — pim Rme,

dit’” Tm1lm + Tm2Pm + Tm3Qm — pm Rm.

Consider, next, the model (C.1) with Ro > 1. The proof is based on showing that the
linearization of the model (C.1), around the associated EEP (€1), has no solution of the form
[23, 24, 55]

Z(t) = Zoe™, (C.2)
with Zg = (Z1,Z2,-++ ,Z14), Z; € C, w € C, and Re(w) > 0. The consequence of this is
that the eigenvalues of the characteristic polynomial associated with the linearized version
of model (C.1) will have negative real part (in which case, the EEP (£1) is LAS).
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Let E%*

fo
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I}*,PJ’S*,Q;*,C?*,R** R;*,E** I, Pre, Qrx, Crk, R, R denote the coor-

m>Tm T m ? m mce?

fe

dinates of the endemic equilibrium, EEP. Substituting the solution of the form (C.2), into
the linearized system of (C.1) around (&1), gives the following system of linear equations:

wZq

wlo
wZs3
wZy
w2l
wlg
w7

wzg

wlg
w210
wZi1
w22
w213

w214

where,

ok

ok
A2

(A 4+ h1)Z1 — A;TZQ — )\:Z3 — )\:,fZ4 — )\:.725 — /\:;ZG — X:;Z7
+AT*Zg + 0m AT* Z10,

0471 — haZa,
YyZs — h3Zs,
ayZs — haZs,
gfZa — hsZs,
Ty4Zs5 — pyZe,
ry1Zo +rpoZs + 132 — iy, (C.3)

A5*Zy + 05 A5* Zs — (N} + he)Zs — Nf* Z9 — A} Z10 — A} Z11 — A} Zaz
=AY Z13 — N} Zha,

omZs — h7Zy,

Ym Z9 — hs Z10,

amZio — hoZi1,

gmZ11 — h10Z12,

TmaZ12 — Um 213,

Tm149 + Tm2210 + Tm3Z11 — pmZ14,

_ Bue(Nj - By — I By - QF — G — R - RY)
- N >
m
Bres(N — By — I3 — Py — Qi — C3f — Ryt — R3Y)
- N .
m

Solving for Z from the second equation of and also for Zy from the ninth equation of (C.3)
and substituting the results into the remaining equations of (C.3), gives the following system
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1 o.f )\** A** A** )\**
1+ — A1 Z, = -z "z, -7, "TZ
{ +h1 [w+ m( +w+h2)}} ! by 2T R T R T T
A AT* Om AT*
_2lm g Z Zho,
h 7+ Iy 9 + h 10
w O'f
1+ — ) Z = —Z7
( +h2) 2 by 1,
w P
1+ 2 )2y = Lz,
( +h3) ? hy ?
w Olf
1+ 2z, = 2z,
( +h4) ‘ ha °
w g5
1+— )42y = =—=—Z
( +h5> 5 h5 4,
(1+£) Ze = Lz,
Hf My
w T IS
(1+7)Z7 = Lz Lz4 Ly,
15 Hf K
1 Om Axx 65 A A A
1+ — A Zys = 2o+ 127, L gz, 27
{ JrhG [er f ( +11}4'}17)}} ® he 2t he 0 he 0 he
PN PN PN
Lz - Sz - Tz,
hg hg hg
w Om
1+ %) zy = Zs,
( +h7> ’ hr 7%
w d}m
1+ )z = Ymyg,
( +hs) 10 ha 9
w (0%
(1 + 7) Zun = —“Zio,
9 hg
w 9m
1_~_7) Zi2 = —Z11,
( hio hio
(1 + 1) Z13 = lem
Hm m
w T T T
(1_’_7) Ziw = Mze+ 270+ 2370

Adding the first, third, fourth, fifth, sixth and seventh and then the eighth, tenth, eleventh,
twelfth, thirteenth and fourteenth equations of (C.3), and finally moving all the negative
terms to the left-hand sides gives

1+ Fi(w)] Z1 + [+ F3(w)] Z3 + [1 + Fa(w)] Za + [1 + F5(w)] Zs + [1 + Fs(w)] Zs
++Fr(w)Zr=(HZ), + (HZ),+ (HZ),+ (HZ), + (HZ);+ (HZ),,

1+ F(w)] Z2 = (HZ),, (C.4)
14 Fs(w)] Zs + [1 4 Fio(w)] Z1o + [1 + F11(w)] Z11 + [1 + Fi2(w)] Z12 + [1 + Fi3(w)] Z13
+ 1+ Fua(w) Zia = (HZ) g+ (HZ) o+ (HZ) ;, + (HZ) (y + (HZ) ;3 + (HZ) , ,

[1+ Fo(w)] Zo = (HZ),,

where,
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1 o 55 (o)
Fr(w) = (w+ 225 p) = o [oey (14 2250
Faw) = 12, Fiow) = - (w hs}f*) |

1 Lo A5 1 Lo A5
Fiz(w) = — [w+ it , Fuy(w)=— w4+ i ,
Hm hG Hm hG

with H equals to:

0o 0 0 0 0 00 o 45 i o 0 0 0
oo 0 0 0 0 0 O 0 0 0 0 0 0
I O 0 00 0 0 0 0 0 0 0
o 0 % 0 0 00 0 0 0 0 0 0 0
0 0 0 Z 0 00 0 0 0 0 0 0 0
0 0 0 0 o0 0 o0 0 0O 0 0 0
0 %} %f %3 0 0 0 O 0 0 0 0 0 0
0 4 4B 9 0 00 0 0 0 0O 0 00
0 0 0 0 0 00 9= 0 0 0 0 0 0
0o 0 0 0 0 00 0 Y= o 0 0 0 0
0 0 0 0 0 00 0 0 S 0 0 00
0o 0 0 0O 0 00 0 0 0 f= 0 00
0o 0 0 o 0 00 0 0 0 0 mig 0
0 0 0 0 0 0 0 0 Im Im Tms g g g
- Hm Hm Hm -

It should be noted note that the notation H(Z); (with i = 1,...,14) denotes the ith coor-
dinate of vector H(Z). Furthermore, the matrix H has no negative entries, and the EEP
&1 = (B I3, Py, QO Rye, Ry B Iy PR, Qo CFF Ry, RyY) satisfles &1 =
HEq. Furthermore, since the coordlnates of the EEP, &1, are all positive, it follows that if Z
is a solution of (C.4), then it is possible tof‘rnd a mlmmal positive real number, s, such that

where | Z|= (|Z1],-..,|Z9|), and |.| is a norm in C. The task ahead is to show that Re(w) < 0.
It will be proved by contradiction. Assume the first case w = 0 then, (C.3) is a homogeneous
linear system in the variables Z; (i = 1,...,14). The determinant of this system corresponds
to that of the Jacobian of the system (C.1), evaluated at £1, given by, A = p¢pum (D1 D2—D3).
It should be recalled that A # 0 (Theorem 3.3). Hence, the linear system (C.3) can only
have the trivial solution which contradicts the existence of the EEP, £1. Now consider the
case when w # 0 for which Re (F3(w)) >0 (i = 1,...,14) since, by assumption, Re w > 0. It
means that |1 4+ F;(w)| > 1 for all i. Now, by deﬁnmg F(w) = min|1 4+ F;(w)],i=1,...,14,

S —
we obtain F'(w) > 1. Hence, Fw)
the other hand, taking norms of both sides of the forth equation of (C.4), and using the fact

that all the entries of H are non-negative, gives,
F(w)|Zo| < H(1Z|)o < s(H|E1|)9 < s8I}y
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Hence, |Zg| < o —— I which is a contradiction. Thus, Re w < 0. Hence, the unique

endemic equilibrium (£1) of the model (3.1) is LAS whenever Ro > 1,6y =0and A #0. O

APPENDIX D. PROOF OF THEOREM 3.4

Proof. Consider the screening-free model (3.1), with Ry > 1 (so that its unique EEP (&1)
exists, by Theorem 3.2). Furthermore, let Sy (t) < S}* and Sm(t) < S5 for all ¢. It should be
noted, first of all, that none of the state variables Ry (t), Rf(t), Rmc(t) and Ry, (t) feature in
any of the other equations of the model (3.1). Thus, the equations for Ry.(t), Ry (t), Rme(t)
and Ry, (t) can be temporarily removed from the analysis.

Consider, next, the following non-linear Lyapunov function for the sub-model (consisting
of the equations for the variables S¢, E¢, Iy, Py, Q5, Cy, Em, Im, Pm, Qm and Cp,) of the
screening-free model (3.1):

* ook S *ok * ok Ef
F o= <sfsf ~ 5% In S**>+<EfEf - E} lnE;*>

*k If * 3k Pf
+by (I — 13— T lnIf +bo [ Py — P — P; lnP;*

C
5 (Qf ~Q7 -QfIn gf) + bs (cf ~Cf =Cf'In Cf*)
f f

Sm Em
S — Sp¥ — 83" 1n E,n—E;—E:In D.1
( ) ( ) o

I, P,
+bs (I 71**71**1n1—)+b6 <meP,;*fP;jln m)

ok
m Pm

* 0k *k Qm * ok * % C
b7 ( Qm — —Q*In bs ( Cm — In ,
+7(Q Qnm — Qr Qm)+ S(C Crr —C C**)

where,

Bmcfﬂms;*lﬁ 5mcfl‘ms;*lr*;1* ,BmcfﬂmS;*I:n* Bmcfﬂms;*l;kn*
b1 = , b= , bg=—— A —— b= —————

ormm BT Yfmm I3 afmm P* gffer’}*
BregmSy I5* . Bresm Sy " . Bresm Sy 3" b Bresum Sy 13"
5 = , be = , b7 = 77 g = ———————.
OmTm ¥ YmTm ¥ mTm PRF ImTm Q¥

The Lyapunov derivative of (D.1) is given by
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(1 B [Bmespmdm
Ef T,
I**
+b1 <1 -
f
P**
+b2 <1 - f)
*
Q**
+bs (1 L
Qy
;*
by (1 =L
< Cs )

(-3
F** mI
(-
Em Tm
Ly
+b5 (1 - ) [O'mEm
Im
P**
be | 1 e mdm
e ( P, ) W
+b7 (1 QZ) [aum -
Crx
+b8 (1 B C’"L) [ngm

[97Qf — (rya+pg +87)Cy]

L S {wm _ (BfoﬂmIf

c I
fHmim +,Uf) Sf:|

S** B
f m
- sf> - (2

Sp—(of+ Mf)Ef]

lopEf — (rp1+ g +pp)ls]
[plf — (ry2 + g + py) Pyl

[afPr — (rps + g7 + pyp)Qf]

(D.2)

+ um) sm}

("'m3 + gm + ,Ulm)Qm}

- (Tm4 + Nm)cm] .

The following relations, at the endemic steady-state (obtained from the associated sub-model
of the model (3.1)), will be used to simplify (D.2):

Bmcf/lm ok QE K sk 6mcf/»l«m ;(n*S;:‘* E;;*
T = s Imsf +‘u‘fsf’ Uf+uf: Fx* ’ Tf1+wf+luf:afl**’
m m f f
I}k* P;* ?*
rrztap g =vipe rstastug=aiae b ap R0 =9rE0 (D-3)
f f f
c c G sk
Tm = ﬁf fﬂm[**s:ﬁ: +,U‘ms:,:(7 Om + Um = Bf fhm p “m s Tml +'¢)m+,ufm:0'm 3
Tm, S Tm Erx I3
*% * %k * %
Tm2+am+lﬁm:¢mpi7:*7 Tm3+gm+um:am%a 7"m4+,U/m:ng$-
m m m
Substituting (D.3) into (D.2), and simplifying, gives
* %k f f * %k m m
F o< Sl2—-—-— - + umSEr (2 - -
= HIos ( Sy s;*) Hom=m ( Sm s;;;)
+ M B ﬁ B ImeEJf* B Efl;* B IfPJZ“* B PfQ;* B Cy B QfC’]*Z* (D.4)
Sy I,*n*S;i*Ef E;Z*If I;*Pf P;*Qf C;* Q’}*Cf
+ My |7- S;;j _ ImeE,:;j _ EmI:;k _ ImP;L* _ PmQ:;t _ Cmn _ Qmo;';z*
Smo I*SitBm  Biflm  IifPm PpQm  Cir QiiCm )’

where,
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= Bmesim Sl >0 and My = Byegpm

Tm TTm

M ST > 0.

Since the arithmetic mean exceeds the geometric mean, it follows that the parentheses of
(D.4) are negative. Hence, F < 0. Furthermore,

tlifgo (Sf(t), Ef(t)’ If(t)a Pf(t)) Qf(t)v Cf(t)7 Sm(t)7 Em(t)y I’m(t)7 Pm(t)7 Qm(t)y Cm(t))
% (S;*’E}*’I;*7P;*7Q}*’C;*’S;:’E** I** P** * % C;k,:( .

mostmortm o wmo

Substituting (I7(2), Py(t), Q7(t), Im (1), P (1), @ (1)) = (I3, P}, Q3" I, Pyt Q) into
the model (3.1) shows that (Rjc(t), Ry (1), Rme(t), Rim(t)) — (R** R}*,R;‘,Z‘C,Rj;f) ast —

fe
co. Hence, the unique endemic equilibrium of the screening-free model (3.1), with 6., = 0y =
0, is GAS in D\Dp whenever Ry > 1, S¢(t) < 57" and Sm(t) < S for all t. O

APPENDIX E. PROOF OF THEOREM 4.1

Proof. Consider the Pap screening model (2.3). The proof is based on using a Comparison
Theorem [41]. As in Appendix B, it can be shown that the system (2.3) satisfies Type K
condition (hence, Comparison theorem can be used).

Let Ros < 1 (so that the DFE, &ps, is LAS, in line with Lemma 4.1). The infected
components of the model (2.3) can be re-written as:

daxs
7 = (Fs = Vs)xs — Jsxs, (E.1)
where,
s = [Ef(t)vlf(t)7Pf(t):qu(t)rLfd(t)7Hfu(t)9Hft(t)’Cfu(t)7Cfd(t)vac(t)fRf(t)v

Em (8), Im (), P (£), Lin (£), Hy (£), Con (£), R (£), Rin (8)] 7,

with the matrices Fs and Vs are as defined in Section 4, and
Se(t S (¢
Js = [1_%‘7/‘()} J1+[1_“m7m()] J,
T Tm
where,
O1ix11 J1 O11x11 Osxi11
Ji1 = and Jo = s
! [ O11x8  Osxs } 2 [ J2 Osxs ]

with,

<
=
<
)
I
@
IS
=
£
o

[eNeleleoBoloRoloBehoRo)
[eNeleloBoloNoleoBeloRo)
[eNelNeoloNoloNoloBoloRoe)

OO OO OO0 O OO Oo
[eNeleleloNoNeNeN el el
[eNeNeloNoNoNoNoRol ol
[N ool NolNoNoeNoNe ol
[eeleloloNo X =Nl
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where u; = B’”Cf"""wf"""’ us = Bmeymyim us = BmcfOmmspm Dy = BmefOmmium o
HfTm HfTm HfTm, HfTm,
us = ,(3me9:;97:,,7:,7rfum7
[ Bregny Byey  Byegby  Byegby 0 Byepbpbpn 00 0 0 07
0 0 0 0 0 0 00 0 0 O
0 0 0 0 0 0 00 0 0 O
_ 0 0 0 0 0 0 00 0 0 O
T2 = 0 0 0 0 0 0 00 0 0 O
0 0 0 0 0 0 00 0 0 O
0 0 0 0 0 0 00 0 0 O
L o 0 0 0 0 0 00 0 0 0]

It is worth noting that J; and Jy are non-negative matrices. Furthermore, since, for all t > 0
in D,
Sp(t) < Np(t) < L and S (t) < Nu(t) < 77,
Hf Hm
it follows that,

Se(t
i f() <1 and Hm Sm (t) <1
TF TTm
Hence, J is a non-negative matrix. Thus, it follows, from (E.1), that

d

dmts < (Fs — Vo). (E.2)
Using the fact that the eigenvalues of the matrix Fs — Vs all have negative real parts when
Ros < 1 (based on the local asymptotic stability result given in Lemma 4.1), it follows
that the linear differential inequality system (E.2) is stable whenever Ros < 1. Hence, by
Comparison Theorem [41],

tli>ngo (Ef(t)7 If(t)v Pf(t)7 qu(t)7 Lfd(t)v Hfu(t)7 Hfd(t)7 Cfu(t)7 Cfd(t)v RfC(t)7
Ry (), Em (), Im (), Pm (), L (t), Hin (t), Cm (), Rme(t), Rin (t))
= (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).
Substituting Ef(t) = ]f(t) = Pf(t) = qu(t) = Lfd(t) = Hfu(t) Hfd(t) = Cfu(t)
Cfd(t) = Rfc(t) = Rf(t) = Em(t) = Im(t) = Pm(t) = Lm(t) = Hm(t) = Cm(t) =
Rinc(t) = Rm(t) = 0 into the first and thirteenth equations of the model (2.3) shows that
Sy(t) — 8% and Sm(t) — Sy, as t — oo (for Ros < 1). Thus,
Jm o (Sp(@), By (8), 15 (8), Pr(8), Lyu(t)s Lya(t), Hyu(t), Hya(t), Cu(t), Cra(t), Rye(t),

Ry (t), Sm(t)Em(t), Im(t), Pm(t), Lm(t), Hm(t), Cm(t), Rme(t), Rm(t)) = &os.
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Variable Description

Sg(t) Population of susceptible females

Ef(t) Population of exposed (asymptomatic) females

If(t) Population of symptomatic (infected with clinical symptoms of HPV) females
Pr(t) Population of females with persistent HPV infection

Ly (2) Population of females with undetected low-grade CIN
Lyq(t) Population of females with detected low-grade CIN

Hyy () Population of females with undetected high-grade CIN
Hyqg(t) Population of females with detected high-grade CIN

Cru(t) Population of females with undetected cervical cancer

Cyq(t) Population of females with detected cervical cancer

Ry (t) Population of females who recovered from cervical cancer

Ry (t) Population of females who recovered from HPV infection without developing

cervical cancer

Sm () Population of susceptible males

Enm(t) Population of exposed (asymptomatic) males

I () Population of symptomatic males

P () Population of males with persistent HPV infection

L (t) Population of males with low-grade INM

Hp(t) Population of males with high-grade INM

Cm () Population of males with HPV-related cancer

Rne(t) Population of males who recovered from HPV-related cancer

R (t) Population of males who recovered from HPV infection without developing
HPV-related cancer

TABLE 1. Description of the state variables of the
Pap screening model (2.3).



624 ALI JAVAME AND A. B. GUMEL
Parameter Description Baseline Value Ranges Ref.
per year

¢ (Tm) Recruitment rate of new sexually-active 10000 [9000,11000]  [52]
females (males)

ﬁ-(u}n) Average duration of sexual activity 65 [59.5,71.5]  [10]
for females (males)

Bm(By) Infection probability for females (males) 0.4/contact [0.34,0.44] [12]

cm(cy) Average number of male (female) sexual 2 (2 ]]\\,]—i) [1.8,2.2] [52]
partners for females (males) per unit time

&5 (&m) Rate of loss of infection-acquired 0.5 [0.45,0.55] [39]
immunity for females (males)

of(om) Rate of symptoms development for 5 [4.5,5.5] A
exposed females (males)

by (bm) Fraction of symptomatic females (males) 0.95 [0.75,0.95] (54]
who recover naturally from HPV
(but do not develop persistent infection)

W (Ym) Transition rate out of the Iy (In) class 0.5 [0.45,0.55] (22]
for females (males)

kg (km) Fraction of symptomatic females (males) 0.5 [0.45,0.55] [45]
who recover naturally from persistent
infection with HPV

ayf(cm) Transition rate out of the Py (Pm,) class 0.25 [0.2,0.3] [21]
for females (males)

dg1(dm1)  Fraction of infected females (males) with 0.04 [0.01,0.1] [45]
low-grade low-grade CIN (INM ) who
recover naturally from HPV infection

dfa(dm2)  Fraction of females (males) with undetected 0.28 [0.2,0.35] [21]
low-grade CIN (INM) who revert to the
Py] (Pm) class

dys3 Fraction of females with low-grade CIN 0.64 [0.6,0.7] [45]
who is detected

g7 (gm) Transition rate out of Ly, (Lm) class 1.18 [1,1.5] [45]
for females (males)

1 Recovery rate of detected females with 0.13 [0.1,0.2] (48]
low-grade CIN

ar1(gm1) Fraction of infected females (males) with 0.24 [0.2,0.3] [45]
high-grade CIN 2/3 (INM 2/3) who recover
naturally from HPV infection

qr2(gm2)  Fraction of females (males) with undetected 0.04 [0.03,0.05] (48]

high-grade CIN 2/3 (INM 2/3) who revert
to the Ly, (Lm) class

TABLE 2. Description of parameters of the Pap
screening model (2.3). "A” denotes ”assumed”.
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Parameter Description Baseline Value Ranges Ref.
per year

qr3 Fraction of females with high-grade 0.47 [0.4,0.55] [45]
CIN 2/3 who is detected

qra(gm3)  Regression rate from the Hy, (Hm) class 0.17 [0.1,0.25] (35]
to Py (Pm) class

zf(2m) Transition rate out of the Hy, (Hm) class 2.08 (2,2.2] [45]
for females (males)

ro Recovery rate of detected females with 0.13 [0.1,0.2] (48]
high-grade CIN 2/3

Jf1 Fraction of females with cervical cancer 0.62 [0.5,0.7] [42]
who is detected

Jr2(jm) Fraction of females (males) with cervical 0.23 [0.15,0.3] [21]
(HPV-related) cancer who revert to the
Hy, (Hm) class

vf (ym) Transition rate out of the Cy, (Cp) class 1.31 [1.2,1.4] [42]
for females (males)

r3 Recovery rate of females with detected 0.75 [0.65,0.85] [21]
cancer

nf(Mm) Modification parameter for infectiousness 0.5 [0.45,0.55] A
of exposed females (males) in the E¢ (Em)
class, relative to those in the Iy (I,,) class

0(0m) Modification parameter for infectiousness 0.9 [0.8,1] [45]
of females (males) in the Pf, Ly, Lfq,
Hy¢y,Hpq (P, Lm, Hm) classes, relative
to those in the E¢, Iy (Em, Im) classes

0¢n(0mn)  Modification parameter for infectiousness 1.5 [1.35,1.65] A
of females (males) in the Hy, (Hpm) class,
relative to those in the Py, Ly, (Pm,Lm)
classes

Sfru(dra) Cancer-induced mortality rate for 0.01 (0.001) [0.009,0.02] [45]

undetected (detected) females

([0.0009,0.002])

TABLE 3. Description of parameters of the Pap
screening model (2.3) continued. ”A” denotes ”as-
sumed”.
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Variable Description
Sg(t) Population of susceptible females
Ef(t) Population of exposed (asymptomatic) females
If(t) Population of symptomatic (infected with clinical symptoms of HPV) females
Pr(t) Population of females with persistent HPV infection
Qy(t) Population of females with CIN
Cy(t) Population of females with cervical cancer
Ry (t) Population of females who recovered from cervical cancer
Ry(t) Population of females who recovered from HPV infection without developing
cervical cancer
Sm(t) Population of susceptible males
En(t) Population of exposed (asymptomatic) males
I () Population of symptomatic males
P (t) Population of males with persistent HPV infection
Qm(t) Population of males with INM
Cm (t) Population of males with HPV-related cancer
Rme(t)  Population of males who recovered from HPV-related cancer
R (t) Population of males who recovered from HPV infection without developing

HPV-related cancer

TABLE 4. Description of the state variables of the

screening-free model (3.1).
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Parameter Description Baseline Value Ranges Ref.
per year

¢ (Tm) Recruitment rate of new sexually-active 10000 [9000,11000]  [52]
females (males)

ﬁ-(u}n) Average duration of sexual activity 65 [59.5,71.5]  [10]
for females (males)

Bm(By) HPYV infection probability from males to 0.8/contact [0.72,0.88] [22]
females (females to males) (0.7/contact) [0.63,0.77]

em(cy) Average number of male (female) sexual 2 (2 IJVV—:;) [1.8,2.2] [52]
partners for females (males) per unit time

o¢(om) Rate of symptoms development for 5 [4.5,5.5] A
exposed females (males)

Y (Ym) Rate of development of persistent infection 0.5 [0.45,0.55] [22]
for females (males)

ayf(om) Progression rate from HPV to CIN (INM) 0.1 [0.09,0.11] [21]
for females (males)

g¢(gm) Progression rate from CIN (INM) to cancer 0.08 [0.079, 0.081] [21]
for females (males)

rf1(rm1)  Natural recovery rate of infected females 0.495 [0.446,0.545]  [22]
(males) (0.9) [0.89, 0.91]

752 (Tm2) Natural recovery rate of females (males) 0.1 [0.09,0.11] [45]
with persistent HPV infection

r¢3(rm3)  Natural recovery rate of females with CIN 0.05 [0.045,0.055]  [48]
(males with INM)

rfa(rma)  Natural recovery rate of females with 0.76 [0.68,0.84] [21]
cervical cancer (males with HPV-related
cancer)

07(0m) Modification parameter for the 0.9 [0.8,1] [45]

infectiousness of females (males) with
persistent infection, relative to those in
the Iy (Imm) class
dr Cancer-induced mortality rate for 0.01 [0.009,0.011]  [45]
females

TABLE 5. Description of parameters of the
screening-free model (3.1). ”A” denotes ”assumed”.
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TABLE 6. PRCC values of the parameters of the

screening-free model (3.1) using Ry as output. Base-

line parameter values and ranges used are as given in
Table 5.
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[ Parameter [ PRCC value H Parameter [ PRCC value ]

cf
bm
by
By
Bm
Tm
Tf
©f
Hm
Ym
Yy
Qam
af
077l
Oy
dmZ
dm3
nf
dso
9m
Jm
qfa

0.9123
—0.8571
—0.8494

0.8133

0.8128
—0.7373

0.7281
—0.7258

0.7098
—0.6151
—0.5868
—0.4380
—0.4110

0.2732

0.2257

0.1199

0.0986

0.0984

0.0773

0.0690

0.0668
—0.0563
—0.0473

0.0472

0.0376
—0.0355

ro
Om
9gr
ky
Jf1
&y
dfg
Em
r1

qf1
qf2

0.0348
—0.0340
—0.0300
—0.0274
—0.0269

0.0262

0.0223
—0.0200

0.0192

0.0182

0.0178

0.0173

0.0166
—0.0152
—0.0141

0.0123
—0.0101
—0.0090
—0.0068
—0.0066

0.0059

0.0051
—0.0028

0.0010

0.0007

TABLE 7. PRCC values of the parameters of the Pap
screening model (2.3), using Ros as output. Baseline
parameter values and ranges used are as given in Ta-

bles 2 and 3.
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FIGURE 1. Schematic diagram of the Pap screening

model (2.3).
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Total number of infected individuals

o i 10 15 20 25 3 35 40 45 a0
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FIGURE 2. Solution profiles of the screening-free
model (3.1), showing the total number of HPV-
infected individuals (females and males) as a func-
tion of time using various initial conditions. Param-
eter values used are as given in Table 5, with ¢y = 1,
B =0.2 and f3,,, = 0.2 (so that, Ry = 0.5159 < 1).
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Total number of infected individuals
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F1GURE 3. Solution profiles of the screening-free
model (3.1), showing the total number of HPV-
infected individuals (females and males) with 6, =
0r = 0 as a function of time using various initial con-
ditions. Parameter values used are as given in Table
5, with ¢, = 3, By = 2.5 and S,, = 2.5 (so that,
Ri1=6.2549 > 1).
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45

35F

250 500 750 1000

Number of LHS runs (Ng)

FIGURE 4. Box plot of the basic reproduction num-
ber (Ro) as a function of the number of runs (Ng)
for the screening-free model (3.1), using the baseline
parameter values and ranges given in Table 5.



634

ALI JAVAME AND A. B. GUMEL
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FIGURE 5. Solution profiles of the Pap screening
model (2.3), showing the total number of HPV-
infected individuals (females and males) as a func-
tion of time, using various initial conditions. Pa-
rameter values used are as given in Tables 2 and 3,
with ¢y = 1.3, 8, = 0.25 and 5y = 0.25 (so that,
Ros = 0.8111 < 1).
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FIGURE 6. Box plot of the effective reproduction
number (Rys) of the Pap screening model (2.3) as
a function of the number of runs (Ng), using the pa-
rameter values and ranges given in Tables 2 and 3.
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w10

Cumulative number of new HPV cases
=

Time (years)

FiGURE 7. Simulations of the Pap screening model
(2.3), showing the cumulative number of new HPV
cases (for females and males) as a function of time.
Parameter values used are as given in Tables 2 and 3
(with the top-eleven PRCC-ranked parameters mod-
ified accordingly). Green color: baseline parameters
as in Tables 2 and 3 (Rps=2.1019). Blue color: top-
eleven PRCC-ranked parameters in Table 7 decreased
by 10% (Ros=1.8537). Red color: top-eleven PRCC-
ranked parameters in Table 7 increased by 10%
(Ros=2.1734).
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FIGURE 8. Simulations of the Pap screening model
(2.3), showing the cumulative number of cervical can-
cer cases as a function of time. Parameter values
used are as given in Tables 2 and 3 (with the top-
eleven PRCC-ranked parameters modified accord-
ingly). Green color: baseline parameters as in Ta-
bles 2 and 3 (Rps=2.1019). Blue color: top-eleven
PRCC-ranked parameters in Table 7 decreased by
10% (Ros=1.8537). Red color: top-eleven PRCC-
ranked parameters in Table 7 increased by 10%
(Ros=2.1734).
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Cumulative number of HPV-related cancer cases for males

Time (years)

FiGURE 9. Simulations of the Pap screening model
(2.3), showing the cumulative number of HPV-related
cancer cases for males as a function of time. Pa-
rameter values used are as given in Tables 2 and 3
(with the top-eleven PRCC-ranked parameters mod-
ified accordingly). Green color: baseline parameters
as in Tables 2 and 3 (Rps=2.1019). Blue color: top-
eleven PRCC-ranked parameters in Table 7 decreased
by 10% (Ros=1.8537). Red color: top-eleven PRCC-
ranked parameters in Table 7 increased by 10%
(Ros=2.1734).
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FiGURE 10. Simulations of the Pap screening model
(2.3), showing the cumulative number of new HPV
cases (for females and males) as a function of time in
the presence (green color) and absence (blue color)
of the HPV transmission by individuals in the pre-
cancerous stages (both CIN and INM). Parameter
values used are as given in Tables 2 and 3 (Rgs =
2.1019 > 1).
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FIGURE 11. Simulations of the Pap screening model
(2.3), showing a counter plot of R, as a function of
the fraction of symptomatic females who recovered
naturally from HPV (by) and the fraction of sympto-
matic males who recovered naturally from HPV (b,,).

Parameter values used are as given in Tables 2 and
3.
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FIGURE 12. Simulations of the Pap screening model
(2.3), showing the cumulative number of cervical
cancer cases for females as a function of time.
Green color: 0% of females with CIN detected
(Rps=2.1201). Blue color: 25% of females with CIN
detected (Rps=2.1118). Red color: 50% of females
with CIN detected (Rps=2.1051).



