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ABSTRACT. Let H1 and H2 be two real Hilbert spaces. T :
H1 → H1 and S : H2 → H2 two asymptotically hemicontractive
maps. Let A : H1 → H2 be a bounded linear operator. The
split common fixed point problem (SCFP) for T and S, which
is to find a fixed point x∗ ∈ F (T ) such that Ax∗ ∈ F (S) is
studied. We proved that the set of fixed points of a class of
asymptotically hemicontractive maps is closed and convex. We
then obtain strong convergence results for the SCFP involving
two asymtotically hemicontractive maps using new averaging
iterative scheme.
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1. INTRODUCTION

The split common fixed point problem (SCFP) is a generalization of
the convex feasibility problem (CFP) and split feasibility problem
(SFP). SFP in finite- dimensional spaces was first introduced by
Censor and Elfving [1] for modelling inverse problems which came
from phase retrievals and in medical image reconstruction [2].
Let H1 and H2 be two real Hilbert spaces, K and Q be nonempty
closed convex subsets of H1 and H2, respectively. Let A : H1 → H2

be a bounded linear operator. The split feasibility problem is for-
mulated as finding a point x∗ ∈ H1 with the property
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x∗ ∈ K such that Ax∗ ∈ Q. (1.1)

Let T : H1 → H1 and S : H2 → H2 be two given mappings. Let
F (T ) = {x ∈ H1 : Tx = x} 6= ∅, F (S) = {x ∈ H2 : Sx = x} 6= ∅
and A : H1 → H2 a bounded linear operator. Then the split
common fixed point problem (SCFP) for T and S is to find a point
x∗ ∈ F (T ) such that Ax∗ ∈ F (S).
Li-Jun Zhu etal [3] studied and proved weak convergence results
for split common fixed point problem of quasi-pseudocontractions
(hemicontractions) in Hilbert spaces. Their work extend the work
done on directed operators and demicontractive operators (see for
example [6],[15],[16],[17],[18]).
Recently, Y.Yao, Y.Liou and J.Yao [4] studied and proved strong
convergence results for the split common fixed point problem of two
quasi-pseudo-contractive operators,(hemicontractive operators).
They used the following relaxed algorithm;
Let x1 ∈ H1 be arbitrary and let

vn = xn + δA∗[(1− ζn)I
+ ζnS((1− ηn)I + ηnS)− I]Axn n ≥ 1

un = αnf(xn) + (I − αnB)vn n ≥ 1
xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun) n ∈ N.

 (1.2)

where {ζn}, {βn},{γn},{ηn} and {αn} are sequences in (0, 1) and δ
is constant in (0, 1

‖A‖2 ). H1 and H2 are two real Hilbert spaces. T :

H1 → H1 is a uniformly L1-Lipschitzian quasi-pseudo-contractive
operator with L1 > 1, S : H2 → H2 is a uniformly L2-Lipschitzian
quasi-pseudo-contractive operator with L2 > 1, f : H1 → H1 is
a ρ-contraction (i.e., mapping satisfying ‖f(x) − f(y)‖ ≤ ρ‖x −
y‖, ∀x, y ∈ H1 for some ρ ∈ [0, 1)), B : H1 → H1 is a strong positive
linear bounded operator with coefficient η > ρ and A : H1 → H2 is
a bounded linear operator with its adjoint A∗.
Motivated by the results of Yao, Liou and Yao [4] , it is our purpose
in this paper to introduce an averaging iterative process analogous
to the algorithm in (1.2) and then prove strong convergence results
for the split common fixed point problem for a class of asymptoti-
cally hemicontractive mappings in Hilbert spaces.

2. PRELIMINARIES

In what follows, we shall need the following:
Definition 2.1. Let E be a real Banach space and C a nonempty
closed convex subset of E. A mapping T : C → C is said to be
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L-Lipschitzian if there exist L > 0 such that

‖Tx− Ty‖ ≤ L‖x− y‖, ∀x, y ∈ C. (2.1)

If L ∈ [0, 1), T is said to be a contraction. T is nonexpansive if
L = 1.
T is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that for all x, y ∈ C and integers n ≥ 1, we have

‖T nx− T ny‖ ≤ L‖x− y‖. (2.2)

E is said to have the Opial property if for any sequence {xn} with
xn ⇀ x, we have

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖, ∀y ∈ E with y 6= x. (2.3)

It is well known that every Hilbert space satisfies the Opial condi-
tion.
Definition 2.2. Let H be a real Hilbert space, and let C be a
nonempty closed convex subset of H. Recall that a mapping T :
C → C is called strictly pseudocontractive if there exist k ∈ [0, 1)
such that

‖Tx−Ty‖2 ≤ ‖x−y‖2 +k‖(I−T )x−(I−T )y‖2, ∀ x, y ∈ C. (2.4)

T is said to be pseudocontractive mapping if (2.4) is satisfied for
k = 1, that is

‖Tx− Ty‖2 ≤ ‖x− y‖2 + ‖(I − T )x− (I − T )y‖2, ∀ x, y ∈ C.
T is called a directed operator if for all x ∈ C, F (T ) 6= ∅ and
x∗ ∈ F (T ), then

〈Tx− x∗, Tx− x〉 ≤ 0.

T is said to be demicontractive mapping if F (T ) 6= ∅ and there
exists k ∈ [0, 1) such that for all x ∈ C and x∗ ∈ F (T ),

‖Tx− x∗‖2 ≤ ‖x− x∗‖2 + k‖Tx− x‖2. (2.5)

If F (T ) 6= ∅ and ∀(x, x∗) ∈ C × F (T ), (2.5) is satisfied for k = 1,
that is

‖Tx− x∗‖2 ≤ ‖x− x∗‖2 + ‖Tx− x‖2,

then T is said to be hemicontractive (quasi-pseudocontractive).
Definition 2.3. Let H be a real Hilbert space, and let C be a
nonempty closed convex subset of H. A mapping T : C → C is
said to be asymptotically k-strictly pseudocontractive if there exists
k ∈ [0, 1) and a sequence {kn} ⊆ [1,∞) such that lim

n→∞
kn = 1, and

‖T nx− T ny‖2 ≤ kn‖x− y‖2 + k‖(x− T nx)− (y − T ny)‖2. (2.6)
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T is called an asymptotically pseudocontractive mapping if (2.6) is
satisfied for k = 1, that is

‖T nx− T ny‖2 ≤ kn‖x− y‖2 + ‖(x− T nx)− (y − T ny)‖2.

T is called an asymptotically demicontractive mapping [6] if F (T ) 6=
∅ and there exist a sequence {kn} ⊆ [1,∞) with lim

n→∞
kn = 1 and

k ∈ [0, 1) such that

‖T nx− x∗‖2 ≤ kn‖x− x∗‖2 + k‖T nx− x‖2, (2.7)

for all n ∈ N , x ∈ C and ∀x∗ ∈ F (T ).
T is called an asymptotically hemicontractive mapping [7] if (2.7)
is satisfied for k = 1, that is

‖T nx− x∗‖2 ≤ kn‖x− x∗‖2 + ‖T nx− x‖2. (2.8)

The class of asymptotically hemicontractive maps properly contains
the class of asymptotically pseudocontractive maps for which the
fixed point set F (T ) := {x ∈ C : Tx = x} 6= ∅.
It is shown in [8] that the class of asymptotically hemicontractive
maps and the class of hemicontractive maps are independent.
Some examples of asymptotically hemicontractive maps include:
Example 2.4. Let < denote the reals with the usual norm, C =
[−6, 2] and define T : C → C by

Tx =

{
x, if x ∈ [−6, 1)
2x− x2, if x ∈ [1, 2]

.

For all integer n > 1, it is shown in [5] that with

T nx =

{
x, if x ∈ [−6, 1)
2x− x2, if x ∈ [1, 2]

,

|T nx− T ny|2 ≤ |x− y|2 + |x− T nx− (y − T ny)|2,
and |T nx − T ny| ≤ 6|x − y|, ∀ x, y ∈ [−6, 2], n ≥ 1. And since
F (T ) 6= ∅, thus T is asymptotically hemicontractive.

Example 2.5. Let < denote the reals with the usual norm, C =
[0, 1] and define T : C → C by

Tx = (1− x
2
3 )

3
2 .

For all integer n ≥ 1 and for all x ∈ [0, 1], it is also shown in [5]
that with

T nx =

{
(1− x 2

3 )
3
2 , if n is odd,

x, if n is even
,
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|T nx−T ny|2 ≤ |x−y|2+|x−T nx−(y−T ny)|2, ∀ x, y ∈ [0, 1], n ≥ 1,

and hence T is asymptotically pseudocontractive. Since F (T ) 6= ∅,
T is asymptotically hemicontractive.
Definition 2.6. Let H be a Hilbert space. A mapping T : H → H
is said to be demiclosed at p if for any sequence {xn} ⊂ H with
xn ⇀ x∗ and the sequence {T (xn)} converges strongly to p, then
Tx∗ = p.
Lemma 2.7 [12]. Let H be a real Hilbert space, and let C be a
nonempty closed convex subset of H. Let T : C → C be a uni-
formly L-Lipschitzian asymptotically pseudocontractive mapping.
Then (I − T ) is demiclosed at 0.

For all x, y ∈ H, we have the following:

(i) ‖tx+ (1− t)y‖2 = t‖x‖2 + (1− t)‖y‖2

−t(1− t)‖x− y‖2, t ∈ [0, 1]. (2.9)

(ii) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉. (2.10)

(iii) ‖x− y‖2 = ‖x‖2 − 2〈x, y〉+ ‖y‖2. (2.11)

If {xn}∞n=1 is a sequence in H which converges weakly to z, then

(iv) lim sup
n→∞

||xn − y||2 = lim sup
n→∞

||xn − z||2 + ||z − y||2, ∀y ∈ H.

(2.12)
Lemma 2.8 [9]. Let {Γn} be a sequence of real numbers. Assume
{Γn} does not decrease at infinity, that is, there exists at least a
subsequence {Γnk

} of {Γn} such that Γnk
≤ Γnk+1 for all k ≥ 0.

For every n ≥ n0, define an integer sequence {τ(n)} as

τ(n) = max{i ≤ n : Γni
≤ Γni+1}.

Then τ(n)→∞ as n→∞, and for all n ≥ n0,

max{Γτ(n),Γn} ≤ Γτ(n)+1.

Lemma 2.9 [10]. Let {an}∞n=1 be a sequence of non-negative real
numbers satisfying

an+1 ≤ (1− αn)an + αnβn + γn, n ≥ 0, (2.13)

where {αn}∞n=1, {βn}∞n=1, and {γn}∞n=1 satisfy the conditions:

(i) {αn}∞n=1 ⊂ [0, 1],
∑
αn =∞ or equivalently

∞∏
n=1(1− αn) = 0;

(ii) lim sup
n→∞

βn ≤ 0;

(iii) γn ≥ 0, (n ≥ 0),
∞∑
n=1

γn <∞.
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Then lim
n→∞

an = 0.

Definition 2.10. Let H be a real Hilbert space. A is said to be
strongly positive operator, if there exist a constant γ > 0 such that

〈Ax, x〉 ≥ γ‖x‖2, ∀x ∈ H.

Lemma 2.11 [19]. Assume A is a strongly positive linear operator
on a Hilbert space H with coefficient γ > 0 and 0 < λ ≤ ‖A‖−1.
Then ‖I − λA‖ ≤ 1− λγ.

3. MAIN RESULTS

We begin with following important properties of asymptotically
hemicontractive maps which will play crucial role in the proof of
our convergence results.
Proposition 3.1. Let H be a real Hilbert space, and let C be
a nonempty closed convex subset of H. Let T : C → C be a
uniformly L-Lipschitzian asymptotically hemicontractive mapping.
Then, F (T ) = {x ∈ C : Tx = x} is closed and convex.
Proof : (i) Let {pn}∞n=1 ⊆ F (T ) be such that pn → p. We prove
that p ∈ F (T ).

||p− Tp|| ≤ ||p− pn||+ ||pn − Tp||
= ||p− pn||+ ||Tpn − Tp||
≤ (1 + L)||pn − p|| → 0 as n→∞.

Hence p ∈ F (T ), and F (T ) is closed.
Let p1, p2 ∈ F (T ) and let λ ∈ [0, 1] be arbitrary. Set p :=

λp1 + (1−λ)p2. We prove that p ∈ F (T ). Observe that ||p− p1|| =
(1− λ)||p1 − p2|| and ||p− p2|| = λ||p1 − p2||. Set

Gnx := T n
(

(1− β)x+ βT nx
)
,

where β ∈
(

0, 2

(1+λ)+
√

(1+λ)2+4L2

)
, and λ := supn≥1 kn. Then

Gnp1 = p1, and Gnp2 = p2. Observe that

||p−Gnp||2 = ||λ(p1 −Gnp) + (1− λ)(p2 −Gnp)||2

= λ||p1 −Gnp||2 + (1− λ)||p2 −Gnp||2

−λ(1− λ)||p1 − p2||2. (3.1)
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Observe also that

||Gnp− p1||2 = ||Tn
(
(1− β)p+ βTnp

)
− p1||2

= ||Tn
(
(1− β)p+ βTnp

)
− Tnp1||2

≤ kn||(1− β)(p− p1) + β(Tnp− Tnp1)||2

+‖((1− β)p+ βTnp)− Tn
(
(1− β)p+ βTnp

)
‖2

= kn(1− β)‖p− p1‖2 + knβ‖Tnp− p1‖2 − kn(1− β)β‖p− Tnp‖2

+‖((1− β)p+ βTnp)−Gnp‖2

≤ kn(1− β)‖p− p1‖2 + knβ
[
kn‖p− p1‖2 + ‖p− Tnp‖

]
−knβ(1− β)‖p− Tnp‖2 + (1− β)‖p−Gnp‖2

+β‖Tnp− Tn
(
(1− β)p+ βTnp

)
‖2 − β(1− β)‖p− Tnp‖2

= kn[1 + β(kn − 1)]‖p− p1‖2 + knβ‖p− Tnp‖
−knβ(1− β)‖p− Tnp‖2 + (1− β)‖p−Gnp‖2

+β3L2‖p− Tnp‖2 − β(1− β)‖p− Tnp‖2

= kn[1 + β(kn − 1)]‖p− p1‖2 − β[1− β(kn + 1)− β2L2]‖p− Tnp‖2

+(1− β)‖p−Gnp‖2

≤ kn[1 + β(kn − 1)]‖p− p1‖2 − β[1− β(kn + 1)− β2L2]‖p− Tnp‖2

+(1− β)‖p−Gnp‖2

= kn[1 + β(kn − 1)]‖p− p1‖2 − β[1− β(kn + 1)− β2L2]‖p− Tnp‖2

+(1− β)‖p−Gnp‖2 (3.2)

Similarly,

||Gnp− p2||2 ≤ kn[1 + β(kn − 1)]‖p− p2‖2 + (1− β)||p−Gnp||2

−β[1− β(kn + 1)− β2L2]‖p− Tnp‖2. (3.3)

Thus, using (3.2) and (3.3) in (3.1), we have that

||p−Gnp||2 ≤ (1− λ)2λkn[1 + β(kn − 1)]‖p1 − p2‖2

+(1− λ)λ2kn[1 + β(kn − 1)]‖p1 − p2‖2

−β[1− β(kn + 1)− β2L2]||p− T np||2

+(1− β)||p−Gnp||2 − λ(1− λ)‖p1 − p2‖2

= λ(1− λ)(1 + βkn)(kn − 1)‖p1 − p2‖2

−β[1− β(kn + 1)− β2L2]||p− T np||2

+(1− β)||p−Gnp||2

and it follows that

β||p−Gnp||2 ≤ λ(1−λ)(1+βkn)(kn−1)‖p1−p2‖2 → 0 as n→∞.
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Hence Gnp→ p as n→∞.
Observe that

||p− T np|| ≤ ||p−Gnp||+ ||Gnp− T np||
≤ ||p−Gnp||+ Lβ||p− T np||.

Thus

(1− Lβ)||p− T np|| ≤ ||p−Gnp|| → 0 as n→∞,
and hence T np→ p as n→∞. Since T is continuous we have

T n+1p→ Tp as n→∞.
Thus Tp = p.
We now introduce our algorithm and then prove our strong conver-
gence results for solving the split common fixed point problem for
a class of asymptotically hemicontractive mappings in real Hilbert
spaces.
Let H1 and H2 be two real Hilbert spaces, A : H1 → H2 a bounded
linear operator with its adjoint operator A∗, T : H1 → H1 a uni-
formly L1- Lipchitzian asymptotically hemicontractive mapping,
S : H2 → H2 a uniformly L2- Lipchitzian asymptotically hemi-
contractive mapping, F(T) and F(S) are sets of fixed points of T
and S respectively, f : H1 → H1 a ρ-contractive operator and
B : H1 → H1 a strong positive linear bounded operator with
ν > 2ρ. The objective here is to solve the following two-set split
common fixed point problem: p ∈ F (T ) and Ap ∈ F (S)(i.e., p ∈
Γ = {p ∈ H1 : p ∈ F (T ) and Ap ∈ F (S)}. For this purpose we
modify algorithm in (1.2) to suit our class of mappings.
Algorithm 3.2: For x1 ∈ H1, define a sequence {xn} as follows:

vn = xn + δA∗[(1− ζn)I
+ ζnS

n((1− ηn)I + ηnS
n)− I]Axn n ≥ 1

un = αnf(xn) + (I − αnB)vn n ≥ 1
xn+1 = (1− βn)un + βnT

n((1− γn)un + γnT
nun) n ∈ N.

 (3.4)

where {ζn}, {βn},{γn},{ηn} and {αn} are sequences in (0, 1) and
δ is a constant in (0, 1

‖A‖2 ).

Theorem 3.3: Let H1 and H2 be two real Hilbert spaces. Let
A : H1 → H2 be a bounded linear operator, and f : H1 → H1 be a
ρ-contractive operator. Let B : H1 → H1 is a strong positive linear
bounded operator with coefficient ν > 2ρ and 0 < αn ≤ ‖B‖−1. Let
T : H1 → H1 be uniformly L1-Lipschitzian asymptotically hemicon-

tractive mapping with sequence {k(1)
n }∞n=1 such that

∑∞
n=1(k

(1)
n −

1) < ∞, S : H2 → H2 be uniformly L2-Lipschitzian asymptot-

ically hemicontractive mapping with sequence {k(2)
n }∞n=1such that
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n=1(k

(2)
n − 1) <∞ and F(T) and F(S) are sets of fixed points of

T and S respectively. Let kn = max{k(1)
n , k

(2)
n }, assume that (I−T )

and (I − S) are demiclosed at zero and Γ 6= ∅. Suppose that the
following conditions are satisfied:
(B1) :

∑∞
n=1 αn <∞;

(B2) : 0 < a1 < βn < c1 < γn < b1 <
2

(1+λ)+
√

(1+λ)2+4L2
1

;where

λ := supn≥1 kn.

(B3) : 0 < a2 < ζn < c2 < ηn < b2 <
2

(1+λ)+
√

(1+λ)2+4L2
2

.

Then the sequence {xn} generated by (3.4) converges strongly to
p = PΓ(f+I−B)p, where Γ = {p ∈ H1 : p ∈ F (T ) and Ap ∈ F (S)}.
Proof: Let p = PΓ(f + I − B)p. Then we have p ∈ F (T ) and
Ap ∈ F (S).
From (2.9), we have

‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)]Axn − Ap‖2

= ‖(1− ζn)(Axn − Ap) + ζn(Sn((1− ηn)I + ηnS
n)Axn − Ap)‖2

= (1− ζn)‖Axn − Ap‖2 + ζn‖Sn((1− ηn)I + ηnS
n)Axn − Ap‖2

−ζn(1− ζn)‖Sn((1− ηn)I + ηnS
n)Axn − Axn‖2. (3.5)

‖Sn
(
((1− ηn)I + ηnS

n)Axn
)
− Ap‖2

≤ kn‖((1− ηn)I + ηnS
n)Axn − Ap‖2

+‖((1− ηn)I + ηnS
n)Axn − Sn

(
(1− ηn)I + ηnS

n
)
Axn‖2.

Observe that from (2.8)

= kn‖(1− ηn)(Axn − Ap) + ηn(SnAxn − Ap)‖2

+‖((1− ηn)I + ηnS
n)Axn − Sn((1− ηn)I + ηnS

n)Axn‖2

= kn(1− ηn)‖Axn − Ap‖2 + knηn‖SnAxn − Ap‖2

−knηn(1− ηn)‖Axn − SnAxn‖2

+‖((1− ηn)I + ηnS
n)Axn − Sn((1− ηn)I + ηnS

n)Axn‖2

≤ kn(1− ηn)‖Axn − Ap‖2

+knηn
[
kn‖Axn − Ap‖2 + ‖SnAxn − Axn‖2

]
−knηn(1− ηn)‖Axn − SnAxn‖2

+‖((1− ηn)(Axn − Sn((1− ηn)Axn + SnηnAxn))

+ηn(SnAxn − Sn((1− ηn)Axn + ηnS
nAxn))‖2
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= kn(1− ηn)‖Axn − Ap‖2 + k2
nηn‖Axn − Ap‖2

+knηn‖SnAxn − Axn‖2

−knηn(1− ηn)‖Axn − SnAxn‖2

+(1− ηn)‖Axn − Sn((1− ηn)Axn + ηnS
nAxn)‖2

+ηn‖SnAxn − Sn((1− ηn)Axn + ηnS
nAxn)‖2

−ηn(1− ηn)‖SnAxn − Axn‖2

≤ kn[1 + ηn(kn − 1)]‖Axn − Ap‖2

+knηn‖SnAxn − Axn‖2

−knηn(1− ηn)‖Axn − SnAxn‖2

+(1− ηn)‖Axn − Sn((1− ηn)Axn + ηnS
nAxn)‖2

+η3
nL

2‖Axn − SnAxn‖2

−ηn(1− ηn)‖SnAxn − Axn‖2

= kn[1 + ηn(kn − 1)]‖Axn − Ap‖2

−ηn[1− ηn(1 + kn)− η2
nL

2]‖SnAxn − Axn‖2

+(1− ηn)‖Axn − Sn((1− ηn)Axn + ηnS
nAxn)‖2. (3.6)

Since ηn <
2

(1+λ)+
√

(1+λ)2+4L2
, where λ := supn≥1 kn, we have that

1− ηn(1 + kn)− η2
nL

2 > 0.
It follows that

‖Sn((1− ηn)I + ηn)Axn − Ap‖2

≤ kn[1 + ηn(kn − 1)]‖Axn − Ap‖2

+(1− ηn)‖Axn − Sn((1− ηn)Axn + ηnS
nAxn)‖2. (3.7)

Substituting (3.7) in (3.5), we have

‖[(1− ζn)I + ζnS
n((1− ηn)I + ηn)]Axn − Ap‖2

≤ (1− ζn)‖Axn − Ap‖2

+ζn

(
kn[1 + ηn(kn − 1)]‖Axn − Ap‖2

+(1− ηn)‖Axn − Sn((1− ηn)Axn + ηnS
nAxn)‖2

)
−ζn(1− ζn)‖Sn((1− ηn)I + ηnS

n)Axn − Axn‖2

=
[
1 + ζn(kn − 1)(1 + ηnkn)

]
‖Axn − Ap‖2

+ζn(ζn − ηn)‖Sn((1− ηn)I + ηnS
n)Axn − Axn‖2. (3.8)
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With ζn < ηn, it implies that

‖[(1− ζn)I + ζnS
n((1− ηn)I + Snηn)]Axn − Ap‖2

≤
[
1 + ζn(kn − 1)(1 + ηnkn)

]
‖Axn − Ap‖2. (3.9)

Following as in the derivation of (3.7), we deduce that

‖T n((1− γn)un + γnT
nun)− p‖2

≤ kn[1 + γn(kn − 1)]‖un − p‖2

+(1− γn)‖un − T n((1− γn)un + γnT
nun‖2. (3.10)

This together with (2.8), (3.4) and βn < γn imply

‖xn+1 − p‖2 = ‖(1− βn)un + βnT
n((1− γn)un + γnT

nun)− p‖2

= (1− βn)‖un − p‖2

+βn‖Tn((1− γn)un + γnT
nun)− p‖2

−βn(1− βn)‖un − Tn((1− γn)un + γnT
nun)‖2

≤ (1− βn)‖un − p‖2

+βn

[
kn(1 + γn(kn − 1))‖un − p‖2

+(1− γn)‖un − Tn((1− γn)un + γnT
nun)‖2

]
−βn(1− βn)‖un − Tn((1− γn)un + γnT

nun)‖2

= [1 + βn(kn − 1)(1 + γnkn)]‖un − p‖2

−βn(γn − βn)‖un − Tn((1− γn)un + γnT
nun)‖2 (3.11)

≤ [1 + βn(kn − 1)(1 + γnkn)]‖un − p‖2. (3.12)

Observe that using Lemma 2.11,

‖un − p‖ = ‖αn(f(xn)−Bp) + (I − αnB)(vn − p)‖
≤ αn‖f(xn)−Bp‖+ ‖I − αnB‖‖vn − p‖
≤ αn‖f(xn)− f(p)‖+ αn‖f(p)−Bp‖
+ (1− αnν)‖vn − p‖
≤ αnρ‖xn − p‖+ αn‖f(p)−Bp‖
+ (1− αnν)‖vn − p‖. (3.13)
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By standard argument, we obtain that

‖vn − p‖2 = ‖xn − p+ δA∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

= ‖xn − p‖2 + δ2‖A∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

+2δ〈xn − p,A∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn〉. (3.14)

Since A is a linear operator, with adjoint A∗, we have

〈xn − p,A∗[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn〉
= 〈A(xn − p), [(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)− I]Axn〉

= 〈[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)]Axn − Ap, [(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn〉
−‖[(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)− I]Axn‖2. (3.15)

Also, using (2.11), we obtain

〈[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)]Axn − Ap, [(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn〉

=
1

2

(
‖[(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)]Axn − Ap‖2

+‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

−‖Axn − Ap‖2
)
. (3.16)

From (3.9), (3.15) and (3.16), we get

〈xn − p,A∗[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn〉

=
1

2

(
‖[(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)]Axn −Ap‖2

+‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2 − ‖Axn −Ap‖2
)

−‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

≤ 1

2

(
[1 + ζn(kn − 1)(1 + ηnkn)]‖Axn −Ap‖2

+‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

−‖Axn −Ap‖2
)

−‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

=
1

2
[ζn(kn − 1)(1 + ηnkn)]‖Axn −Ap‖2

−1

2
‖[(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)− I]Axn‖2. (3.17)
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Then

‖vn − p‖2 = ‖xn − p+ δA∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

= ‖xn − p‖2 + δ2‖A∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

+2δ〈xn − p,A∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn〉

≤ ‖xn − p‖2

+δ2‖A‖2‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

+2δ
(1
2
([ζn(kn − 1)(1 + ηnkn)]‖Axn −Ap‖2)

−1

2
‖[(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)− I]Axn‖2

)
= ‖xn − p‖2 + δ2‖A‖2‖[(1− ζn)I + ζnS

n((1− ηn)I + ηnS
n)− I]Axn‖2

+[δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖2

−δ‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

= ‖xn − p‖2

+(δ2‖A‖2 − δ)‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

+[δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖2

= [1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖2

+(δ2‖A‖2 − δ)‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖2

≤ [1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖2. (3.18)

So, it follows that

‖vn − p‖ ≤
√
[1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖2

≤ [1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖. (3.19)

Now substituting (3.19) in (3.13), we have that

‖un − p‖ ≤ αnρ‖xn − p‖+ αn‖f(p)−Bp‖+ (1− αnν)‖vn − p‖
≤ αnρ‖xn − p‖+ αn‖f(p)−Bp‖

+(1− αnν)
(
[1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn)]‖xn − p‖

)
=

[
αnρ

+(1− αnν)(1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn))
]
‖xn − p‖

+αn‖f(p)−Bp‖. (3.20)

Again, from (3.12), we deduce that

‖xn+1 − p‖ ≤
√

[1 + βn(kn − 1)(1 + γnkn)]‖un − p‖2

≤ [1 + βn(kn − 1)(1 + γnkn)]‖un − p‖. (3.21)
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Substituting (3.20) in (3.21), we have

‖xn+1 − p‖ ≤ [1 + βn(kn − 1)(1 + γnkn)]

×
([
αnρ

+(1− αnν)(1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn))
]
‖xn − p‖

+αn‖f(p)−Bp‖
)

≤ (1 + σn)(1 + ξn)
(
[1− αn(ν − ρ)]‖xn − p‖

+αn‖f(p)−Bp‖
)
, (3.22)

where σn = βn(kn−1)(1+γnkn) and ξn = δ‖A‖2ζn(kn−1)(1+ηnkn).
Hence,

‖xn+1 − p‖ ≤ (1 + σn)(1 + ξn)
(
[1− αn(ν − ρ)]‖xn − p‖

+αn‖f(p)−Bp‖
)

= (1 + ωn)
(
[1− αn(ν − ρ)]‖xn − p‖

+αn‖f(p)−Bp‖
)

≤ (1 + ωn)
(

[1− αn(ν − ρ)] max
{
‖xn − p‖,

‖f(p)−Bp‖
ν − ρ

}
+αn‖f(p)−Bp‖

)

= (1 + ωn)
(
[1− αn(ν − ρ)]max

{
‖xn − p‖,

‖f(p)−Bp‖
ν − ρ

}
+αn(ν − ρ)

‖f(p)−Bp‖
ν − ρ

)
≤ (1 + ωn)

(
[1− αn(ν − ρ)]max

{
‖xn − p‖,

‖f(p)−Bp‖
ν − ρ

}
+αn(ν − ρ)max

{
‖xn − p‖,

‖f(p)−Bp‖
ν − ρ

})
= (1 + ωn)max

{
‖xn − p‖,

‖f(p)−Bp‖
ν − ρ

}
.

.

.

≤
n∏

j=1

(1 + wj)max
{
‖x1 − p‖,

‖f(p)−Bp‖
ν − ρ

}
. (3.23)

Since ωn = σn + ξn + σnξn and Σωn < ∞, it follows that {xn} is
bounded, so also vn and un.
To complete the proof, we now consider the following two cases;
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Case 1. Suppose there exists some integer n0 > 0 such that
{‖xn − p‖}n>n0 is a monotone decreasing sequence. Then
limn→∞{‖xn − p‖} exists and it follow from (3.12) that

‖xn+1 − p‖2 ≤ (1 + βn(kn − 1)(1 + γnkn))‖un − p‖2

= (1 + σn)‖un − p‖2

≤ (1 + σn)
{
αnρ‖xn − p‖+ αn‖f(p)−Bp‖

+(1− αnν)‖vn − p‖
}2

= (1 + σn)
{
α2
n(ρ‖xn − p‖+ ‖f(p)−Bp‖)2

+2αn(1− αnν)(ρ‖xn − p‖+ ‖f(p)−Bp‖)

×‖vn − p‖+ (1− αnν)2‖vn − p‖2
}

= (1 + σn)
{
αn
(
ρ‖xn − p‖+ ‖f(p)−Bp‖

)
×
[
αn
(
ρ‖xn − p‖+ ‖f(p)−Bp‖

)
+2αn(1− αnν)‖vn − p‖

]
+(1− αnν)2‖vn − p‖2

}

≤ (1 + σn)
{
αn{(ρ‖xn − p‖+ ‖f(p)−Bp‖)

×(ρ‖xn − p‖+ ‖f(p)−Bp‖) + 2(1− αnν)

[(1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn)‖xn − p‖)]}

+(1− αnν)2‖vn − p‖2
}

= (1 + σn)
{
αn{(ρ‖xn − p‖+ ‖f(p)−Bp‖)

×(ρ‖xn − p‖+ ‖f(p)−Bp‖)
+2(1− αnν)(1 + ξn)‖xn − p‖}

+(1− αnν)2‖vn − p‖2
}
, (where

ξn = δ‖A‖2ζn(kn − 1)(1 + ηnkn))

≤ (1 + σn)
(
αnM + (1− αnν)2‖vn − p‖2

)
, (3.24)

where M > 0 is a constant such that

sup{(ρ‖xn − p‖+ ‖f(p)−Bp‖)(ρ‖xn − p‖+ ‖f(p)−Bp‖)
+ 2(1− αnν)(1 + ξn)‖xn − p‖} ≤M.
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It follows that

‖xn+1 − p‖2 ≤ (1 + σn)
(
αnM + (1− αnν)2‖vn − p‖2

)
≤ (1 + σn)

(
αnM + (1− αnν)2

{
(1 + ξn)‖xn − p‖2

+(δ2‖A‖2 − δ)‖[(1− ζn)I

+ζnS
n((1− ηn) + ηnS

n)− I]Axn‖2
})

= (1 + σn)
(
αnM + (1− αnν)2(1 + ξn)‖xn − p‖2

+(1− αnν)2(δ2‖A‖2 − δ)‖[(1− ζn)I

+ζnS
n((1− ηn) + ηnS

n)− I]Axn‖2
)

= αnM(1 + σn) + (1 + σn)(1− αnν)2(1 + ξn)‖xn − p‖2

+(1 + σn)(1− αnν)2(δ2‖A‖2 − δ)
×‖[(1− ζn)I + ζnS

n((1− ηn) + ηnS
n)− I]Axn‖2.

Thus

(1 + σn)(1− αnν)2(δ − δ2‖A‖2)‖[(1− ζn)I

+ ζnS
n((1− ηn) + ηnS

n)− I]Axn‖2

≤ αnM(1 + σn) + (1 + σn)(1− αnν)2(1 + ξn)‖xn − p‖2

−‖xn+1 − p‖2.

Since limn→∞ ‖xn− p‖ exist, αn → 0, σn → 0, and ξn → 0, we have
that

lim
n→∞

‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖ = 0. (3.25)

Hence

lim
n→∞

‖Axn − Sn((1− ηn)I + ηnS
n)Axn‖ = 0. (3.26)

We now have

‖Axn − SnAxn‖ ≤ ‖Axn − Sn((1− ηn)I + ηnS
n)Axn‖

+‖Sn((1− ηn)I + ηnS
n)Axn − SnAxn‖

≤ ‖Axn − Sn((1− ηn)I + ηnS
n)Axn‖

+L2ηn‖Axn − SnAxn‖.
Therefore
‖Axn − SnAxn‖ ≤ 1

1−L2ηn
‖Axn − Sn((1− ηn)I + ηnS

n)Axn‖.
Thus

lim
n→∞

‖Axn − SnAxn‖ = 0. (3.27)
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Observe that

‖un − xn‖ = ‖δA∗[(1− ζn)IζnSn((1− ηn)I + ηnS
n)− I]Axn

+αn
(
f(xn)−Bxn − δBA∗[(1− ζn)I

+ζnS
n((1− ηn)I + ηnS

n)− I]Axn
)
‖

≤ δ‖A‖‖[(1− ζn)I + ζnS
n((1− ηn)I + ηnS

n)− I]Axn‖
+αn‖Bxn + δBA∗[(1− ζn)I
+ζnS

n((1− ηn)I + ηnS
n)− I]Axn − f(xn)‖.

This together with (3.25) gives that

lim
n→∞

‖xn − un‖ = 0. (3.28)

From (3.11) and (3.24) we have

‖xn+1 − p‖2 ≤ [1 + βn(kn − 1)(1 + γnkn)]‖un − p‖2

−βn(γn − βn)‖un − T n((1− γn)un + γnT
nun)‖2

≤ (1 + σn)[αnM + (1− αnν)2(1 + ξn)‖xn − p‖2]

−βn(γn − βn)‖un − T n((1− γn)un + γnT
nun)‖2.

This implies that

βn(γn − βn)‖un − T n((1− γn)un + γnT
nun)‖2

≤ (1 + σn)[αnM + (1− αnν)2(1 + ξn)]‖xn − p‖2

−‖xn+1 − p‖2.

Hence

lim
n→∞

‖un − T n((1− γn)un + γnT
nun)‖ = 0. (3.29)

Note that

‖un − T nun‖ ≤ ‖un − T n((1− γn)un + γnT
nun)‖

+‖T n((1− γn)un + γnT
nun)− T nun‖

≤ ‖un − T n((1− γn)un + γnT
nun)‖

+L1γn‖un − T nun‖.

Hence,
‖un − T nun‖ ≤ 1

1−L1γn
‖un − T n((1− γn)un + γnT

nun)‖
This together with (3.29) gives that

lim
n→∞

‖un − T nun‖ = 0. (3.30)

Next, we prove that,
limn→∞ ‖xn+1 − xn‖ = 0 and limn→∞ ‖un+1 − un‖ = 0.



380 E. E. CHIMA AND M.O. OSILIKE

Observe that

‖xn+1 − xn‖ = ‖(1− βn)un

+βnT
n((1− γn)un + γnT

nun)− xn‖
= ‖(1− βn)un + βnT

n((1− γn)un

+γnT
nun)− xn + un − un‖

= ‖(1− βn)un − un + βnT
n((1− γn)un

+γnT
nun) + un − xn‖

≤ βn‖T n((1− γn)un + γnT
nun)− un‖

+‖xn − un‖ → 0, as n→∞.
It follows that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.31)

Again

‖un+1 − un‖ = ‖αn+1f(xn+1) + (I − αn+1B)vn+1

− (αnf(xn) + (1− αnB)vn)‖
= ‖αn+1f(xn+1) + vn+1 − αn+1Bvn+1

− αnf(xn)− vn + αnBvn‖
≤ ‖αn+1(f(xn+1)−Bvn+1)‖+ ‖αn

(
Bvn − f(xn)

)
‖

+‖vn+1 − vn‖
= αn+1‖f(xn+1)−Bvn+1‖+ αn‖Bvn − f(xn)‖

+‖xn+1 + δA∗[(1− ζn+1)I

+ζn+1S
n+1
(
(1− ηn+1)I + ηn+1S

n+1
)
− I]Axn+1

−
(
xn + δA∗

[
(1− ζn)I

+ζnS
n
(
(1− ηn)I + ηnS

n
)
− I
]
Axn

)
‖

≤ αn+1‖f(xn+1)−Bvn+1‖+ αn‖Bvn − f(xn)‖
+‖xn+1 − xn‖
+δ‖A‖‖[(1− ζn+1)I

+ζn+1S
n+1
(
(1− ηn+1)I + ηn+1S

n+1
)
− I]Axn+1‖

+δ‖A‖‖[(1− ζn)I
+ζnS

n
(
(1− ηn)I + ηnS

n
)
− I]Axn‖ → 0, as n→∞.

This implies that

lim
n→∞

‖un+1 − un‖ = 0. (3.32)

Also, we prove that
‖Axn − SAxn‖ → 0, as n→∞ and ‖un − Tun‖ → 0, as n→∞.
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From (3.27), we set

zn := ‖Axn − SnAxn‖ → 0, as n→∞. (3.33)

Since S is uniformly L2-Lipschitzian, it follows from (3.27) and
(3.33) that

‖Axn − SAxn‖ ≤ ‖Axn − SnAxn‖+ ‖SnAxn − SAxn‖
≤ zn + L2‖Sn−1Axn − Axn‖
≤ zn + L2{‖Sn−1Axn − Sn−1Axn−1‖

+‖Sn−1Axn−1 − Axn‖}

≤ zn + L2
2‖Axn − Axn−1‖

+L2‖Sn−1Axn−1 − Axn−1 + Axn−1 − Axn‖
≤ zn + L2(1 + L2)‖Axn − Axn−1‖

+L2zn−1 → 0 as n→∞.
It follows that

lim
n→∞

‖Axn − SAxn‖ = 0. (3.34)

Similarly from (3.30), set

tn := ‖un − T nun‖ → 0, (as n→∞). (3.35)

Since T is uniformly L1-Lipschitzian, it follows from (3.30) and
(3.35) that

‖un − Tun‖ ≤ ‖un − T nun‖+ ‖T nun − Tun‖
≤ tn + L1‖T n−1un − un‖
≤ tn + L1{‖T n−1un − T n−1un−1‖+ ‖T n−1un−1 − un‖}
≤ tn + L2

1‖un − un−1‖
+L1‖T n−1un−1 − un−1 + un−1 − un‖

≤ tn + L1(1 + L1)‖un − un−1‖
+L1tn−1 → 0 as n→∞.

This implies that
lim
n→∞

‖un − Tun‖ = 0. (3.36)

Moreover, we show that
lim supn→∞〈f(p)−Bp, un − p〉 ≤ 0.
Choose a subsequence {unk

} of {un} such that

lim
n→∞

sup〈f(p)−Bp, un − p〉 = lim
k→∞
〈f(p)−Bp, unk

− p〉. (3.37)
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Since the sequence {unk
} is bounded, we can choose a subsequence

{unki
} of {unk

} such that {unki
} ⇀ y. Without loss of generality,

we assume that {unk
}⇀ y.

Thus, we derive from the above conclusions that

xnk
⇀ y and Axnk

⇀ Ay as k →∞. (3.38)

By the assumption that I − T and I − S are demi-closed at 0, we
have that Ay ∈ F (S) and y ∈ F (T ), which means that y ∈ Γ.
Hence,

lim
n→∞

sup〈f(p)−Bp, un − p〉 = lim
k→∞
〈f(p)−Bp, unk

− p〉

= lim
k→∞
〈f(p)−Bp, y − p〉

≤ 0. (3.39)

From (3.12)

‖xn+1 − p‖2 ≤ [1 + βn(kn − 1)(1 + γnkn)]‖un − p‖2

= (1 + σn)‖un − p‖2.

Using (2.10), we have

‖un − p‖2 = ‖αnf(xn) + (I − αnB)vn − p‖2

= ‖(I − αnB)(vn − p) + αn(f(xn)−Bp)‖2

≤ (1− αnν)‖vn − p‖2 + 2αn〈f(xn)−Bp, un − p〉
≤ (1− αnν)(1 + δ‖A‖2ζn(kn − 1)(1 + ηnkn))‖xn − p‖2

+2αn〈f(xn)−Bp, un − p〉
= (1− αnν)(1 + ξn)‖xn − p‖2 + 2αn〈f(xn)− f(p), un − p〉

+2αn〈f(p)−Bp, un − p〉
≤ (1− αnν)(1 + ξn)‖xn − p‖2 + 2αnρ‖xn − p‖‖un − p‖

+2αn〈f(p)−Bp, un − p〉
≤ (1− αnν)(1 + ξn)‖xn − p‖2 + αnρ‖xn − p‖2

+αnρ‖un − p‖2 + 2αn〈f(p)−Bp, un − p〉.

It follows that

‖un − p‖2 ≤ [(1− αnν)(1 + ξn) + αnρ]‖xn − p‖2

1− αnρ

+
2αn

1− αnρ
〈f(p)−Bp, un − p〉. (3.40)
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Thus

‖xn+1 − p‖2 ≤ (1 + σn)‖un − p‖2

≤ (1 + σn)
{ [(1− αnν)(1 + ξn) + αnρ]‖xn − p‖2

1− αnρ

+
2αn

1− αnρ
〈f(p)−Bp, un − p〉

}

= (1 + σn)
{
{1− αn(ν − ρ) + ξn(1− αnν)

1− αnρ
}‖xn − p‖2

+
2αn

1− αnρ
〈f(p)−Bp, un − p〉

}
= {1− αn(ν − 2ρ)

1− αnρ
}‖xn − p‖2

+(1 + σn)
2αn

1− αnρ
〈f(p)−Bp, un − p〉

+{σn[1− αn(ν − ρ) + ξn(1− αnν)] + ξn(1− αnν)

1− αnρ
}‖xn − p‖2

≤ {1− αn(ν − 2ρ)

1− αnρ
}‖xn − p‖2

+(1 + σn)
2αn

1− αnρ
〈f(p)−Bp, un − p〉

+{σn[1− αn(ν − ρ) + ξn(1− αnν)] + ξn(1− αnν)

1− αnρ
}D

= {1− αn(ν − 2ρ)

1− αnρ
}‖xn − p‖2

+(1 + σn)
2αn

1− αnρ
〈f(p)−Bp, un − p〉+ θn, (3.41)

where θn = {σn[1−αn(ν−ρ)+ξn(1−αnν)]+ξn(1−αnν)
1−αnρ

}D, and D > 0 is a

constant such that ‖xn − p‖2 ≤ D, ∀n ≥ 1.
Using (3.39) in (3.41) and applying Lemma 2.9, we have that xn →
p.
Case 2: Suppose that {‖xn− p‖}∞n=1 is not a monotone decreasing
sequence. Then for any n0, there exists an integer m ≥ n0 such that
‖xm−p‖ ≤ ‖xm+1−p‖. Let n0 be such that ‖xn0−p‖ ≤ ‖xn0+1−p‖.
Set ϕn = ‖xn − p‖. Then we have
ϕn0 ≤ ϕn0+1.
Let τ : N → N be a mapping defined for all n ≥ n0 for some
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sufficiently large n0 by
τ(n) := max{k ∈ N : n0 ≤ k ≤ n, ϕk ≤ ϕk+1}
Then τ is a non-decreasing sequence such that τ(n)→∞ as n→∞
and ϕτ(n) ≤ ϕτ(n)+1 for all n ≥ n0.
Following a similar argument as in case 1, we obtain that
limn→∞ ‖Axτ(n) − SAxτ(n)‖ = 0 and limn→∞ ‖uτ(n) − Tuτ(n)‖ = 0.
This implies that
ϕw(uτ(n)) ⊂ Γ.
Hence, we have

lim
n→∞

sup〈f(p)−Bp, uτ(n) − p〉 ≤ 0. (3.42)

Again, since ϕτ(n) ≤ ϕτ(n)+1, we have from (3.41)

ϕ2
τ(n) ≤ ϕ2

τ(n)+1

≤
[
1−

(ν − 2ρ)ατ(n)

1− ατ(n)ρ

]
ϕ2
τ(n)

+(1 + στ(n))
2ατ(n)

1− ατ(n)ρ
〈f(p)−Bp, uτ(n) − p〉

+
1

1− ατ(n)ρ
{στ(n)[1− ατ(n)(ν − ρ) + ξτ(n)(1− ατ(n)ν)]

+ξτ(n)(1− ατ(n)ν)}D. (3.43)

It follows that

ϕ2
τ(n) ≤ (1 + στ(n))

2

ν − 2ρ
〈f(p)−Bp, uτ(n) − p〉

+{στ(n)[1− ατ(n)(ν − ρ) + ξτ(n)(1− ατ(n)ν)]

+ξτ(n)}D. (3.44)

Using (3.42) in (3.44), and using the fact that
∑
στ(n) < ∞, we

have

lim
n→∞

ϕτ(n) = 0 (3.45)

From (3.43), we obtain that
lim supn→∞ ϕ

2
τ(n)+1 ≤ limn→∞ supϕ2

τ(n).

This together with (3.45) implies that
limn→∞ ϕτ(n)+1 = 0.
Apply Lemma 2.8 to have
0 ≤ ϕn ≤ max{ϕτ(n), ϕτ(n)+1}.
Hence, limn→∞ ϕn = 0, and this implies that {xn}∞n=1 converges
strongly to p.
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Corollary 3.3: Let H1 and H2 be two real Hilbert spaces. Let
A : H1 → H2 be a bounded linear operator, and f : H1 → H1 is
a ρ-contractive operator. Let B : H1 → H1 is a strong positive
linear bounded operator with coefficient ν > 2ρ and 0 < αn ≤
‖B‖−1. Let T : H1 → H1 a uniformly L1-Lipschitzian asymp-

totically pseudocontractive mapping with sequence {k(1)
n }∞n=1 such

that
∑∞

n=1(k
(1)
n − 1) <∞, and F (T ) 6= ∅; S : H2 → H2 a uniformly

L2-Lipschitzian asymptotically pseudocontractive mapping with se-

quence {k(2)
n }∞n=1 such that

∑∞
n=1(k

(2)
n − 1) <∞, and F (S) 6= ∅. If

Γ 6= ∅ and suppose that the following conditions are satisfied:
(B1) :

∑∞
n=1 αn <∞;

(B2) : 0 < a1 < βn < c1 < γn < b1 <
2

(1+h)+
√

(1+h)2+4L2
;

(B3) : 0 < a2 < ζn < c2 < ηn < b2 <
2

(1+h)+
√

(1+h)2+4L2
,

h = supn≥1 kn.
Then the sequence {xn} generated by (3.4) converges strongly to
p = PΓ(f + I −B)p.

4. NUMERICAL EXAMPLE

Let H1 = l2, let f : l2 → l2 be define by

f(x1, x2, x3, ...) = (0,
x1

2
,
x2

3
,
x3

4
, ...)

and B : l2 → l2 be define by

B(x1, x2, x3, ...) = (4x1, 4x2, 4x3, ...).

Let T : l2 → l2 be defined by

T (x1, x2, x3, ...) = (0, x1, x2, ...)

. Let H2 = Rn, and for each x = (x1, x2, x3, ..., xn) ∈ Rn, define
S : Rn → Rn by

Sx =

{
(x1, x2, x3, . . . , xn), if

∏n
j=1 xj < 0,

(−x1,−x2,−x3, . . . ,−xn), if
∏n

j=1 xj ≥ 0.

Then F (T ) = {(0, 0, 0, . . .)} and

F (S) = {(0, 0, 0, . . . , 0)} ∪ {(x1, x1, x3, . . . , xn) :
n∏
j=1

xj < 0}.

Define A : l2 → Rn by Ax = (x1, x2, x3, . . . , xn) for each x =
(x1, x2, x3, . . .) ∈ l2. Then A is a bounded linear operator with ad-
joint operator A∗y = (x1, x2, x3, . . . , xn, 0, 0, 0, . . .) for
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y = (x1, x2, x3, . . . , xn) ∈ Rn. Again, ||A|| = ||A∗|| = 1.
The following shows the efficacy and computability of our iterative
scheme.
Case I. Let αn = 1

(n+1)2
, βn = n

4(n+1)(1+
√

2)
= ζn, γn = n

2(n+1)(1+
√

2)
=

ηn, δ = 1
2
.Taking the initial value x (x = x1 ∈ l2 = H1) as

x = (1, 1, 1, 1, 1, 0, 0, 0, · · · ), y = ‖xn+1−xn‖
‖x2−x1‖ and using (3.4) at each

iterative step with the stopping criterion of 10−4 yields convergence
as shown in Table 1 and Figure 1 below

Table 1

1.0000 0.0367 0.0150 0.0067 0.0058
0.0032 0.0033 0.0019 0.0022 0.0013
0.0015 0.0010 0.0011 0.0007 0.0008
0.0006 0.0006 0.0005 0.0005 0.0004
0.0004 0.0003 0.0003 0.0003 0.0003
0.0002 0.0002 0.0002 0.0002 0.0002
0.0002 0.0002 0.0002 0.0002 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001
0.0001
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Case II. Let αn = 1
(n+1)2

, βn = n
5(n+1)(1+

√
2)
, ζn = n

6(n+1)(1+
√

2)
,

γn = n
(n+1)(1+

√
2)
ηn = n

3(n+1)(1+
√

2)
, δ = 1

2
. Taking the initial value

x (x = x1 ∈ l2 = H1) as x = (1, 1, 1, 1, 1, 0, 0, 0, · · · ), y = ‖xn+1−xn‖
‖x2−x1‖

and using (3.4) at each iterative step with the stopping criterion of
10−4 yields convergence as shown in Table 2 and Figure 2 below

Table 2

1.0000 0.0366 0.0141 0.0066 0.0053
0.0030 0.0030 0.0018 0.0021 0.0013
0.0015 0.0009 0.0011 0.0007 0.0009
0.0006 0.0007 0.0005 0.0006 0.0004
0.0005 0.0003 0.0004 0.0003 0.0003
0.0002 0.0003 0.0002 0.0002 0.0002
0.0002 0.0002 0.0002 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001

Case III. Let αn = 1
(n+1)2

, βn = n
5(n+1)(1+

√
2)
, ζn = n

6(n+1)(1+
√

2)
,

γn = n
(n+1)(1+

√
2)
ηn = n

3(n+1)(1+
√

2)
, δ = 1

2
. Taking the initial value x

(x = x1 ∈ l2 = H1) as x = (1, 1, 1, 1,−1, 0, 0, 0, · · · ), y = ‖xn+1−xn‖
‖x2−x1‖

and using (3.4) at each iterative step with the stopping criterion of
10−4 yields convergence as shown in Table 3 and Figure 3 below
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Table 3

1.0000 0.0363 0.0139 0.0065 0.0051
0.0028 0.0029 0.0017 0.0019 0.0012
0.0014 0.0009 0.0011 0.0007 0.0008
0.0005 0.0006 0.0004 0.0005 0.0003
0.0004 0.0003 0.0003 0.0002 0.0003
0.0002 0.0002 0.0002 0.0002 0.0001
0.0002 0.0001 0.0001 0.0001 0.0001
0.0001
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