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ABSTRACT. Let H1 and Hz be two real Hilbert spaces. T :
Hy — Hy and S : Ho — Hs two asymptotically hemicontractive
maps. Let A : Hi — H> be a bounded linear operator. The
split common fixed point problem (SCFP) for T' and S, which
is to find a fixed point z* € F(T) such that Az* € F(S) is
studied. We proved that the set of fixed points of a class of
asymptotically hemicontractive maps is closed and convex. We
then obtain strong convergence results for the SCFP involving
two asymtotically hemicontractive maps using new averaging
iterative scheme.
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1. INTRODUCTION

The split common fixed point problem (SCFP) is a generalization of
the convex feasibility problem (CEFP) and split feasibility problem
(SEP). SFP in finite- dimensional spaces was first introduced by
Censor and Elfving [1] for modelling inverse problems which came
from phase retrievals and in medical image reconstruction [2].

Let Hy and H, be two real Hilbert spaces, K and () be nonempty
closed convex subsets of H; and Hs, respectively. Let A : H| — H,
be a bounded linear operator. The split feasibility problem is for-
mulated as finding a point z* € H; with the property
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x* € K such that Ax™ € Q. (1.1)

Let T : HH — Hy and S : Hy — H, be two given mappings. Let
F(T)={xe H :Te=x}#0, F(S)={x € Hy: Sx =2} # 0
and A : Hi — H, a bounded linear operator. Then the split
common fixed point problem (SCFP) for 7" and S is to find a point
x* € F(T) such that Az* € F(95).

Li-Jun Zhu etal [3] studied and proved weak convergence results
for split common fixed point problem of quasi-pseudocontractions
(hemicontractions) in Hilbert spaces. Their work extend the work
done on directed operators and demicontractive operators (see for
example [6],[15],[16],[17],[18]).

Recently, Y.Yao, Y.Liou and J.Yao [4] studied and proved strong
convergence results for the split common fixed point problem of two
quasi-pseudo-contractive operators,(hemicontractive operators).
They used the following relaxed algorithm;

Let x1 € Hy be arbitrary and let

Up = Tp + OA*[(1 — ()1

+ S (1 —np)I +n,S) — 1Az, n>1
Up = an f(x,) + (I — o, B)vy, n>1
Tor1 = (1 = Bo)un + B T((1 — vp)un + ¥ Tu,) n € N.

where {C.}, {60}, { "} {n.} and {«a,} are sequences in (0,1) and ¢
is constant in (0, W) H, and H, are two real Hilbert spaces. T :

(1.2)

H, — H; is a uniformly L;-Lipschitzian quasi-pseudo-contractive
operator with Ly > 1, S : Hy — Hs is a uniformly Ls-Lipschitzian
quasi-pseudo-contractive operator with Ly > 1, f : Hy — H; is
a p-contraction (i.e., mapping satisfying ||f(x) — f(v)|| < pllx —
yl|, Yo,y € Hy for some p € [0,1)), B: H; — H; is a strong positive
linear bounded operator with coefficient n > p and A : H; — Hs is
a bounded linear operator with its adjoint A*.

Motivated by the results of Yao, Liou and Yao [4] , it is our purpose
in this paper to introduce an averaging iterative process analogous
to the algorithm in (1.2) and then prove strong convergence results
for the split common fixed point problem for a class of asymptoti-
cally hemicontractive mappings in Hilbert spaces.

2. PRELIMINARIES

In what follows, we shall need the following:
Definition 2.1. Let F be a real Banach space and C' a nonempty
closed convex subset of E. A mapping T : C — C is said to be
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L-Lipschitzian if there exist L > 0 such that

[Tz =Tyl < Lllz —yll, Va,y € C. (2.1)
If L €[0,1), T is said to be a contraction. 7T is nonexpansive if
L=1.
T is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that for all z,y € C' and integers n > 1, we have

[Tz =T y|| < Ljjlz — y. (2:2)
E is said to have the Opial property if for any sequence {z,} with
r, — x, we have

liminf ||z, — 2| < liminf ||z, — y||, Vy € E with y # 2. (2.3)
n—oQ n—oo

It is well known that every Hilbert space satisfies the Opial condi-
tion.

Definition 2.2. Let H be a real Hilbert space, and let C' be a
nonempty closed convex subset of H. Recall that a mapping T :
C' — C'is called strictly pseudocontractive if there exist k& € [0, 1)
such that

1Tz=Ty|* < lz—yl*+EI(I=T)z—(I=T)ylI*, ¥ 2,y € C. (24)
T is said to be pseudocontractive mapping if (2.4) is satisfied for
k =1, that is

T2 — Tyl < llo =yl + (I = T) — (I~ T)yll%, ¥ 2, € C.
T is called a directed operator if for all z € C, F(T) # 0 and
x* € F(T), then

(Tx —a*,Tx —x) <0.
T is said to be demicontractive mapping if F(T) # 0 and there
exists k € [0,1) such that for all x € C' and z* € F(T),

1Tz —2*|* < [lo — 27|* + k|| Tz — 2> (2.5)
If F(T) # 0 and V(z,2*) € C x F(T), (2.5) is satisfied for k = 1,
that is

1Tz — 2"||* < |lo — 2™|* + || Tz — 2%,
then T is said to be hemicontractive (quasi-pseudocontractive).
Definition 2.3. Let H be a real Hilbert space, and let C' be a
nonempty closed convex subset of H. A mapping T : C — C is

said to be asymptotically k-strictly pseudocontractive if there exists
k € [0,1) and a sequence {k,} C [1,00) such that lim k, = 1, and
n—oo

1Tz = T y||* < knllz = ylI* + kll(z = T"z) = (y = T"y)|I*. (2.6)



366 E. E. CHIMA AND M.O. OSILIKE

T is called an asymptotically pseudocontractive mapping if (2.6) is
satisfied for £ = 1, that is
17"z = Ty |)* < kallz — yl* + Iz = T"2) — (y = T"y)|*
T is called an asymptotically demicontractive mapping [6] if F/(T) #
() and there exist a sequence {k,} C [1,00) with lim k, = 1 and
n—oo
k € [0,1) such that
1T — 27" < kolle — 27||* + K[| T2 — ||, (2.7)

for alln € N, x € C and Va* € F(T).
T is called an asymptotically hemicontractive mapping [7] if (2.7)
is satisfied for £ = 1, that is

IT"2 — 2*|* < kallz — 27||* + I T2 — 2| (2.8)

The class of asymptotically hemicontractive maps properly contains
the class of asymptotically pseudocontractive maps for which the
fixed point set F(T) :={x € C: Tz =1z} # 0.

It is shown in [8] that the class of asymptotically hemicontractive
maps and the class of hemicontractive maps are independent.
Some examples of asymptotically hemicontractive maps include:
Example 2.4. Let R denote the reals with the usual norm, C' =
[—6,2] and define T : C' — C by

| =z, if © € [-6,1)
T = { 20— 22, ifx€[l,2]
For all integer n > 1, it is shown in [5] that with
N 2 if x € [-6,1)
r ”3_{ 20— a2, ifxell,2
T = T"y[* < o =yl + ]z — Tz — (y = T"y)[*,
and |T"z — T"y| < 6l —y|, ¥V x,y € [-6,2], n > 1. And since
F(T) # 0, thus T is asymptotically hemicontractive.

Example 2.5. Let R denote the reals with the usual norm, C' =
[0,1] and define T': C' — C by
Te=(1- :1:%) .

For all integer n > 1 and for all € [0, 1], it is also shown in [5]
that with

Njw

Trp — { (1 —m%)%, if n is odd,

x, if n is even

Y



SPLIT COMMON FIXED POINT PROBLEM FOR CLASS ... 367

Tz —T"y|* < |z—y/*+|z—T"x—(y—T"y)|*, Vx,y € [0,1],n > 1,
and hence T is asymptotically pseudocontractive. Since F(T) # 0,
T is asymptotically hemicontractive.

Definition 2.6. Let H be a Hilbert space. A mappingT : H - H
is said to be demiclosed at p if for any sequence {z,} C H with
x, — z* and the sequence {T'(z,)} converges strongly to p, then
Tx* =p.

Lemma 2.7 [12]. Let H be a real Hilbert space, and let C' be a
nonempty closed convex subset of H. Let T : C' — C be a uni-

formly L-Lipschitzian asymptotically pseudocontractive mapping.
Then (I — T') is demiclosed at 0.

For all z,y € H, we have the following:
(i) Itz + (1 = )yl|* = tllz]* + (1 = )lly||°

—t(1—t)[|z —y|? te[0,1]. (2.9)
(i) [l +ylI* < fl2]* + 2{y, = + y). (2.10)
(@d1) |z — yl* = l2)* = 2(z, y) + [lyl1*. (2.11)

If {z,};°, is a sequence in H which converges weakly to z, then

(iv) limsup ||z, — y|[* = limsup ||z, — 2|* + ||z — y[]*, Vy € H.

n—oo n—oo
(2.12)
Lemma 2.8 [9]. Let {I',} be a sequence of real numbers. Assume
{T",,} does not decrease at infinity, that is, there exists at least a
subsequence {I',, } of {I',} such that I',,, < T, 4, for all & > 0.
For every n > ng, define an integer sequence {7(n)} as
7(n) =max{i <n:I[,, <T,41}.

Then 7(n) — oo as n — oo, and for all n > ny,

ma‘X{FT(n)7 Fn} < 1—17'(71)—}—1-
Lemma 2.9 [10]. Let {a,}5°, be a sequence of non-negative real
numbers satisfying
ani1 < (1 —ap)an + anfn + n, n >0, (2.13)
where {a, }22,,{8,}22, and {v,}22, satisfy the conditions:
(i) {an}oz, C 10,1}, > oy, = 00 or equivalently [],_,(1 — a,) = 0;
(ii) lim supg, < 0;

n—oo

(iii) 7, > 0,(n > 0), > vn < 00.
n=1
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Then lim a, = 0.

n—oo
Definition 2.10. Let H be a real Hilbert space. A is said to be
strongly positive operator, if there exist a constant v > 0 such that

(Az,x) > Alle|]?, ¥z € H.

Lemma 2.11 [19]. Assume A is a strongly positive linear operator
on a Hilbert space H with coefficient v > 0 and 0 < A < ||A]| 7.
Then ||[I — M| <1 - M.

3. MAIN RESULTS

We begin with following important properties of asymptotically
hemicontractive maps which will play crucial role in the proof of
our convergence results.

Proposition 3.1. Let H be a real Hilbert space, and let C' be
a nonempty closed convex subset of H. Let T" : C — C be a
uniformly L-Lipschitzian asymptotically hemicontractive mapping.
Then, F(T) = {z € C: Tx = x} is closed and convex.

Proof: (i) Let {p,}>2, € F(T) be such that p, — p. We prove
that p € F/(T).

p—=Tpll < |lp—pall + [lpn — Tpl|
[P = pul| + [|T'pn — Tp|
< (I+L)|lpn —p|| = 0 as n — oo.

Hence p € F(T'), and F(T) is closed.

Let p1,po € F(T) and let A € [0,1] be arbitrary. Set p :=
Ap1 + (1 — X)pa. We prove that p € F/(T). Observe that |[p —p1|| =
(1= A)l[pr = po|| and [|p — pa| = Allpr — paf|. Set

Gpx = T"((l — Bz + 6T"x>,

2 —
where [ € (0, (1+/\)+\/(1+/\)2+4L2>, and A := sup,s; k,. Then

G.p1 = p1, and G, p> = po. Observe that

lp— Gupl? = |[Ap1 — Gup) + (1 = N)(p2 — Gup)|?
= Alp1 — Gap|]> + (1 = N)||p2 — Gopl)?
—A(1 = N)||p1 — pal*. (3.1)
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Observe also that
1Gup = pal? = |7 ((1 = B)p+ BT"p) =
(1= B)p+ 5T"p) = T2
Fall (1= B)(p = 1) + B(T"p = T"p1)
(1 = B)p + BT"p) = (1 = B)p + BT"p) |

IN

= kn(1 = B)llp = p1l* + kaBIT"p — p1l|* = kn(1 = B)Bllp — T"p]?

HI((1 = B)p + BT"p) — Grp|?
kn(1 = B)Ip = pill* + knBknllp — p1ll* + llp — Tp]|]
—knB(1 = B)|lp — T"p|*> + (1 = B)|lp — Gnpll®
+B)T"p = T"((1 = B)p+ BT"p) I> = B(1 = B)llp — T"p?
= k[l + B(kn — D]llp — prll? + kaBllp — T"p|

—knB(1 = B)|lp = T"p||*> + (1 = B)|lp — Gnpll®

+B°L%||lp — T"p||> — B(1 = B)llp — T"p|?

IN
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= k[l +B(kn = Dllp = p1]* = B[L = B(kn + 1) = B2L2[lp — T"p|?

+(1 = B)lp — Gupll?

IN

+(1 = B)llp — Gupll?

kn[L+ B(kn — D)]llp = p1l* = B[L = B(kn + 1) — B*L?]|lp — T"p||?

= ko[l + B(ky — D]llp — p1l|® = BIL — B(ky + 1) — B2LA]|lp — T"p||?

+(1 = B)|lp — Gapl?
Similarly,

1Gup = P2 < k[l + Bk — Dllp — p2|® + (1 = B)lIp — Gupl?

(3.2)

—BIL = Bk + 1) = B2L7]||p — T"p|*. (3-3)

Thus, using (3.2) and (3.3) in (3.1), we have that
I = Gapll* < (1= AP Akn[L + B(kn — D]llpr — pol|*
+(1 = MA%a[L + Bk — D]llp1 — p2|*
=Bl = Blka +1) = B2L2|lp — T"p||*
+(1 = B)llp = Gupl = M1 = Nllp1 — p2]|*
= AL = N1+ Bka) (k= 1)llp1 — po|*
=B = Bkn +1) — BQL Jllp— T”PW
+(1 = B)llp = Gupll*
and it follows that

Bllp—Gup||> < XA =X)(1+ Bky) (kn — 1) |lp1 — po||* — 0 as n —

Q.
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Hence G,p — p as n — oc.
Observe that

lp=1"pl| < |lp— Gupl| +[|Grp — T7pl|
< |lp = Gupll + LB[lp — T"pl|.
Thus
(1= LB)|lp = T"pl| < |lp — Gnpl| = 0 as n — oo,
and hence T"p — p as n — oo. Since T is continuous we have
Ty — Tp as n — oo.

Thus T'p = p.

We now introduce our algorithm and then prove our strong conver-
gence results for solving the split common fixed point problem for
a class of asymptotically hemicontractive mappings in real Hilbert
spaces.

Let H; and H, be two real Hilbert spaces, A : H; — Hy a bounded
linear operator with its adjoint operator A*, T': H; — H; a uni-
formly L;- Lipchitzian asymptotically hemicontractive mapping,
S : Hy — Hy a uniformly Lo- Lipchitzian asymptotically hemi-
contractive mapping, F(T) and F(S) are sets of fixed points of T
and S respectively, f : H; — H; a p-contractive operator and
B : Hy — H; a strong positive linear bounded operator with
v > 2p. The objective here is to solve the following two-set split
common fixed point problem: p € F(T') and Ap € F(S)(i.e.,p €
I'={pe H :pe F(T) and Ap € F(S)}. For this purpose we
modify algorithm in (1.2) to suit our class of mappings.
Algorithm 3.2: For x; € Hy, define a sequence {z,} as follows:

Uy = Tp + 0AM[(1 — (o)1

+ S (L =) + npS™) — I Az, n>1
Up = anf(xn) + (I —apB)u, n>1
TIn41 = (1 - Bn)un + BnTn((l - ’Yn)un + 'ynTnun) neN.

where {(.}, {Bn} {7}, {n.} and {a,} are sequences in (0,1) and
0 is a constant in (0, W)

(3.4)

Theorem 3.3: Let H; and H, be two real Hilbert spaces. Let
A : H; — H, be a bounded linear operator, and f : H; — H; be a
p-contractive operator. Let B : Hy — H; is a strong positive linear
bounded operator with coefficient v > 2p and 0 < a,, < || B||~!. Let
T : Hi — H; be uniformly L;-Lipschitzian asymptotically hemicon-
tractive mapping with sequence {kg)}fle such that Z;‘;l(k;g” -
1) < oo, S : Hy — Hy be uniformly Lo-Lipschitzian asymptot-
ically hemicontractive mapping with sequence {kg)}ff:lsuch that
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Zf;l(kéz) — 1) < oo and F(T) and F(S) are sets of fixed points of
T and S respectively. Let k, = max{k;q(@l), k:,(f)}, assume that (I —7T)
and (I — S) are demiclosed at zero and T" # (). Suppose that the
following conditions are satisfied:

(B1): D0l an < 00;

(By) : 0< a1 < fBp<c <y <b <

2
:where
(14+N)+4/(1+1)2+4L3

A 1= Sup,,>q k-

(B3): 0<ay<(p<cy<m,<by< 2

(1+>\)+\/(1+>\)2+4L§ '
Then the sequence {z,} generated by (3.4) converges strongly to
p=Pr(f+I—B)p, wherel' = {p € H, :p e F(T)and Ap € F(S5)}.
Proof: Let p = Pr(f + I — B)p. Then we have p € F(T) and
Ap € F(9).
From (2.9), we have
11T = G) T + GuS™ (1 = na) I + 1, S™)] Az, — Apl|?
= [I(1 = Gu)(Azy — Ap) + Gu(S™ (L = 1) I + 0, S™) Az, — Ap)|1®
= (1= G)l[Azy — Apl* + GlIS™ (L = m) I + 0, S™) Az, — Ap|®
—Ga(1T = GIIS™((1 = mu) I + 1 S™) Az, — Ay | (3.5)
”Sn(((l - nn)] + nnSn)Axn) - Ap||2
kil (1= n0) T +n0,8™) Az, — Apl[®
+H((1 - nn)[ + nnSn)Amn - Sn((l - nn)[ + UnSn)AanQ-

IN

Observe that from (2.8)
= kull(1 = ma)(Azy, — Ap) + 0 (S" Ay, — Ap)”2
(L =) + 0,S™) Az — S™((1 — ) + ﬁnS")A%HQ
= kn(1 —na)| Az, — Ap||2 + k|| S™ Az, — Ap”2
—ktn (1 = ) | Ay — S™ Az ||?
(T = )T +0,S™) Az — S™((1 — ) + UnS")A$n||2
k(1 = n0)[| Az, — Ap]®
Ak [k | Ay — Apl|® + || S™ Ay, — Az, ||?]
—knnn(1 = mn) || Ay, — SnAanZ
(1 = ma) (Azn, — S"((1 — mn) Az, + 5™ Ay,))
40 (S" Az, — S™((1 — 1) Azyy, + 1,S" Azy)) ||

IN
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Fon (1 — )| Az, — Ap”2 + kinn”Axn - ApH2
-k ||S" Az, — Axy|?

—kntin (1 = 1) [| A, — S™ A ||

(1 =) [ Azy — S™((1 = 1) Ay, + 15" Ay ) ||*
+0,[|S™ Ay — S™((1 — 1) Az + nnS”Awn)||2
(1 = ma) |S™ Az, — A"En”2

Fon[1 + mn (K — D] Az, — ApHQ

-k ||S" Az, — Axy|?

—knn (1 — ) || Az, — SnAanQ

(1 = )| Az — S (1 = 1) Ay + 0, S" Az ||°
+n2 L2|| Az, — S™ Az, |2

—1n (1 = 1) [|S™ Ay, — A ||

k[1 + (K — D)]|| Az, — Ap|®

[l = 0 (1 + ky) = mp L2]||S™ Az, — A, ||?

H(1 =) [ Ay — S™((1 = 1) Ay, + 1S Ay ) |17

2
(1+X)+4/(1+1)2+4L2”

1—n.(1+k,) —n2L% > 0.
It follows that

HS”((I - nn)I + %)Aﬂ?n - Ap”2

< kall+ (K — ][ Az, — Apl|*

+(1 = na) | Az = S"((1 = 1) Az + 105" Az ||

Substituting (3.7) in (3.5), we have

IN

(1 = Ga)I + GuS™ (1 = mu) + 1) Az — Ap|®
(1= Ga) | Az, — Apl*

o (kL4 0k = D]} Az — Ap]

(1= )| Ay = S™(1 = 1) Ay + 1,5 Az, )

—Ca(1 = CIIS™ (1 = n) T + 1 S™) Az, — Ay ?
[1+ Gulkn = 1)(1 + k)] | Az, — Apl|?
+Cn(Cn = M) 1S™ (1 = 1) I + 1, 8™) Ay — Axn||2~

(3.6)

where A\ := sup,~; k,, we have that

(3.7)

(3.8)
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With (, < n,, it implies that

H[(l - Cn)j + Cnsn((l - nn)l + Snnn)]AIn - Ap||2
< (14 Galka — D)(1 +9aka)] | Az, — Ap]>. (3.9)

Following as in the derivation of (3.7), we deduce that

”Tn((l - ’Yn)un + ’YnTnun) - pHZ
< ko[l 4 Ya(kn — D]fJun — pl|?
(1 = y) [t — T™((1 = )t + YT un || (3.10)

This together with (2.8), (3.4) and 3, < 7, imply

|Zn+1 — p||2 = [[(1 = Ba)un + BT (1 — vn)tn + ¥ T un) _pH2
= (1= 8n)|lun —pl?

FBul T (1 — yn)un + ¥ T uy) — p”2

—Bn(1 = Bn)l|un — T"((1 = yn)un + 'YnTnUn)HQ

(1= Bn)l[un — plI*

+Bn [ kn (1 + yn(kn — 1)) |un — p||2

(1= ) = T (L = )t + T ") |?]

—Bn(1 = Bn)llun — T"((1 = yn)un + VnTnun)HQ

= [1+4 Bn(kn — 1)1 + vokn)]llun — pH2

~Ba(¥n = Ba)lltn — T™((1 = V)t + YT ™) || (3.11)
< (14 Bulkn — 1)1+ Ynkn)]lJun — || (3.12)

IN

Observe that using Lemma 2.11,

lan(f(2n) — Bp) + (I — anB)(vn — )|

| f(2n) = Bpll + [T — aBl[||lv, — pl|

anllf(zn) = f(P)I + anll f(p) — Bpll

(1 — anv)jv, —pll

anpl|zn — pll + anll f(p) — Bpl|

(1 — apv)||v. — 2l (3.13)

[l

+ IAN + IA A



374 E. E. CHIMA AND M.O. OSILIKE

By standard argument, we obtain that
|vn — pH2 = |l —p+ AT [(1 = )]
G (1 = )T +7uS™) — 1) Az |
= |l —pl* + 8*(|AT[(1 = )T
68" (1 = n) I +1,S™) — TN Az, |2
+28(x, — p, A*[(1 — o)1
+GSM((1 =) 4 1, S™) — I[Axy,). (3.14)
Since A is a linear operator, with adjoint A*, we have
< - b A*[(l - Cn)[ + Cnsn(ﬂ - nn)[ + %Sn) ]A$n>
= (A(zn —p), [(1 = G + GS™ (1 = nu) I + 1, S™) — 1] Azy,)
= ([(1 =) + GS™(1 = nu)I + 1S Ay, — Ap, [(1 — Gu) 1
+CuS" (1 =)L +nnS™) — I Azy,)
(T = G)I + GS™ (L = )] + 0, S™) = IJAz, | (3.15)
Also, using (2.11), we obtain
([(1T = Gu) I + GuS™((L = )L + 1 S™)] Ay, — Ap, [(1 = Go) I
FGS" (L =)L +1nS™) — 1] Ay)

= 2 (10 = T + 8™~ m)T + 7,5 A, — AplP?

HQ = )T + GuS™ (L = 1) T + 0, S™) — I] Ay ||?

~ | Az, — Ap|?). (3.16)
From (3.9), (3.15) and (3.16), we get

(o =, AL = GOT + GuS™ (1= 1)+ 70S™) — 1| A)
= (10 = 6T+ GuS™((1 — )T +7u8™)] A — Apl?

L= )T+ GuS™ (1= )] + 1, 8™) = T A |2 — || Az, — Ap|1)
0= GOT+ GuS™ (1= )] + 305" =
| )
)

IN

5 (10 Galhn = 1)1+ k) A, — Ap)P?
I = G)T + GuS™ (1= )] + 108™) = 1) Az
~ || Az, — Ap?)
L= Ga)T + GuS™ (1 = ma) T + 1 S™) = 1) Az |
= 5Ll = 1) + o) Az, — Ap?

= GOT 4 GuS™ (1= )T + 1 8™) — 1] Az | (317)
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Then
[on —plI> = llzn —p+6AT (1 = ¢)I
+GaS™ (1 = n) I +1,8™) — I)Ax,,|)?
= |lan = pl* + S A*[(1 = o)1

+GS" (1 = nu) I +1,S™) — I]A"EnH2
+25<xn - D, A*Kl - Cn)I

+<nSn((1 — ) + nnsn) - I]Axn>

< o —pl?

A~ G + GuS™ (U= )T +7,8™) — 1Ay |
4255 (Gl — D+ k) A, — Apl?)

S0 = GT + S (1= )T + 7 S™) — T Az, )
= |lzn = pl? + P JAIPN = G + GaS™ (1 = 1) I +170S™) — I] Ay ||
Ol AN G (k. — 1)L+ mken)] [l — pl®
=O[(X = G + GaS™ (1 = ma )] + 1 S™) — 1] Az |2
= lzn —pl?
FEO? AP = O = )T + CuS™ (1 = na) I +naS™) — 1Az ||?
LA G (kn — 1) (A + mkn)llzn — ol
= [+ 81AIPCa (ke — V(L + 1k |20 — plI?
HO AL = )IIL = )T + CaS™ (1 = mu) I+ 19aS™) — 1] Az ||?
< (L4 O AIPGa (ki — (A + k)] 20 — p]|*. (3.18)
So, it follows that
lon =2l < VL + 8] Al (ke — 1)(L + nakan)]llzn — pII?
< 1+ 8 A — V(L + mk)llzn — ol (3.19)
Now substituting (3.19) in (3.13), we have that

lun —pll < anpllen — pll + anllf(p) — Bpll + (1 — anv)||vn — pl|
< appllzn — pll + anllf(p) — Bpll
+(1 = anv) ([1+ 0| AlP¢n(kn — 1) (1 + makn)] |20 — pll)
= [anp
+(1 = anv)(1 4 8[| A*Cu(kn — 1) (1 + nukan))] 120 — pl|
+anl|f(p) — Bpl|- (3:20)

Again, from (3.12), we deduce that

\/[1 + 6n<kn - 1)(1 + 'Ynkn)mun - pH2
[1 + ﬁn(kn - 1)(1 + Vnkn)]Hun - pH (3'21)

Hanrl - pH <
<
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Substituting (3.20) in (3.21), we have

[ 21 — P

where o,, =
Hence,

[ 1 = P

IN

<

< [ Buln = 1)1+ k)]
x([anp
(1= ) (1 + 811 AIGa i = 1)L+ k)] 2 =
+aull () - Bp)

(14 00)(1+ &) ([1 = an(v — p)][lzn — pl)
+au || f(p) — Bpl)), (3.22)

IN

Bk —=1)(1+ynkn) and & = O[| A|1* G (kn—1) (140K )

< (o) +&) (L= au = pllle. —pl
e £ (p) — Bpll)

= <1+wn><[ — an(v = p)lle, = |
+an | £(p) — Bol))

< (14 wp) (1—0zn(u ) max{||xn— I, M}
+aullf(p) — Ball)

() (1 el e, —pl, =221
_ e~ By

+an (v —p) p— )

(15 ) (1l ) mas (s, T2 201

o = gy s, — 1, 2= Bl )

(1—|—wn)max{|ggn_p||7||f(p;)__poH}

H L+ wj) max {flo — pll,f(py)__me}. (3.23)

Since w,, = 0, + &, + 0,&, and Yw, < oo, it follows that {x,} is
bounded, so also v,, and u,,.
To complete the proof, we now consider the following two cases;



SPLIT COMMON FIXED POINT PROBLEM FOR CLASS ... 377

Case 1. Suppose there exists some integer ng > 0 such that
{l|zn, — pl|}n>n, is a monotone decreasing sequence. Then
limy, oo {||zn — p||} exists and it follow from (3.12) that

[Znt1 — pH2 < (1 Balkn = D(L + ynkn)) [[un — pH2
= (+0)llun —p|
< (1+ow){anpllzn = pll + aullf(p) - Byl

H1 = o)l —pl}

= L+ o {ad(pllan —pll + 1) — Bpll)?
+200(1 = ) (plln = Il + £ (7) — Bpl)
< on = pll + (1 = @) o = pl*}

= (+ o) {an(plin — 2l + 1/ () - Bpl)

x o (pllan —pll + 11/ () — Bpll)
+200, (1 = )| vn, — pll]

+(1 = aw)?lvn = plI*}

IN

(1+ o) { o pllen = Il + 11£(p) = Bl

% (pllan = pll + 1£(p) = Bpl) +2(1 — ayw)
(1 -+ 8 Ao (ko = 1)1+ mk) 2 — P}
+(1 = ) llon — I}

= L+ o] and(pllzn =l + 1£(p) — Bl
x(pllen = pll + 1 (p) — Bpl)
+2(1 = anv)(1 4 &)llzn — pl}
+(1 — av)?||vn — pHZ}, (where
&0 = Ol AIPGu(kn — 1)(1 + 1akn)
< (140 (M + (1 — anv)llva —pl?),  (3.24)

where M > 0 is a constant such that

sup{ (pl|zn — pll + |/ (p) — Bpl))(pllzn — pll + || f (p) — Bpll)
+2(1 = apv)(L+ &)l|zn — pll} < M.
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It follows that

lnss =pI? < (L4 00)(and + (1= aw)?llo — o)

(14 00) (M + (1= an)2{ (14 &) 2 — bl

AR = )11 - )1

FGuS™ (1= 1) + 1eS") = 1) A2 })

= (1+0,) <anM + (1= anr)* (1 + &) llzn — plI?
+(1 = a2 AR = DI = )
FGuS" (1= ) + 1 S™) = 1) Az, 1?)

= a,M(1+o,)+(1+0,)(1— anV)2(1 + &) |70 — p||2
H(1+00)(1 = anv)*(0*[| Al = 0)
XN = G + GuS™ (1 = 1) + 0uS™) = I] Az, ||,

A\

IN

Thus
(14 0,)(1 = anr)*(6 = [ AP — )T
+ S (1= nn) + 7 S™) — 1 Ay ||?
< anM(1+0,) + (14 0,)(1 = av)*(1+ &) ||z, — pl|?
—[|Zni1 —pl*.

Since lim,, o, ||z, — p|| exist, a,, = 0, 0, = 0, and &, — 0, we have
that

T (1= G+ GuS™ (L= n)] +7,87) — [} Az, = 0. (3.25)
Hence
lim ||Az, — S"((1 — nn)L + 1, S™)Ax,|| = 0. (3.26)

n—0o0
We now have
[Az, — S"Awn|| < [[Awy — S™((1 = 0) ] + 170S™) Az |
+[15™((1 = ) + 7, 8™) Az, — S™ Az,||
< Az, — S™((1 — )T +n,S™) Az, ||
+Lon, ||Ax,, — S™ Ax,||.
Therefore
| Ay — 5™ Ay || < s Az = S™((1 = )] + 10S™) A ||
Thus
7}1_{1;0 | Az, — S" Az, || = 0. (3.27)
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Observe that
[un —anl = [6A™[(1 = G)IGS™ (1 = m) ] + 1nS™) — I] Ay,
+an (f(xn) — Bz, — 0BA*[(1 — ()1
+CuS™ (1 = na) T+ nnS™) — 1] Az, ) |
SLANNTA = Ga)T + GuS™ (1 = 1) T + 10 S™) — T] Ay |
+ap || By, + BA*[(1 — ()1
+GS™ (L = nn) I + 1 S™) — IJAzn, — f(2)].
This together with (3.25) gives that

lim ||z, — u,|| = 0. (3.28)
n—oo

IN

From (3.11) and (3.24) we have

lzner = pII* < (14 Bulkn — 1)(L + yakn)]l|un — pl*
=BV — Bu)llun — T™((1 — v )un + VnTnun)||2
< (1+o)[anM + (1 - oznl/)Q(l +&)llzn — p||2]
B (¥ = Bo)llun = T (1 = Yo )ttn + 1T wn) ||
This implies that
Bt = Ba)lln — T"((1 = Yo )tn + 1Tty )|
< (Lt on)anM + (1= o)’ (1+&)lllzn — pl”
~[| i1 = plI*.
Hence
nh_)rgo llun — T (1 — yn)un + 11" u,)|| = 0. (3.29)
Note that
[t =T unl| < Jlun = T"((1 = ) tn + 9Tt |
HIT™ (1 = Y )t + T un) — T ||
<l = T = )t + 9T un )|
Ll — T
Hence,

[t — T || < s ttn — T (1 = Y un + 3T wn)|

1-Livn

This together with (3.29) gives that

lim ||u, —T"u,| = 0. (3.30)
n—oo

Next, we prove that,
1imn—>oo ||$n+1 - IL‘nH =0 and limn—wo ||un+1 — unH = 0.
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|Tns1 —2all = [I(1 = Bn)un

It follows that

Again

ltng1 — unl

IN

"_BnTn((l - Vn)un + rYnTnun) - xn”
= H(l - Bn>un + BnTn«l - ’Vn)un
FYn T Up) — Xy + Uy — Uy |
= [[(1 = Bn)un — un + B T"((1 = yn)un
YT Uy) + Uy — T ||

< BnHTn((l o 'Yn)un + ’YHTnun) o unH
+|xn — uy|| — 0, as n — oco.
lim ||zp41 — x| = 0. (3.31)
n—o0

lons1f(znt1) + (I — any1B)vns

— (anf(zn) + (1 — . B)vy)||
[atnt1f(Zn41) + Vnt1 — A1 BUnga

— anf(xn) — vp + anBuy||
len+1(f (#nt1) = Bogsr)|| + llan (Bun — f(zn))]]
+lvnt1 — vl
41| f(Tni1) — Boptil| + an||Bop — f(2n)]]
Hlznt1 +0A[(1 = Gupa)!
A1 ST ((L = )T + 118" — I Azp o

—@%+5Aﬂu—<mf

%@ﬁ%u—%ﬂ+mﬂﬂ—4A%ﬂ

1l f(@nt1) — Bunsa | + anl|Bon — f(20)|]

H|Tnt1 — nll

+O[lA[[I[(1 = Cna1)I

+Cnpr 5"t (1= mny1)I + 77n+15n+1) — IJAzn 4|
+o|lA[[[I[(1 = &)

+6S™ (1 = np) I + 1aS™) — IJAzy|| — 0, as n — oo.

This implies that

lim ||up41 — unl| = 0. (3.32)
n—oo

Also, we prove that
|Az,, — SAz,|| — 0, as n — oo and |lu, — Tu,| — 0, as n — oco.
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From (3.27), we set
zn = ||Ax, — S"Az,|| = 0, as n — 0. (3.33)

Since S is uniformly L,-Lipschitzian, it follows from (3.27) and
(3.33) that

|Az,, — SAz,|| | Az, — S"Ax, || + [|S" Az, — SAx,||
Zn + Lo||S" T Az, — Az, ||
2 + Lo ||S" Az, — S™ T Az, ||

+HSn_len—l — Aw,|[}

VAN VARVAN

< zy+ L3 Az, — Az, ||
+L2||Sn71A$n_1 — Axn_l + Aﬂfn_l - Al’n“
S Zn+L2(1—|—L2)HALEn—AZEn,1H

+Loz,—1 — 0 as n — oo.
It follows that
lim ||Az, — SAxz,| = 0. (3.34)
n—oo

Similarly from (3.30), set

tn = ||up, — T"u,|| — 0, (as n — 00). (3.35)

Since T is uniformly L;-Lipschitzian, it follows from (3.30) and
(3.35) that
[ttn — Tun | [t = T un || + [[T"un — Tuy ||

o+ Li|| T My — |

tn + Ll{HTnilun - Tnilunfln + ||Tn71un71 — Un ||}
tn 4+ Lillun — 1|

Lo || T Myt — Upe1 F U1 — Uy |

tn + Li(1+ L)|Jup — tn-|

+Lit,—1 — 0 as n — oo.

VAR VAR VAN VAN

IN

This implies that
lim ||u, — Tu,|| = 0. (3.36)
n—oo

Moreover, we show that

limsup,, . (f(p) = Bp, un —p) < 0.
Choose a subsequence {u,, } of {u,} such that

Jim sup(f(p) — Bp, up —p) = lim (f(p) = Bp, un, —p). (3.37)
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Since the sequence {u,, } is bounded, we can choose a subsequence
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{un,, } of {uy, } such that {u,, } — y. Without loss of generality,
we assume that {u,, } — y.
Thus, we derive from the above conclusions that

By the assumption that I — T and I — S are demi-closed at 0, we

T, —y and Az, — Ay as k — oo. (3.38)

have that Ay € F(S) and y € F(T'), which means that y € T..

Hence,

lim sup(f(p) —

n—oo

From (3.12)

Bp,un —p) = lim (f(p) = Bp, un, —p)
= lim (f(p) = Bp,y —p)
< 0. (3.39)

e = pl* < (14 Bu(kn — 1)L + k)] lun — plI*

= (1+on)]lua —pl*

Using (2.10), we have

lun = plI?

INCIA I

IN Il

IN

It follows that

lun = plI* <

lanf (@) + (I — anB)on — pl?

[(I = anB) (v — p) + an(f(z,) — Bp)|?

(1 — ) ||vn = plI* + 200 (f(2n) — Bp, un — p)

(1= ) (1 + 8[| AlPCa(kn — D)1 + nukn))l2n — pl1?
+200, (f () — Bp, un — p)

(1= an) (1 + &) lwn = plI? + 200 (f (20) = f (D), un — p)
+2a,,(f(p) — Bp,un — p)

(1= an) (1 + &) lwn = plI* + 200p)ln — pll[un — pl
+20u, <f(p) — Bp,uy, — p>

(1= anv)(1+&)llzn — plI* + anpllzn — Il
+anp|un *p||2 +2a,(f(p) — Bp,un — p).

[(1 — anr)(1 + &) + anplllzn — pl?
1 —app

(f(p) — Bp,un — p). (3.40)

2a,

+
1_anp
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Thus

[nes = pII* < (L4 on)llun — pl?

< (140,70 ﬁ%)a:p““p1||xn —p|?

20,
_B _
T a0~ Bpu P}
B 1 —an(v—p)+&(1—a,v) 5
= 1+ e Hiza =l
20,
_B _
+7 _anp<f(p) D, Un p>}
o, (v — 2p) 2
I————Hlw,
(-2l
20,
1 n - B y Un ™
+(1+o )1_anp<f(p) Dy Un — D)
onll —an(v—p) + &1 — )] + &,(1 — a,v)
+ L i, — ol
np
an(y _ 2p) 2
< {1- 2T
< 1o MWy
20v,
14 0,)—2_(#(p) = Bp,uy, —
U0 T (5) ~ By — )
+{an[l —a,(v—p)+ &0 —aur)] +&(1 — anl/)}D
1 —app
an(” B 2IO> 2
= 1 - —-— "7 " —
(- 22y, )
20,
+(1+0n)7 (f(p) — Bp,un —p) + 0, (3.41)
where 0, = {Zllzonlvmpltal o)l o)y and D > 0 is a

1—an
constant such that [|z,, — pl|? SpD, Vn > 1.
Using (3.39) in (3.41) and applying Lemma 2.9, we have that x,, —
p.
Case 2: Suppose that {||z, —p||}22, is not a monotone decreasing
sequence. Then for any ng, there exists an integer m > ng such that
[€m =PIl < [|2m1—pl. Let no be such that [z, —pl| < [lzn+1—pl-
Set ¢, = ||z, — p||. Then we have

Png S Pro+1-
Let 7 : N — N be a mapping defined for all n > ng for some
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sufficiently large ng by
7(n) :=max{k € N :ng <k <n, o < @ri1}
Then 7 is a non-decreasing sequence such that 7(n) — coc asn — oo
and ©r(n) < Qrm)+1 for all n > ng.
Following a similar argument as in case 1, we obtain that
limn_mo ||AZL’T(n) - SAZ‘T(n)H =0 and limn_mo ||U7(n) — TUT(n)“ = 0.
This implies that
gﬁw(u.r(n)) cTI.
Hence, we have
lim sup(f(p) — Bp, tr(n) — p) < 0. (3.42)

n—00

Again, since ¢r(n)y < @741, we have from (3.41)

2 2
()07'(7’1,) < ()07'(71,)—5—1

(v— QP)af(n)] 2

< 1— T(n
1_a7'(n)p )

QOéT(n)
+(1+0r) ———(f(P) — Bp, Ur(n) — D)
(n) 1 — arnyp (n)
1
11— aT(n)p{UT(n)[l — Qr(m)(V = p) + &) (1 — Qr(myV)]
+§~,—(n)<1 — aT(n)IJ)}D. (343)

It follows that

Prn S (Ut 0n) = (F () = Byt = 1)

+{Uf(n)[1 - aT(n)(V —p)+ g‘r(n)(l - aﬂ'(ﬂ)”)]
+&rn) }D- (3.44)

Using (3.42) in (3.44), and using the fact that ) o, < oo, we
have

lim QOT(n) =0 (345)

n—0o0

From (3.43), we obtain that

lim sup,,_, ., gof(n) 1 < limy, o0 sUP goz(n).

This together with (3.45) implies that

lim,, o0 Pr(n)+1 = 0.

Apply Lemma 2.8 to have

0< on < maX{(pT(n)v @T(n)—l—l}-

Hence, lim,, o ¢, = 0, and this implies that {x,}>°, converges
strongly to p.
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Corollary 3.3: Let H; and H, be two real Hilbert spaces. Let
A : Hi — H, be a bounded linear operator, and f : H; — H;y is
a p-contractive operator. Let B : H; — H; is a strong positive
linear bounded operator with coefficient v > 2p and 0 < «, <
|B||~!. Let T : H, — H; a uniformly L;-Lipschitzian asymp-
totically pseudocontractive mapping with sequence {k,&”};;ozl such
that 32°°, (k") — 1) < oo, and F(T) # 0: S : Hy — H, a uniformly
Lo-Lipschitzian asymptotically pseudocontractive mapping with se-
quence {k$}2°, such that ij:l(kﬁf) —1) < o0, and F(S) # 0. If
I' # () and suppose that the following conditions are satisfied:

(B1) : >ty 0t < 003

. 2 3
(By): 0<a1 <Bn<cr<ym<b < (1+h)+4/(1+h)2+4L2
2

(1+h)+4/(1+h)2+4L2’

(B3): 0<ag<(p<cy<m<by <

h = sup,,>; kn.
Then the sequence {z,} generated by (3.4) converges strongly to
p=Pr(f+1-B)p.

4. NUMERICAL EXAMPLE
Let Hy = Ilo, let f : I3 — [y be define by
r1 To T
f($1,$27a73, ) - (07 317 327 Z?)a
and B : [y — [y be define by
B(Il, To, T3, ) = (4$1,4I274$3, )
Let T : I — Iy be defined by
T(I‘l, Lo, T3, ) = (0, T1,T9, )
. Let Hy = R", and for each = = (21, 9,23, ...,2,) € R", define
S:R"— R" by
Sy = (T1, T2, T3, .., Tp), i_f szlxj <0,
(—.Tl,—l'g,—l'?),...,_l‘n), if Hj:l Lj 2 0.

Then F(T) = {(0,0,0,...)} and

)

F(S) ={(0,0,0,...,0)0Y U{(x1, 21, x5, ...,2p) : ij <0}

Define A : Iy — R"™ by Az = (x1,29,23,...,2,) for each x =
(1, 29,x3,...) € l. Then A is a bounded linear operator with ad-
joint operator A*y = (x1,za,x3,...,%,,0,0,0,...) for
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y = (x1,T9,23,...,2,) € R™. Again, ||A|| = ||A*|| = 1.
The following shows the efficacy and computability of our iterative
scheme.

- 1 - n . n
Case L. Let an = gy, On = An+1)(1V2) Gns T = 2(nt1)(14v2)

My 0 = %.Taking the initial value = (x = z; € ly = H;) as
r=(1,1,1,1,1,0,0,0,---), y = % and using (3.4) at each
iterative step with the stopping criterion of 10~ yields convergence

as shown in Table 1 and Figure 1 below

Table 1

1.0000 0.0367 0.0150 0.0067 0.0058
0.0032 0.0033 0.0019 0.0022 0.0013
0.0015 0.0010 0.0011 0.0007 0.0008
0.0006 0.0006 0.0005 0.0005 0.0004
0.0004 0.0003 0.0003 0.0003 0.0003
0.0002 0.0002 0.0002 0.0002 0.0002
0.0002 0.0002 0.0002 0.0002 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001
0.0001

fig 1

Mg W, 1
o [ [ o o [ o o
() (1) o m o - ) w —
; ;

o

o

14 20 25 30 38 40 45 a0
nurnber of iterations

o
&l
o
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_ 1 _ n _ n
Case II. Let o, = e B, = m, G = TEFSEvEIL
T = Giava T S S ava)” § = 5. Taking the initial value

r(@=mel=H)asz=(1,1111000,:) y= ol
and using (3.4) at each iterative step with the stopping criterion of

10~* yields convergence as shown in Table 2 and Figure 2 below
Table 2

1.0000 0.0366 0.0141 0.0066 0.0053
0.0030 0.0030 0.0018 0.0021 0.0013
0.0015 0.0009 0.0011 0.0007 0.0009
0.0006 0.0007 0.0005 0.0006 0.0004
0.0005 0.0003 0.0004 0.0003 0.0003
0.0002 0.0003 0.0002 0.0002 0.0002
0.0002 0.0002 0.0002 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001

fig 2

Ml -2t Wl
o o o o o o o o
Ba o) b (] o -~ [ue) w0
. .

o

o

5 10 15 20 25 30 35 40 45
nurnber of iterations

o

_ 1 _ n = _—n
Case III. Let o, = [CESIER Bn = 5+ 1) (14v2) Gn = 6(n+1)(1+v2)’

6 = 1. Taking the initial value =

T = Ve T T SV
(x:mEszﬂ%x:UﬂJJ;LQQQm%y:%ﬁﬁ%
and using (3.4) at each iterative step with the stopping criterion of

10~* yields convergence as shown in Table 3 and Figure 3 below
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Table 3

1.0000 0.0363 0.0139 0.0065 0.0051
0.0028 0.0029 0.0017 0.0019 0.0012
0.0014 0.0009 0.0011 0.0007 0.0008
0.0005 0.0006 0.0004 0.0005 0.0003
0.0004 0.0003 0.0003 0.0002 0.0003
0.0002 0.0002 0.0002 0.0002 0.0001
0.0002 0.0001 0.0001 0.0001 0.0001

0.0001
fig 3
1 T
09+ 1
[IR=R ~
0.7+ B
T 0EF .
B
= 05 i
ol
LEoat |
03 B
02+ B
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