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1. INTRODUCTION

Let E be a real Banach space and E∗ be its dual. Let K be a
nonempty closed convex subset of E. For some real number q (1 <
q < ∞), Jq denotes the generalized duality mapping from E into
2E

∗
given by

Jq(x) = {f ∈ E∗ : 〈f, x〉 = ‖x‖q and ‖f‖ = ‖x‖q−1}.

J2 (when q = 2) is called the normalized duality mapping, where
〈·, ·〉 denotes the duality pairing between the elements of E and
those of E∗. It is well known that if E is uniformly smooth then Jq
is norm-to-norm uniformly continuous on bounded sets (see, e.g.,
[2, 3]). If E is smooth (i.e., E∗ is strictly convex), then Jq is single-
valued (see, [5]).
For a real number L > 0, a mapping T : K → E is called L−Lipschitz
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if
‖Tx− Ty‖ ≤ L‖x− y‖ ∀x, y ∈ K. (1)

If L = 1 then T is called nonexpansive. A point x ∈ K is called a
fixed point of T if

Tx = x.

We shall denote the set of all fixed points of a nonlinear mapping
T by Fix(T ) i.e.,

Fix(T ) = {x ∈ K : Tx = x}.
It is well known that (see, [4]) if K is bounded closed convex subset
of a reflexive real Banach space with normal structure and T is a
nonexpansive mapping of K into itself, then Fix(T) is nonempty.
A mapping T : E → E is said to be accretive if for all x, y ∈ E,
there exists j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≥ 0.

For some positive real number η the mapping T is called η-strongly
accretive if

〈Tx− Ty, j(x− y)〉 ≥ η‖x− y‖2

holds ∀ x, y ∈ E and for some positive real number λ the mapping
T is λ-strictly pseudocontractive if

〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2 − λ‖(I − T )x− (I − T )y‖2 (2)

holds ∀x, y ∈ E. It is also known that if T is λ-strictly pseudo-
contractive then it is 1+λ

λ
-Lipschitzian. If I denotes the identity

operator, then its easy to see that (2) can be written in the form

〈(I − T )x− (I − T )y, j(x− y)〉 ≥ λ‖(I − T )x− (I − T )y‖2. (3)

In Hilbert spaces, (2) (and hence (3)) for λ ∈ (0, 1
2
), is equivalent

to the inequality

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, (4)

where k = (1− 2λ) < 1.
The variational inequality problem (VIP) is a problem of finding a
point x∗ ∈ K such that

〈Tx∗, jq(y − x∗)〉 ≥ 0 ∀y ∈ K, (5)

where jq(y − x∗) ∈ Jq(y − x∗). The set of solutions of variational
inequality problem, V IP with respect to K and T is denoted by
V IP (T,K). If the mapping T is monotone, then the V IP is called
a monotone variational inequality problem (MV IP ). The theory of
variational inequalities is well established in the literature because
of its applications in science, engineering, social sciences, and so
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forth. For further detail on variational inequalities and their appli-
cations, we refer the reader to ([6]- [9]) and [10] and the references
contained therein. It is easy to see that in a real Hilbert space H,
finding x∗ ∈ V IP (K,T ) is equivalent to finding the solution of the
fixed point equation:

x∗ = PK(I − λT )x∗,

where λ > 0 and PK is the metric projection of H onto K.

Also the variational inequality problem is considered over the set
of fixed points of a nonexpansive mapping. If we assume K is a
fixed point set of a nonexpansive mapping T and V is another non-
expansive mapping (not necessarily with fixed point), the problem
(5) becomes the VIP of finding x∗ ∈ Fix(T ) such that

〈(I − V )x∗, j(y − x∗)〉 ≥ 0 ∀y ∈ Fix(T ), (6)

where we assume that Fix(T ) 6= ∅. This problem is called Hier-
archical fixed point problem (in short, HFPP ). It is known that
Finding x∗ in the solution set of HFPP is equivalent to finding the
solution of the fixed point equation:

find x∗ ∈ K such that x∗ = PFix(T )V (x∗).

Methods of solving equation (6) has been studied by many authors
(see, [12]- [17]) and the refrences contained therein. Ceng et al. [19]
proposed explicit and implicit iterative schemes for finding a com-
mon solution for a fixed points of nonexpansive mapping. Buong
and Duong in [20] also studied the explicit iterative algorithm for
finding the solution of a VIP defined over the set of common fixed
points of a finite number of nonexpansive mappings:

uk+1 = (1− b0k)uk + b0kS
k
0S

k
p · · · Sk1uk

where Ski = (1−bik)I+bikS
i for1 ≤ i ≤ p, {Si}pi=1 are finite family

of nonexpansive mappings of a real Hilbert space H, Sk0 = I−λkµF,
and F is an η-strongly monotone and L-Lipschitz continuous map-
ping.

Recently, Zhang and Yang [18] studied the following more general
explicit iterative algorithm for solving HFPP.

uk+1 = akcg(uk) + (I − µakF )SkpS
k
p−1 · · · Sk1uk (7)

where g is a contraction, F is an η-strongly monotone and L-
Lipschitz continuous mapping and Ski = (1−bik)I+bikSi for 1 ≤ i ≤
p. Under some assumptions, the iterative sequence {uk} generated
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by (7) strongly converges to the solution of the HFPP, i.e., some
z ∈ ∩pi=1F (Si) such that

〈(µF − γg)z, v − z〉 ≥ 0,∀v ∈ ∩pi=1F (Si). (8)

Very recently Husain and Singh [1] studied Hybrid steepest iterative
algorithm for a hierarchical fixed point problem of a finite family of
nonexpansive mappings in a real Hilbert space. They studied the
algorithm defined as yn = bnxn + (1− bn)SnpS

n
p−1...S

n
1 xn,

xn+1 = anρg(yn) + cnyn + [(1− cn)I − anµF ]SnpS
n
p−1...S

n
1 yn,

∀n ≥ 0,
(9)

where Sni = αinI + (1− αin)Si , {Si}pi=1 are nonexpansive mappings
and proved that the sequence generated converges strongly to the
solution of the HFPP, z ∈ ∩pi=1F (Si) such that

〈(µF − γg)z, v − z〉 ≥ 0,∀v ∈ ∩pi=1F (Si).

Motivated by the work of Husain and Singh [1], in this paper we
studied a modified iterative scheme and prove its strong conver-
gence to a solution of HFPP involving finite family of strictly pseu-
docontractive maps in a setting of Banach spaces more general than
Hilbert. The results presented here improve, extend and generalised
some recently annouced results.

2. PRELIMINARY

Let K be a nonempty closed convex and bounded subset of a Ba-
nach space E and let the diameter of K be defined by d(K) :=
sup{‖x− y‖ : x, y ∈ K}. For each x ∈ K, let r(x,K) := sup{‖x−
y‖ : y ∈ K} and let r(K) := inf{r(x,K) : x ∈ K} denote the
Chebyshev radius of K relative to itself. The normal structure
coefficient N(E) of E (see, e.g, [11]) is defined by

N(E) := inf

{
d(K)

r(K)
: K ⊂ E with d(K) > 0

}
.

A space E such that N(E) > 1 is said to have uniform normal struc-
ture. It is known that all uniformly convex and uniformly smooth
Banach spaces have uniform normal structure (see, e.g, [23, 24])
and the refrences contained therein.

Let E be a real Banach space and U(E) = {z ∈ E : ‖z‖ = 1}.
The space E is said to be uniformly convex if for each ε ∈ (0, 2),
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there exists δ > 0 such that ‖x+y‖
2
≤ 1 − δ for all x, y ∈ U with

‖x − y‖ ≥ ε. The modulus of smoothness of E is the function ρE :
[0,∞)→ [0,∞) defined by

ρE(t) = sup

{
‖x+ y‖+ ‖x− y‖

2
− 1 : x ∈ U(E), ‖y‖ ≤ t

}
.

E is said to be uniformly smooth, if and only if

lim
t→0

ρE(t)

t
= 0.

A Banach space E is said to have Fréchet differentiable norm, if for
all x, y ∈ U(E)

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists and is attained uniformly for y ∈ U(E). E is said to have
Gateax differentiable norm (and E is called smooth) if the limit ex-
ists for all x, y ∈ U(E), and E is said to have a uniformly Gateaux
differentiable norm if for each y ∈ U the limit is attained uniformly
for x ∈ U.

It is well known that if E is uniformly smooth, then the norm on E
is Fréchet differentiable and the normalized duality map is singled-
valued and norm to norm uniformly continuous on bounded sub-
sets. A Banach space E is said to be p− uniformly smooth, if there
exists a constant c∗ > 0 such that ρE(t) ≤ c∗tp for all t > 0. Every
p− uniformly smooth Banach space is unifomly smooth.

In the sequel we will make use of the following lemmas.

Lemma 1: [26] Let {αn} be a sequence of nonnegative real num-
bers such that

αn+1 ≤ (1− wn)αn + wntn,

where

(1) {wn} ⊂ [0, 1] ,
∑
wn =∞

(2) limsup tn ≤ 0

Then αn → 0 as n→∞.

Lemma 2: [27] Let E be real Banach space and K be a closed
convex subset of E. Let T : K → K be a nonexpansive mapping
with Fix(T ) 6= ∅. Then the mapping I −T is demiclosed at 0, that
is, if {xn} is a sequence converging weakly to x and {(I − T )xn}
converges strongly to 0, then (I − T )x = 0.
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Lemma 3: [21] Let E be a real Banach space with Frechet dif-
ferentiable norm. For x ∈ E, let β∗ be defined by

β∗(t) = sup

{∣∣∣∣‖x+ ty‖2 + ‖y‖2

t
− 2〈y, j(x)〉

∣∣∣∣ : ‖y‖ = 1

}
(10)

Then, lim
t→0

β∗(t) = 0 and

‖x+ h‖2 ≤ ‖x‖2 + 2〈h, j(x)〉+ ‖h‖β∗(‖h‖)

for all h ∈ E − {0}.
If E = Lp 2 ≤ p <∞, we know that

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, j(x)〉+ (p− 1)‖y‖2, ∀x, y ∈ E.

Then β∗ in (10) is estimated by β∗(t) = (p− 1)t for t > 0.
In our more general setting, throughout this paper, we will assume
that

β∗(t) ≤ ct, t > 0,

for some c > 1 where β∗ is the function appearing in (10).

Lemma 4: [24] Suppose E is a Banach space with uniform nor-
mal structure, K is a nonempty bounded subset of E and T :
K → K is uniformly L− Lipschitzian mapping with L < N(E)

1
2 .

Suppose also that there exists a nonempty bounded closed convex
subset C of K with the following property

x ∈ C implies Ww(x) ⊂ C,

where Ww(x) is the w- limit set of {T nx}∞n=1 at x, that is,

Ww(x) =

{
y ∈ E : y = weak − lim

j
T njx for some subsequence

{nj} of {n}
}
.

Then T has a fixed point in C.

Lemma 5: [25] Let (a0, a1, ...) ∈ l∞ such that µn(an) ≤ 0 for all
Banach limit µ and limsup

n→∞
(an+1 − an) ≤ 0. Then limsup

n→∞
an ≤ 0.

Lemma 6: Let E be a real normed linear space. Then the
following inequality holds

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, j(x+ y)〉 ∀x, y ∈ E,∀j(x+ y) ∈ J(x+ y).
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Lemma 7: [28] Let {xn} and {yn} be a bounded sequences in
a Banach space E and let {βn} be a sequence in [0, 1] with 0 <
lim inf βn < 1. Suppose that xn+1 = βnyn + (1 − βn)xn for all
integer n ≥ 1 and lim sup(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. Then,
lim‖yn − xn‖ = 0

Lemma 8: Let E be a real Banach space with Frechet differ-
entiable norm and let K be a nonempty closed convex subset of
E. Suppose that T : K → K is λ−strictly pseudocontractive such
that F (T ) 6= ∅. For any α ∈ (0, 1) we define Tα : K → E by
Tαx = αx+(1−α)Tx ∀x ∈ K. Then Tα is a nonexpansive mapping

such that Fix(Tα) = Fix(T ). for 1−α ∈ (0, µ), µ = Min

{
1, 1− 2λ

c

}
with c

2
≥ λ and λ ∈ (0, 1).

Proof: In view of Lemma 3, , we have the following estimate

‖Tαx− Tαy‖2 = ‖αx+ (1− α)Tx− αy − (1− α)Ty‖2

= ‖αx− αy + (1− α)(Tx− Ty)‖2

= ‖α(x− y)− (x− y) + (x− y) + (1− α)(Tx− Ty)‖2

= ‖x− y − (1− α)(x− y − (Tx− Ty))‖2

≤ ‖x− y‖2 − 2(1− α)〈(I − T )x− (I − T )y, j(x− y)〉+

(1− α)‖x− y − (Tx− Ty)‖β∗((1− α)‖x− y − (Tx− Ty)‖
≤ ‖x− y‖2 − 2λ(1− α)‖x− y − (Tx− Ty)‖2 + c(1− α)2

‖x− y − (Tx− Ty)‖2

= ‖x− y‖2 − [2λ(1− α)− c(1− α)2]‖x− y − (Tx− Ty)‖2

= ‖x− y‖2 − (1− α)[2λ− c(1− α)]‖x− y − (Tx− Ty)‖2

≤ ‖x− y‖2.

3. MAIN RESULTS

Lemma 9: Let {Ti}pi=1 be λi− strictly pseudocontractive mappings
and let λ = max

i
{λi} and {αi}pi=1 be a finite real sequences in (0, 1).

Define Tαix = αix+(1−αi)Tix and T := Tα1◦Tα2◦· · ·◦Tαp . Then Tαi
for each i = 1, 2, ...p and T are strictly pseudocontrative mappings.

Proof: Consider the following computation

〈Tαix− Tαiy, j(x− y)〉
= 〈αix+ (1− αi)Tix− (αiy + (1− αi)Tiy), j(x− y)〉
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= αi〈(x− y), j(x− y)〉+ (1− αi)〈(Tix− Tiy), j(x− y)〉
≤ αi‖x− y‖2 + (1− αi)[‖x− y‖2 − λi‖(I − Ti)x− (I − Ti)y‖2]
= ‖x− y‖2 − λi(1− αi)‖(I − Ti)x− (I − Ti)y‖2

= ‖x− y‖2 − λi(1− αi)‖x−
(Tαix− αix)

(1− αi)
−
(
y − (Tαiy − αiy)

(1− αi)

)
‖2

= ‖x− y‖2 −

(
λi

1− αi

)
‖(I − Tαi)x− (I − Tαi)y‖2.

Therefore Tαi is λi
1−αi strictly pseudocontractive. Also

〈Tx− Ty, j(x− y)〉
= 〈Tα1 ◦ Tα2 ◦ · · · ◦ Tαpx− Tα1 ◦ Tα2 ◦ · · · ◦ Tαpy, j(x− y)〉
≤ ‖Tα2 ◦ Tα3 ◦ · · · ◦ Tαpx− Tα2 ◦ Tα3 ◦ · · · ◦ Tαpy‖2 −

λ1
1− α1

‖(I − Tα1 ◦ Tα2 ◦ · · · ◦ Tαp)x−

(I − Tα1 ◦ Tα2 ◦ · · · ◦ Tαp)y‖2

≤ ‖x− y‖2 − λ1
1− α1

‖(I − Tα1 ◦ Tα2 ◦ · · · ◦ Tαp)x−

(I − Tα1 ◦ Tα2 ◦ · · · ◦ Tαp)y‖2

which implies T is λ1
1−α1

strictly pseudocontractive.

Lemma 10: Let E be a real Banach space with Fréchet differ-
entiable norm and let K be a nonempty closed convex subset of
E. Suppose that Ti : E → E is λi− stricly pseudocontractive for
i = 1, 2...p, λi ∈ (0, 1) and F : E → E be an η− strongly accretive
mapping which is also L−Lipschitz for some L > 0. Assume c > 1 ,

η ∈ (0, 2(1−d)+bcL
2µ

2(1−d) ) and µ ∈ (0, 2(1−d)
acL2 ), an ∈ (a, b) ⊂ (0, 1). Define

H : E → E by Hx = [I − anµF
(1−d) ]TαpTαp−1 · · · Tα1x ∀x ∈ E. Then H

satisfies the following inequality ‖Hx−Hy‖ ≤
[
1− bh

(1−d)

]
‖x− y‖,

where h = µ

(
η − L2bcµ

2(1−d)

)
.
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Proof: For any x, y ∈ E and Lemma 3, we have

‖Hx−Hy‖2 = ‖[I − anµF

(1− d)
]TαpTαp−1 · · · Tα1x

− [I − anµF

(1− d)
]TαpTαp−1 · · · Tα1y‖2

=

∥∥∥∥(TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y)−(
anµF (TαpTαp−1 · · · Tα1x)

(1− d)
−
anµF (TαpTαp−1 · · · Tα1y)

(1− d)

)∥∥∥∥2
≤ ‖TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y‖2 − 2

(
anµ

(1− d)

)
〈
F (TαpTαp−1 · · · Tα1x)− F (TαpTαp−1 · · · Tα1y),

j(TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y)

〉
+

(
anµ

(1− d)

)∥∥∥∥F (TαpTαp−1 · · · Tα1x)− F (TαpTαp−1 · · · Tα1y)

∥∥∥∥
β∗
((

anµ

(1− d)

)∥∥∥∥F (TαpTαp−1 · · · Tα1x)

−F (TαpTαp−1 · · · Tα1y)

∥∥∥∥)
≤ ‖TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y‖2

− 2

(
anµ

(1− d)

)
η

∥∥∥∥TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y

∥∥∥∥2
+ c

(
anµ

(1− d)

)2∥∥∥∥F (TαpTαp−1 · · · Tα1x)

−F (TαpTαp−1 · · · Tα1y)

∥∥∥∥2
≤ ‖TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y‖2

−2

(
anµ

(1− d)

)
η

∥∥∥∥TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y

∥∥∥∥2
+c

(
anµ

(1− d)

)2

L2

∥∥∥∥TαpTαp−1 · · · Tα1x

−TαpTαp−1 · · · Tα1y

∥∥∥∥2
=

(
1− 2anµ

(1− d)

(
η − L2c

2

(
anµ

(1− d)

))
∥∥∥∥TαpTαp−1 · · · Tα1x− TαpTαp−1 · · · Tα1y

∥∥∥∥2
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≤
[
1− anµ

(1− d)

(
η − L2c

2

anµ

(1− d)

)]2
‖x− y‖2

≤
[
1− anh

(1− d)

]2
‖x− y‖2.

Hence, we have∥∥∥∥Hx−Hy∥∥∥∥ ≤ [1− bh

(1− d)

]
‖x− y‖.

We now prove the following Theorem

Theorem 1: Let E be a real uniformly smooth Banach space
and let K be a nonempty closed convex subset of E. Suppose
that Ti : E → E is λi− stricly pseudocontractive mappings for
i = 1, 2, ..., p such that Ω = ∩pn=1Fix(Ti) 6= ∅ and let F : E → E be
an η− strongly accretive mapping which is also L− Lipschitz. Let
g : E → E be a contraction with contractive constant τ ∈ (0, 1).
For an arbitrary x0 ∈ E, define a sequence {xn} by yn = bnxn + (1− bn)TαpTαp−1 · · · Tα1xn,

xn+1 = anρg(yn) + dxn + [(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn
∀n ≥ 0,

(11)
where Tαi = αix+(1−αi)Tix and αi ∈ (0, 1−λ) where λ = Max

i
{λi}

for i = 1, 2, ...p, and the parameters ρ, h, d satisfy 0 < ρ < h
τ
,

µ ∈ (0, 2(1−d)
acL2 ) and h = µ

(
η − L2c

2
cµ

(1−d)

)
, d ∈ (0, 1), and {an}, {bn}

are sequences in (0, 1) satisfying the following condition:

(1) lim
n→∞

an = 0,
∑∞

n=1 an =∞ and
∑∞

n=1 |an+1 − an| <∞
(2) bn ∈ ( 2d

1+d
, 1) and lim

n→∞
|bn+1 − bn| = 0

(3) 2λ1
1−α1

> 2(1−d)
1+d

Then the sequence generated by algorithm (11) converges strongly
to z ∈ ∩pn=1Fix(Ti), which is also a solution of the HFPP :

〈(µF − ρg)z, j(x− z)〉 ≥ 0 ∀x ∈ ∩pi=1Fix(Ti). (12)

Proof: We split the proof into four steps.
STEP 1 We show that {yn}, {xn} are bounded.
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Let x∗ ∈ Ω. From the scheme (11) and Lemma 3, we have

‖yn − x∗‖2 = ‖bnxn + (1− bn)TαpTαp−1 · · · Tα1xn − x∗‖2

= ‖xn − x∗ − (1− bn)(xn − TαpTαp−1 · · · Tα1xn)‖2

≤ ‖xn − x∗‖2 − 2(1− bn)〈xn − TαpTαp−1 · · · Tα1xn, j(xn − x∗)〉
+ (1− bn)‖xn − TαpTαp−1 · · · Tα1xn‖ ×
β∗((1− bn)‖xn − TαpTαp−1 · · · Tα1xn‖)

≤ ‖xn − x∗‖2 − 2(1− bn)

×〈xn − x∗ + x∗ − TαpTαp−1 · · · Tα1xn, j(xn − x∗)〉
+ c(1− bn)2‖xn − TαpTαp−1 · · · Tα1xn‖2

= ‖xn − x∗‖2 − 2(1− bn)〈xn − x∗, j(xn − x∗)〉+ 2(1− bn)

〈TαpTαp−1 · · · Tα1xn − x∗, j(xn − x∗)〉+

c(1− bn)2‖xn − TαpTαp−1 · · · Tα1xn‖2

= ‖xn − x∗‖2 − 2(1− bn)〈xn − x∗, j(xn − x∗)〉+ 2(1− bn)

×〈TαpTαp−1 · · · Tα1xn − TαpTαp−1 · · · Tα1x
∗, j(xn − x∗)〉

+c(1− bn)2‖xn − TαpTαp−1 · · · Tα1xn‖2

≤ ‖xn − x∗‖2 − 2(1− bn)‖xn − x∗‖2 + 2(1− bn)[‖xn − x∗‖2 −
λ1

1− α1

‖(I − TαpTαp−1 · · · Tα1)xn − (I − TαpTαp−1 · · · Tα1)x
∗‖2]

+c(1− bn)2‖xn − TαpTαp−1 · · · Tα1xn‖2

= ‖xn − x∗‖2 −
2λ1

1− α1

(1− bn)‖xn − TαpTαp−1 · · · Tα1xn‖2 +

c(1− bn)2‖xn − TαpTαp−1 · · · Tα1xn‖2

= ‖xn − x∗‖2 − (1− bn)

(
2λ1

1− α1

− c(1− bn)

)
×‖xn − TαpTαp−1 · · · Tα1xn‖2.

So

‖yn − x∗‖2 ≤ ‖xn − x∗‖2. (13)
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From the algorithm (11), Lamma 10 and equation (13), we have

‖xn+1 − x∗‖ = ‖anρg(yn) + dxn

+[(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn − x∗‖
= ‖an(ρg(yn)− µF (x∗)) + d(xn − x∗) +

[(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn − [(1− d)I − anµF ]x∗‖
≤ ‖an(ρg(yn)− µF (x∗))‖+ ‖d(xn − x∗)‖+ ‖[(1− d)I − anµF ]

×TαpTαp−1 · · · Tα1yn − [(1− d)I − anµF ]x∗‖
= ‖an(ρg(yn)− µF (x∗))‖+ d‖(xn − x∗)‖

+ (1− d)‖[I − anµF

(1− d)
]TαpTαp−1 · · · Tα1yn

−[I − anµF

(1− d)
]TαpTαp−1 · · · Tα1x

∗‖

≤ ‖an(ρg(yn)− µF (x∗))‖+ d‖xn − x∗‖

+(1− d)

[
1− anh

(1− d)

]
‖yn − x∗‖

≤ ‖an(ρg(yn)− µF (x∗))‖+ d‖xn − x∗‖
+(1− d)‖xn − x∗‖ − anh‖xn − x∗‖

= ‖anρg(yn)− anµF (x∗)− anρg(x∗) + anρg(x∗)‖
+(1− anh)‖xn − x∗‖

≤ anρτ‖yn − x∗‖+ an‖ρg(x∗)− µF (x∗)‖+ (1− anh)‖xn − x∗‖
≤ anρτ‖xn − x∗‖+ an‖ρg(x∗)− µF (x∗)‖+ (1− anh)‖xn − x∗‖
= (1− an(h− ρτ)‖xn − x∗‖+ an‖ρg(x∗)− µF (x∗)‖

= (1− an(h− ρτ)‖xn − x∗‖+
an(h− ρτ)‖ρg(x∗)− µF (x∗)‖

(h− ρτ)

≤ Max

{
‖xn − x∗‖,

‖ρg(x∗)− µF (x∗)‖
(h− ρτ)

}
.

Hence by induction,

‖xn − x∗‖ ≤Max

{
‖x0 − x∗‖,

‖ρg(x∗)− µF (x∗)‖
(h− ρτ)

}
∀n ≥ 0.

Therefore,{xn}, {yn} are bounded.

STEP 2 We show that
(i) lim

n→∞
‖xn+1 − xn‖ = 0 and

(ii) lim
n→∞
‖xn − TαpTαp−1 · · · Tα1xn‖ = 0.
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Define

zn =
xn+1 − dxn

1− d
.

Thus,

‖zn+1 − zn‖ =

∥∥∥∥xn+2 − dxn+1

1− d
− xn+1 − dxn

1− d

∥∥∥∥
=

∥∥∥∥an+1ρg(yn+1) + dxn+1

(1− d)

+
[(1− d)I − an+1µF ]TαpTαp−1 · · · Tα1yn+1

(1− d)

−dxn+1 − (anρg(yn)

(1− d)

+
dxn + [(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn − dxn)

(1− d)

∥∥∥∥
=

∥∥∥∥an+1ρg(yn+1) + [(1− d)I − an+1µF ]TαpTαp−1 · · · Tα1yn+1

(1− d)

−
anρg(yn)− [(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn

(1− d)

∥∥∥∥
=

∥∥∥∥an+1ρg(yn+1)

(1− d)
− anρg(yn)

(1− d)

+
TαpTαp−1 · · · Tα1yn+1 − TαpTαp−1 · · · Tα1yn

(1− d)

+
anµFTαpTαp−1 · · · Tα1yn

1− d
−
an+1µFTαpTαp−1 · · · Tα1yn+1

(1− d)

∥∥∥∥
≤

∥∥∥∥an+1ρg(yn+1)

(1− d)
− anρg(yn)

(1− d)

∥∥∥∥
+

∥∥∥∥TαpTαp−1 · · · Tα1yn+1 − TαpTαp−1 · · · Tα1yn

∥∥∥∥
+

∥∥∥∥anµFTαpTαp−1 · · · Tα1yn

(1− d)
−
an+1µFTαpTαp−1 · · · Tα1yn+1

(1− d)

∥∥∥∥
≤

∥∥∥∥an+1ρg(yn+1)

(1− d)
− anρg(yn)

(1− d)

∥∥∥∥+

∥∥∥∥yn+1 − yn
∥∥∥∥

+

∥∥∥∥anµFTαpTαp−1 · · · Tα1yn

(1− d)
−
an+1µFTαpTαp−1 · · · Tα1yn+1

(1− d)

∥∥∥∥
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≤ an+1

1− d

∥∥∥∥ρg(yn+1)− ρg(yn)

∥∥∥∥
+

∣∣∣∣an+1 − an
1− d

∣∣∣∣∥∥∥∥ρg(yn)

∥∥∥∥+

∥∥∥∥yn+1 − yn
∥∥∥∥

+
anµ

1− d

∥∥∥∥FTαpTαp−1 · · · Tα1yn − FTαpTαp−1 · · · Tα1yn+1

∥∥∥∥+∣∣∣∣an − an+1

1− d

∣∣∣∣µ∥∥∥∥FTαpTαp−1 · · · Tα1yn+1

∥∥∥∥
≤ an+1

1− d
ρτ

∥∥∥∥yn+1 − yn
∥∥∥∥+

∣∣∣∣an+1 − an
1− d

∣∣∣∣∥∥∥∥ρg(yn)

∥∥∥∥+

∥∥∥∥yn+1 − yn
∥∥∥∥

+
anµ

1− d
L

∥∥∥∥yn − yn+1

∥∥∥∥
+

∣∣∣∣an − an+1

1− d

∣∣∣∣µ∥∥∥∥FTαpTαp−1 · · · Tα1yn+1

∥∥∥∥
But

‖yn+1 − yn‖ = ‖bn+1xn+1 + (1− bn+1)TαpTαp−1 · · · Tα1xn+1

− bnxn − (1− bn)TαpTαp−1···Tα1xn‖

= ‖(1− bn+1)(TαpTαp−1 · · · Tα1xn+1 − TαpTαp−1 · · · Tα1xn)

−(bn+1 − bn)TαpTαp−1 · · · Tα1xn

+bn+1(xn+1 − xn)− (bn − bn+1)xn‖
= ‖(1− bn+1)(TαpTαp−1 · · · Tα1xn+1 − TαpTαp−1 · · · Tα1xn)

−(bn+1 − bn)TαpTαp−1 · · · Tα1xn

+(bn+1 − bn)xn + bn+1(xn+1 − xn)‖
≤ (1− bn+1)‖TαpTαp−1 · · · Tα1xn+1 − TαpTαp−1 · · · Tα1xn‖

+|bn+1 − bn|‖TαpTαp−1 · · · Tα1xn − xn‖
+bn+1‖xn+1 − xn‖

≤ bn+1‖xn+1 − xn‖+ (1− bn+1)‖xn+1 − xn‖
+|bn+1 − bn|‖TαpTαp−1 · · · Tα1xn − xn‖

= ‖xn+1 − xn‖+ |bn+1 − bn|‖TαpTαp−1 · · · Tα1xn − xn‖
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So

‖zn+1 − zn‖ ≤
an+1

1− d
ρτ

∥∥∥∥yn+1 − yn
∥∥∥∥

+

∣∣∣∣an+1 − an
1− d

∣∣∣∣∥∥∥∥ρg(yn)

∥∥∥∥+

∥∥∥∥yn+1 − yn
∥∥∥∥

+
anµ

1− d
L

∥∥∥∥(yn)− (yn+1)

∥∥∥∥
+

∣∣∣∣an − an+1

1− d

∣∣∣∣µ∥∥∥∥FTαpTαp−1 · · · Tα1yn+1

∥∥∥∥
Therefore

‖zn+1 − zn‖ − ‖xn+1 − xn‖

≤ an+1

1− d
ρτ

∥∥∥∥yn+1 − yn
∥∥∥∥

+

∣∣∣∣an+1 − an
1− d

∣∣∣∣∥∥∥∥ρg(yn)

∥∥∥∥
+ |bn+1 − bn|

∥∥∥∥TαpTαp−1 · · · Tα1xn − xn
∥∥∥∥

+
anµ

1− d

∥∥∥∥F (yn)− F (yn+1)

∥∥∥∥+∣∣∣∣an − an+1

1− d

∣∣∣∣µ∥∥∥∥FTαpTαp−1 · · · Tα1yn+1

∥∥∥∥.
Hence,

lim sup
n→∞

(
‖zn+1 − zn‖ − ‖xn+1 − xn‖

)
≤ 0.

Thus by Lemma 7

lim
n→∞
‖zn − xn‖ = 0.

This implies

lim
n→∞
‖xn+1 − xn‖ = (1− d) lim

n→∞
‖zn − xn‖ = 0. (14)

Now

‖xn − TαpTαp−1 · · · Tα1xn‖
= ‖xn − xn+1 + xn+1 − TαpTαp−1 · · · Tα1xn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − TαpTαp−1 · · · Tα1xn‖
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= ‖xn − xn+1‖+ ‖anρg(yn) + dxn +

[(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn − TαpTαp−1 · · · Tα1xn‖
≤ ‖xn − xn+1‖+ an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖

+d‖xn − TαpTαp−1 · · · Tα1yn‖+

‖TαpTαp−1 · · · Tα1yn − TαpTαp−1 · · · Tα1xn‖
≤ ‖xn − xn+1‖+ an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖

+d‖xn − TαpTαp−1 · · · Tα1xn + TαpTαp−1 · · · Tα1xn

−TαpTαp−1 · · · Tα1yn‖+ ‖yn − xn‖

≤ ‖xn − xn+1‖+ an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖
+d‖xn − TαpTαp−1 · · · Tα1xn‖
+d‖TαpTαp−1 · · · Tα1xn − TαpTαp−1 · · · Tα1yn‖+ ‖yn − xn‖

≤ ‖xn − xn+1‖+ an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖
+d‖xn − TαpTαp−1 · · · Tα1xn‖+ (1 + d)‖xn − yn‖.

Notice that

‖yn − xn‖ = (1− bn)‖TαpTαp−1 · · · Tα1xn − xn‖.
Therefore

‖xn − TαpTαp−1 · · · Tα1xn‖ ≤ ‖xn − xn+1‖
+an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖
+d‖xn − TαpTαp−1 · · · Tα1xn‖+ (1 + d)(1− bn)×
‖TαpTαp−1 · · · Tα1xn − xn‖

= ‖xn − xn+1‖+ an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖
(1 + 2d− bn(1 + d))‖TαpTαp−1 · · · Tα1xn − xn‖.

Thus,

(bn(1 + d)− 2d)‖xn − TαpTαp−1 · · · Tα1xn‖
≤ ‖xn − xn+1‖+ an‖ρg(yn)− µFTαpTαp−1 · · · Tα1yn‖

From condition (1), (2) and equation (14), we obtain

lim
n→∞
‖xn − TαpTαp−1 · · · Tα1xn‖ = 0.

STEP 3 Next we show that for z ∈ Ω,

limsup
n→∞

〈ρg(z)− µF (z), j(xn − z)〉 ≤ 0,
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Define a map φ : E → R by

φ(y) = µn‖xn − y‖2 ∀y ∈ E.
Then φ(y)→∞ as ‖y‖ → ∞, φ is continuous and convex, so as E
is reflexive, there exists q ∈ E such that φ(q) = min

u∈E
φ(u). Hence

the set

K∗ :=

{
y ∈ E : φ(y) = min

u∈E
φ(u)

}
6= ∅

Since lim
n→∞
‖xn−TαpTαp−1 · · ·Tα1xn‖ = 0 and by Lemma 4 we obtain

K∗ ∩ ∩pi=1Fix(Ti) 6= ∅.
Without loss of generality, assume that y∗ = z ∈ K∗ ∩ Ω. let t ∈
(0, 1), then it follows that

φ(z) ≤ φ(z + t(ρg − µF )z)

and using Lemma 6

‖xn − z − t(ρg − µF )z‖2 ≤ ‖xn − z‖2

− 2t〈(ρg − µF )z, j(xn − z + t(ρg − µF )z)〉.
Thus, taking Banach limit of both sides, we have

µn‖xn − z − t(ρg − µF )z‖2 ≤ µn‖xn − z‖2

− 2tµn〈(ρg − µF )z, j(xn − z + t(ρg − µF )z)〉.
This implies

2tµn〈(ρg − µF )z, j(xn − z + t(ρg − µF )z)〉
≤ µn‖xn − z‖2 − µn‖xn − z − t(ρg − µF )z‖2

= φ(z)− φ(z + t(ρg − µF )z) ≤ 0.

Therefore,

µn〈(ρg − µF )z, j(xn − z + t(ρg − µF )z)〉 ≤ 0 (15)

Thus, by equation (15), we have

µn〈(ρg − µF )z, j(xn − z)〉
= µn〈(ρg − µF )z, j(xn − z)− j(xn − z + t(ρg − µF )z)〉

+µn〈(ρg − µF )z, j(xn − z − t(ρg − µF )z)〉
≤ µn〈(ρg − µF )z, j(xn − z)− j(xn − z + t(ρg − µF )z)〉

Since j is norm to norm uniformly continuous on bounded subset
of E, we have

µn〈(ρg − µF )z, j(xn − z)〉 ≤ 0.

Furthermore since ‖xn+1 − xn‖ → 0 as n→∞, we have



464 A. M. HAMZA, BASHIR ALI AND M. H. HARBAU

limsup
n→∞

[
〈(ρg − µF )z, j(xn − z)〉 − 〈(ρg − µF )z, j(xn+1 − z)〉

]
≤ 0

and so we obtain by Lemma 5

limsup
n→∞

〈(ρg − µF )z, j(xn − z)〉 ≤ 0.

STEP 4 Finally we show that xn → z as n→∞.
‖xn+1 − z‖2 = ‖anρg(yn)

+ dxn + [(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn − z‖2

= 〈anρg(yn) + dxn + [(1− d)I − anµF ]×
TαpTαp−1 · · · Tα1yn − z, j(xn+1 − z)〉

=

〈
an(ρg(yn)− µF (z)) + d(xn − z)

+(1− d)×
[(
I − anµF

1− d

)
TαpTαp−1 · · · Tα1yn

−
(
I − anµF

1− d

)
z

]
, j(xn+1 − z)

〉
= an〈(ρg(yn)− µF (z)), j(xn+1 − z)〉+ 〈d(xn − z), j(xn+1 − z)〉

+

〈
(1− d)

[(
I − anµF

1− d

)
TαpTαp−1 · · · Tα1yn −(

I − anµF

1− d

)
z

]
, j(xn+1 − z)

〉
= anρ〈(g(yn)− g(z)), j(xn+1 − z)〉

+an〈(ρg(z)− µF (z)), j(xn+1 − z)〉+ d〈(xn − z), j(xn+1 − z)〉

+(1− d)

〈(
I − anµF

1− d

)
TαpTαp−1 · · · Tα1yn

−
(
I − anµF

1− d

)
TαpTαp−1 · · · Tα1z, j(xn+1 − z)

〉
≤ anρ‖g(yn)− g(z)‖‖xn+1 − z‖+

an〈(ρg(z)− µF (z)), j(xn+1 − z)〉+ d‖xn − z‖

‖xn+1 − z‖+ (1− d)

∥∥∥∥(I − anµF

1− d

)
TαpTαp−1 · · · Tα1yn −(

I − anµF

1− d

)
TαpTαp−1 · · · Tα1z

∥∥∥∥‖xn+1 − z‖
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≤ anρτ‖yn − z‖‖xn+1 − z‖+ 〈anρg(z)− µF (z)), j(xn+1 − z)〉
+d‖xn − z‖‖xn+1 − z‖

+(1− d)(1− anh

1− d
)‖yn − z‖‖xn+1 − z‖

= anρτ‖yn − z‖‖xn+1 − z‖+ an〈(ρg(z)− µF (z)), j(xn+1 − z)〉
+d‖xn − z‖‖xn+1 − z‖+ [1− d]‖yn − z‖‖xn+1 − z‖
−anh‖yn − z‖‖xn+1 − z‖

= [1 + anρτ − d− anh]‖yn − z‖‖xn+1 − z‖
+d‖xn − z‖‖xn+1 − z‖
+an〈(ρg(z)− µF (z)), j(xn+1 − z)〉

≤ [1 + anρτ − d− anh]‖xn − z‖‖xn+1 − z‖+

d‖xn − z‖‖xn+1 − z‖
+an〈(ρg(z)− µF (z)), j(xn+1 − z)〉

= [1− an(h− ρτ)]‖xn − z‖‖xn+1 − z‖
+an〈(ρg(z)− µF (z)), j(xn+1 − z)〉

≤ 1− an(h− ρτ)

2

(
‖xn − z‖2 + ‖xn+1 − z‖2

)
+an〈(ρg(z)− µF (z)), j(xn+1 − z)〉.

Therefore, [
1− (1− an(h− ρτ)

2

]
‖xn+1 − z‖2

≤ 1− an(h− ρτ)

2
‖xn − z‖2 +

an〈(ρg(z)− µF (z)), j(xn+1 − z)〉,
that is, [

(1 + an(h− ρτ)

2

]
‖xn+1 − z‖2

≤ (1− an(h− ρτ)

2
‖xn − z‖2 +

an〈(ρg(z)− µF (z)), j(xn+1 − z)〉
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which implies

‖xn+1 − z‖2 ≤
[

(1− an(h− ρτ))

(1 + an(h− ρτ))

]
‖xn − z‖2+ [

2an
(1 + an(h− ρτ))

]
〈(ρg(z)− µF (z)), j(xn+1 − z)〉

≤
[
1− (2an(h− ρτ))

(1 + an(h− ρτ))

]
‖xn − z‖2 +[

2an(h− ρτ)

(1 + an(h− ρτ))

]
1

(h− ρτ)
×

〈(ρg(z)− µF (z)), j(xn+1 − z)〉

and by Lemma 1 , we have that xn → z as n→∞. This completes
the proof.
If E is a real Hilbert space H, Theorem 1 reduces to the following
corollary.

Corollary 1: Let H be a real Hilbert space and let K be a
nonempty closed convex subset of E. Suppose that Ti : H → H
is λi− stricly pseudocontractive mappings for i = 1, 2, ..., p such
that Ω = ∩pn=1Fix(Ti) 6= ∅ and let F : H → H be an η− strongly
monotone mapping which is also L− Lipschitz. Let g : H → H be
a contraction with contractive constant τ ∈ (0, 1). For an arbitrary
x0 ∈ H, define a sequence {xn} by yn = bnxn + (1− bn)TpTαpTαp−1 · · · Tα1xn,

xn+1 = anρg(yn) + dxn + [(1− d)I − anµF ]TαpTαp−1 · · · Tα1yn
∀n ≥ 0,

(16)
where Tαi = αix+(1−αi)Tix and αi ∈ (0, 1−λ) for i = 1, 2, ...p, let

the parameters ρ, h, d satisfy 0 < ρ < h
τ

and h = µ

(
η− L2

2
( anµ
(1−d))

)
,

d ∈ (0, 1), and {an}, {bn} are sequences in (0, 1) satisfying the fol-
lowing condition:

(1) lim
n→∞

an = 0,
∑∞

n=1 an =∞ and
∑∞

n=1 |an+1 − an| <∞
(2) bn ∈ ( 2d

1+d
, 1) and lim

n→∞
|bn+1 − bn| = 0

(3) 2λ1
1−α1

> 2(1−d)
1+d

Then the sequence generated by algorithm (16) converges strongly
to z ∈ ∩pn=1Fix(Ti), which is also solution of the HFPP :

〈(ρg − µF )z, x− z〉 ≥ 0 ∀x ∈ ∩pi=1Fix(Ti).
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4. CONCLUDING REMARKS

Theorem 1 genralizes the results of Husain and Singh [1] from finite
family of nonexpansive mappings in real Hilbert space to finite fam-
ily of strictly pseudocontractive mappings in real uniformly smooth
Banach space.
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