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ABSTRACT. In this note, we denote by (Lip")’ the space of
derivatives of Lipschitz functions of order 1. We propose a gen-
eralization of the space (Lip')’ on the interval [0, 27] for general
measures on subsets of [0, 2] with respect to the representation
of the norm. As a byproduct, we obtain Holder’s type inequal-
ities and duality results between the space (Lipl)' as well as
its generalization, and the special atoms spaces B and B(u, 1),
spaces first introduced by De Souza in his PhD thesis. Another
byproduct is a relation between the space (Lipl)’ as well as its
generalization, and the space L. As a result we prove that the
special atom space is a simple characterization of L;.
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1. INTRODUCTION

The Lipschitz space often denoted by Lip' is the space of real-
valued functions f defined on the interval [0, 27|, for which
|f(z+ h) — f(x)] < Mh for some positive constant M. This space
has been studied and generalized in several different ways. The
first generalization is to replace h with h® where 0 < a < 1 to
obtain the so called Lipschitz spaces Lip® of order a. Another
generalization has been to replace h with a positive function p(h)
playing the role of a weight (See [3],[5]). Recently, De Souza in [4]
gave a generalization related to the space Lip® for general measures
on subsets of the interval [0, 27| for 0 < a < 1. In this note, we are
concerned with a similar generalization Lip(u, 1) to a space related
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to the case @ = 1, where p is a general measure on [0,27] with
certain properties. In particular, we prove that Lip(u,1) is the
dual space of the generalization B(u, 1) of the special atom space
to general measures p on [0, 27]. We start with the definition of the
Lipschitz condition for some functions, which the reader can find
in any undergraduate or graduate text in Analysis, including [7].

Definition 1.1. A function f : D C R?> — R is said to satisfy the
Lipschitz condition with respect to x if there exists K > 0 such
that

‘f(t, .Tl) — f(t,IQ)‘ < K’Zl}l — .’L'Q‘, \V/(t,.CCl), (t,l’g) eD. (1)

Remark 1.2. We note that in Definition 1.1, if the reverse inequality
also holds, that is, there exists K > 1 such that

1
E‘xl_ajﬂ S |f(t,$1)—f<t,$2)| S K|I‘1—CL’2|, \V/(t,xl)7(t7$2) € D7

then f is referred to as Bi-Lipschitz. This notion is used to define
Lipschitz functions on topological manifolds, see [6].

Lipschitz functions occur almost in every aspect of Mathematics.
In ordinary differential equations, the Lipschitz condition is used in
the existence and uniqueness theorem: that is, if f : D C R? -+ R
satisfies the Lipschitz condition in D with respect to x, then the
initial value problem

{ 4 — f(t,x) for (t,x) € D

{E(to) = X9
has a unique solution in D. In analysis, any function that satisfies
the Lipschitz condition is said to be Lipschitz continuous or sim-
ply Lipschitz. It is known that functions with bounded derivative
are Lipschitz functions, and that Lipschitz functions are almost ev-
erywhere differentiable (e.g. f(z) = |z|). The next definition is a
generalization of Lipschitz functions, see [6], [7].

Definition 1.3. A function f : [0, 27] — R is said to be a Lipschitz
function of order « if Va € [0, 27], and h > 0,

[f(z +h) — f(z)]
ha
Definition 1.4. We denote by Lip®*, 0 < a < 1 the set of all
Lipschitz functions of order o and endow it with the norm

1l = sup LEHR = J@)]

z€0,27] he
h>0

< M, forsome M >0and 0 < a<1.
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Here the constants are identified as the zeros. It is worth noting
that without this classification or some other condition(s) || - || Lipe
will not be a norm.

In this paper, we are concerned with the situation where a = 1.
That is, space of Lipschitz functions of order 1. The next definition
is the space of derivatives of Lipschitz functions of order 1.

Definition 1.5. We define the space (Lip') as follows;
(Lip') = {g/ :SCl0,2r] > R:g€ Lipl}

where the prime denotes the derivative. We endow (Lip')" with the
“norm”

19’ llzipty == |lg||Lipt, where g € Lip'.
Remark 1.6. The space ((Lip')', || - l(zip1y) is equivalent to Lo, and
hence it is a Banach space.

Details of the proof of Remark 1.6 is provided in Section 3 of this
paper.

The next definition is the definition of the special atom space
which is a slight modification of the space introduced by De Souza
in [4].

Definition 1.7. The special atom space is the space B of functions
defined by

B:{fi[O,QTF]—)RZf(t) Z |[|Xln Z|cn|<oo}

n>1

where the ¢,,’s are real numbers, x;, is the characteristic function of
the interval 7, in [0, 27] and |I,,| denotes the length of the interval.

We endow B with the “norm” ||f||p = inf Z |c,| where the infi-

n=1
mum is taken over all the representations of f.

Remark 1.8. Tt is worth noting that the space B contains all simple
functions. That is, if f is a simple function with f() Z enXr, (t

then f € B. Also, every element in B is the limit of a sequence of
simple functions. Thus, the space B is not the same as the space
of simple functions by the definition. As, we shall show later the
space B is equivalent to Ly ([0; 27]).
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Theorem 1.9. (B, | - ||g) is a Banach space.

Note that Theorem 1.9 is a particular case of Theorem 2.7 in Section
2 and the proof is similar up to minor modifications. The next
results are special cases of much general results obtained in Section
2, showing that the (Lip')’ is the dual space of the special atom
space B.

Theorem 1.10 (Holder’s type inequality). If f € B and ¢' €
(Lip')', then

2
f<t>g'<t>dt\ < 171819 ey

0

Proof. Let g € Lip', we observe that w < |l Lipt, for
all t € [0,2n] and h > 0. Thus |¢/(t)] < ||g||Lip, for almost all
t € [0,27]. Now let f € B with

) =>"c |I ’m cand Y fe,| < oo,
n>1 n>1
we have that

/027r f(t)g (t)dt = / > (cn Xln(t)) dt.

n>1

Thus
27
f(t)g’(t)dt]

IN

> lenlppy [ loo)ae

n>1

Zlcnlu ,II nlllgllLipr, since 1" (6)] < [lgllipt

n>1

> leal | gl Lip-
n>1

Taking the infimum on the R.H.S. of the latter over all represen-
tations of f, we have
2m

0

IN

IN

f(t)g’(t)dt‘ < 1119 Nl wipry

0
UJ

We will denote the dual space of a normed space S by S*. That
is, S* is the set of all bounded linear functionals on S.
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Theorem 1.11. The dual space B* of B, is (Lip'). That is,
) E B* if and only if there exists ¢ € (Lip') so that ¢(f) =

i f( )g'(t)dt, Vf € B and ||¢] 5+ = [lg'll Lipry

2

Proof. <=. Fix ¢’ € (Lip') and define ¢4(f) = / f(t)d (t)dt for

0
all f € B. ¢, is a linear map on B, and [¢4(f)] < || fllsll9 || i1y
by Theorem 1.10. Hence ¢, € B*

=—. Consider the map v : (Lip') — B* defined by 9(g¢) =
¢4, ¢4 defined as above. We want to show that 9 is onto, i.e. given
¢ € B*, there exists ¢’ € (Lip')" such that ¢ = ¢,. Let ¢ € B*,
and define g(t) = ¢ (x(04) , t € [0, 27).
Claim: g € Lip' and hence ¢’ € (Lip')'.
In fact, observe that
gt +h) —g(t) = d(Xo+n — X©0.) = O(X[t,e41))-

Thus
lg(t + 1) — g(t)] = |d(X1tasn)| < |0l B+l Xtt4m)llB < |0 B2P
It follows that

lg(t +h) — g(t)]
h

Hence the claim is proved. Thus, we have that ¢/(t) exists almost
everywhere.
This implies that

¢ (X4) = 9(t) = /0 g(s)ds = /0 7rg'(s)x[w(s)ds,

Now since

< ||¢llp+ < o0, VR > 0.

Xiab) () = X[0.5(t) — X[o,q(t) for a <,

we have that

A(Xp) = P(Xjo4) — ¢(X[0,a)) since ¢ is linear

27
= / g ()Xo (t dt—/ g (t)X[o,q (t)dt
0

0

= / 9'(t) (X0 (t) — Xjo,0(t)) dt

0

2
= / g X [a, b]
0
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Therefore

1 S B
) = )Xy (£)dE.
¢(b_a><[,b]) /0 a9 X (t)

1
For f(t) = chmXIn(t) with Z |en] < o0, we have

n>1 n n>1

k

F(t) = i fi(t) where  fi(t) = ch|[—1|xfn (), k € N.

n=1

For each k € N,

o(fr) = <ZC”|I]XI">
= chﬁ(b(XIn)
) ZC’W/ lt

:/ <chu,xfn )g’(t)dt
- / flt)g' (1)t

2

o(fr) = fr(t)g'(t)dt

0
Now since ¢ € B*, it follows that
lim (fi) = o(f)-
— 00

On the other hand, we have that

/0 " flg (1)t — / " (g (Bt

To see this, let hy(t) = fi.(t)g' (t) and pi(t) = Z |cnl 1A |]g ®)Ixr, (1)

n=1

That is,

We observe that
|hi(t)] < pr(t) forall k€N and tel0,2n].
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In addition,
0< pk(t) < pk+1(t), for te [O, 27‘[’}

and

() = p(t) =Y rcnﬁ\g'@)rmw-

n>1

So by the Monotone convergence theorem (see [9], page 83), we
have that

2T 2
1
/ pr(t)dt — / ()t =3 feal = / 1t < gl 3 Jenl < 00
0 0 n>1 [nl Jr, n>1

That is
27 2
/ pr(t)dt — / p(t)dt < oco.
0 0

Hence by the Dominated convergence theorem (see [9], page 89),
we have that

2T 27
im [ h(t)dt = / lim f (1) dt.
0

k—o0 0 k—o0

Thus
21 2m

; fe(t)g' (t)dt — 0 f(t)g'(t)dt.

Hence

of) = [ rtg .

0
That is ¢ = ¢4.Therefore, 1 is onto. In addition we have,

|ollBx = sup |&(f)] < ||gll(Lipry by the Holder’s inequality.
Ifls<1

That is
llz < 19l wipry-

1
On the other hand, for f,(t) = EX["”’“"] (t), h >0, we have f, € B
with ||thB S 1 and

2m x+h " — olx
S = /O X (19 ()t = T / (e = 90D =)

This implies that

W(fh)‘ =
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Taking the supremum over z € [0,27] and h > 0, we obtain
9|l Lipt < ||#]|B+. So that

1915+ = ll9'll zipry
0J

Remark 1.12. By Remark 1.6 and Theorem 1.11, we deduce that
B* = L.

Theorem 1.13. The special atom space B 1is continuously con-
tained in L, and

Iy <Cllfllgs for feB

1
Proof. Let f € B with f(t) = chmX[n(t> and Z|Cn| < o0
n>1 n n>1
and consider

21 1
/ \f(t)\dthycnym/ Ldt =) |en| < 0.
0 n In

n>1 n>1

So f € Lyand |[fll, < ||fll5, for f € B.
U

The following theorem is a classical result in Functional Analysis,
which can be found in [8] (see page 160).

Theorem 1.14. Let X and Y be two normed linear spaces, and
let T € L(X,Y). Let T* be the adjoint operator of T defined by
T*f=foT forall f €Y™*. Then
(1) T € L(Y*, X*) and ||T*| = || T
(2) T* is injective if and only if the range of T is dense inY. In
addition, if X andY are Banach spaces then T* is invertible
if and only if T is invertible.

Now, we have the following situations;

(1) B C Ly with ||f|l, < |Ifllg, for f € B by Theorem 1.13.

(2) B* = Lt by Remark 1.12.

(3) B is dense in Ly. This can be verified with standard tech-
niques and a corollary of the Hahn-Banach Theorem.

As a consequence of these facts and Theorem 1.14, the embedding
operator I : B — Ly defined by I(f) = f is a Banach space iso-
morphism. So, we have the following result;
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Theorem 1.15. B = Ly with equivalent norms, i.e, there exist
feB « feL andalfll, < Ifll, < BlIfl, form some
absolute positive constants o and [3.

2. GENERALIZATION OF (Lip') AND B

Let X = [0, 27| and let (X, M, i) be a finite, non-atomic measure
space. The next definition is a natural generalization of the space
of derivatives of Lipschitz functions to general measures.

Definition 2.1. Define the space Lip(u, 1) as
Lip(p, 1) = {g L [0,27] SR : ﬁ ’/A g(t)du(t)‘ <O < o0, VA E M, u(A) # o} .

Endow Lip(p, 1) with the “norm”

/ g(t)dmw'.

Remark 2.2. Here, we consider the equivalence classes of integrable
functions that are equal almost everywhere. The space Lip(pu,1)
as we shall show later is also L., (X) under the condition that p
is finite and nonatomic. However, the representation of the norm
provides an easy way to see the connection between the derivatives
of Lipschitz functions and L., functions, and also obtain the dual
of the generalized special atom space. Indeed, we observe that if we
take p =Lebesgue measure and the measurable sets to be intervals
then we have a more general representation of the norm on (Lip')’.

/ ¢ (t)dp(t)

1
91|z 1) = Sup ——=
Piel) w(A)#£0 M(A)

That is if g € Lip' and A = [,z + h| then

lg(z +h) — g()]
. .

Lemma 2.3. If g € Lip(u,1) and A € M then

1
1(A)

/A 19(8)1dp(t) < (A 19 zipgeny-

Proof. Let g € Lip(p,1) and A € M. Now let A, = {t € A :
g(t) >0} and A_ = {t € A: g(t) < 0}. We have that A_, A, €
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M, A=A, UA_and A, NA_ = (. Now consider

/A g(O)ldu(t) = / g(B)dpu(t) — / g(t)dp(t)

IN

/ o(0)duto)] +

< M(A+)||g||Lip(u71) + N(A—)||9||Lip(u,l)
(Al Lip(u.1)

/ g(t)dmw‘

That is,
[ 1s(01dutt) < Dl
Hence the Lemma is proved. O
Theorem 2.4.
(a) || || Lip(u,1) s @ norm on Lip(yu,1).
() (Lip(pe, 1), || - | Lip(u1y) is Banach space.
Proof.

(a) To show that ||-{| Lip(u,1) is a norm, first observe that || g|| Lip(u,1) =

0, Vg € Lip(y,1). Now suppose ||g]|Lip(u,1) = 0. Then / g(t)du(t)
A

— 0, VA € M with u(A) # 0. Thus /g(t)d,u(t) — 0, YA € M

A
with u(A) # 0. This implies that g =0, u — a.e.
For a € R and g € Lip(p, 1), we have

/ ag(t)du(t)‘

/ g(t)dm\
1(A)#£0 M(A) /Ag(t)du(t)‘
— Jal lglsinn

Finally, for f,g € Lip(p,1) and A € M with u(A) # 0, we have

Sl vssman| < ] [ oan]+ L] [ st

1
- + -
T u4) 1(A)
Taking the supremum on the L.H.S of the above inequality, we get

1
HOJQHLz‘ 1) =  Sup —/—=
Psl) w(A)£0 p(A)

1
= sup |af ——
w(A)£0 M(A)

1
= laf sup ——=

w(A)
< Nfleipueny + 19l Lip(u1)

If =+ 9llipuy < | zipgun) + 19/ 2ipga)-
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Thus || - || £ip(u,1) is @ norm on Lip(p, 1). To complete the proof, we
need to proved that Lip(u, 1) is a complete space. In order to do so,
it is sufficient to prove that for any sequence (g,)nen C Lip(p, 1)

such that Z 90| Lip(u,1) < C < 00, we have

n>1

Zgn € Lip(u, 1) and

n>1

> o

n>1

< lgnllzipeny-

Lip(p,1) ™21

To do this, let (g, )nen € Lip(p, 1) such that Y [lgnllLipgu1) < C <

n>1

oo. Let G = Z |gn|, we observe that

n>1

[ ety = [ S la.oldute)

n>1

= Z / |gn (t)|dp(t) by the Monotone Convergence Theorem
n>1

IA

Z (X)) gnll Lip(u,1) by Lemma 2.3

n>1

Thus / G(t)du(t) < oo, since p is a finite measure. Hence, G(t) <
b

oo a.e, which implies that the series Z gn converges a.e and also
n>1

integrable. Now, to show that Zgn € Lip(p, 1), let A € M with
n>1

p(A) # 0. We have that

/Zgn )du(t) > o)

</,
n>1

< /Z\gn )l du(t)

n>1

- Z/\gn )| dpa(t)

n>1

< Z,u M gn | Lip(u,1) by Lemma 2.3

n>1
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/Zgnd,u < ZHgn“Lip(u,l) < C < oo. Hence
A

n>1 n>1

Z gn € Lip(p,1). Taking the supremum on the L.H.S of the latter
n>1

over all A € M with pu(A) # 0 , we have

Zgn < Z 19nllLip(u,1)-

nzb Miip(pyy - 2t

1
That is, ——
1(A)

O

The next definition is a natural extension of the special atom
space B to general measures p defined on [0, 27] first proposed by
G. de Souza in [4].

Definition 2.5. We define the space B(u, 1) as

chﬁx,%(t) and Z len] < oo} ,

n>1 n>1

B(p,1) = {f:[O,Qﬂ'] —R: f(t)=

where the ¢,’s are real numbers, and the A, € M for each n > 1.
We endow B(p, 1) with the “norm” || f| (1) = infz |cn|, where

n>1
the infimum is taken over all possible representations of f.

Remark 2.6. Similar to Remark1.8, we have that every simple func-
tion belongs to B(u,1). That is, if f is a simple function with

k
ft) = ZCnXAn(t) then f € B(u,1). Also, every element in
n=1

B(p, 1) is the limit of a sequence of simple functions. Similarly,
B(p, 1) is not the same as the space of simple functions by the def-
inition. As, we shall show later the space B(u, 1) is equivalent to
LY(X).

Theorem 2.7.

(a) || - |B(u1) s a norm of B(u,1).
(b) (B, 1), || - | Bu1)) is a Banach space.

Proof. (a) To show that ||-||g(.,1) is @ norm, observe that || f|| g(u,1) >
0,Vf € B(p, 1) and f = 0 implies that || f||g(,,1) = 0. On the other
hand, suppose || f||p(.1) = 0. We want to show that f =0, p a.e.
Let (¢uk)nken be a sequence of real numbers and (A, ), ken be a se-

quence of measurable subsets of X such that f(t) = " cux

n>1

mXAnk(t)
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with ) Jear| < 0o for each k € N and Z |cnk] — 0 as k — oo. So we
nzl n>1

have for each n € N, |¢,| — 0 as k — oo. Thus, the coefficients of

the representations of f converges to zero and hence f =0, u a.e.

For @ € R and f € B(p,1) with f(t) = ch@)@%@)

n>1

and Z len| < 0o, we have (af)(t Z acn 4, (t) and this

n>1 n>1 "
implies that

lafllBey = inf2|040n|

n>1
= |a|inf Z |l
n>1

= ol | fllBu1)-

Finally, for f,g € B(p,1), to show that || f + glls1) < I flBg1) +
9]l B(u1), let € > 0 be given, and let (c,,)nen and (bn)nn be sequences

of real numbers such that f(¢) ch L(t) and ¢g(t) =

n>1

1
g anXBn (t), for some sequence (A,)neny and (B, )nen in M,
(B,
n>1

and such that Z len| < || fllBu) + €/2, Z bn| < (19|l B(u1) + €/2-

n>1 n>1
Note that we can write

1
(f+9)) = ZdnmXDn(t),
n>1 n
with Y " |da| =) |ea| + [bn| where

n>1 n>1

g - Cn if n is even
n bnT-l—l if n is odd

and

if n is even

D”:{ = if n is odd

w3

&
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It follows that
If +allpgny < Y Idal

n>1
= D _leal+ 3 Ibal
n>1 n>1

< | £l + gl By + €

Thus since € is arbitrary, we have

1f + 9l By < Nl + 9l B

(b) To prove completeness, it suffices to show that for any sequence
(fm)m>1 € B(u, 1), we have

1> Fallsgen < D 1 fmll s
m>1 m>1

Note that given € > 0 and for each m > 1, there are sequence real
numbers (¢, ) and sequence of sets A,, € M such that f,,(t) =

Cm,, .
Z ,U(A )XAm” (t) Wlth Z |cmn < ||fm||B(u71) + im It fOHOWS

2
n>1 n>1
that
1
2D leml <D Mnllswn +€_ 50 =D Ifmlsn + e
m>1n>1 m>1 m>1 m>1

Since € is arbitrary, it follows that
1D fullzguy < Y- 1 mllz-
m2>1 m>1

O

Theorem 2.8 (Holder’s Type Inequality). If f € B(u,1) and g €
Lip(p, 1), then

] < s 9l i

Proof. Let g € Lip(p, 1) and f € B(u, 1) with f(¢) ch ()

n>1 n

and Z |cn| < o0, we have

n>1

[ s0atan) = [ 5 (et a0 ) duto

n>1
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It follows that

FO)g®)du(t)] < Zlnl Ig ) dp(t)
X

Z enl (A9 ipgn, by Lemma 2.3

n>1

= ”g”Lip(u,l) Z ‘Cn‘ :
n>1

Taking the infimum over all possible representations of f, we have

IN

\ < 15 ol i

O

The following result is a classical result in real analysis. (See for
example [8], page 55 for a proof.)

Theorem 2.9. Suppose that { f,} is a sequence in L1(X) such that
Z/ |fuldp < oo. Then an converges a.e to a function in

n>1 n>1
X), and [ 3 pdi =3 [ fn
n>1 n>1

Lemma 2.10. Let (¢,)nen be a sequence of real numbers such

Z len| < 00, (Ap)nen be a sequence of measurable subsets of X
n>1

and g € Lz’p(u,l). For each n € N, define h, : X — R by
hn(t) := ¢, ( A XAu (t)g(t). Then Zh” converges a.e. to a func-

n>1

tion in L1(X), and/ Zh )dpu(t) Z/

n>1 n>1

Proof. Let n € N and consider

[ mldn®) = [ el Ola®ln

-l / lat0)ldutr)

< |CN|||9||Lip(u,1) < 00, by Lemma 2.3
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Thus, h,, € L1(X) and

> [ WMVW%MM1@JM><W

n>1 n>1

The conclusion follows from Theorem 2.9 O

Theorem 2.11 (Duality). B*(u,1) = Lip(u, 1) with equivalent
norms, that is, ¢ € B*(u, 1) if and only if there ezists g € Lip(u, 1)

such that o(f) = / f®)g(t)du(t), Yf € B(u,1). Moreover,

lell = gl zipgu)-
Proof.
“«=" Fix g € Lip(p, 1) and define ¢, : B(p1,1) — R by
/f ), Vf € B(u,1). 2)

Then clearly ¢, is a linear map and by Theorem 2.8, we have

|29 (N < Nl BGen) 9]l ipgur)- Thus g € B*(u,1).

“=:" Consider the map 1 : Lip(u, 1) — B*(u, 1) define by ¢(g) =
¢, where ¢, is defined as in (2). We want to show that ¢ in onto.
Let ¢ € B*(u,1). Define A : M — R by A(A) = ¢(xa), VA € M.
For any disjoint sequence of measurable subsets (A,);>; in M,
let A =U2,A,. Without loss of generality assume that for each
n, u(A,) 7é 0 We have that

XA = ZXAn = ZM(A
n=1 n=1

and Z,u (U2 A,) < oo, since p is a finite measure.

Hence XA € B(u,1). In addition, the series converges in B(u, 1),
since
k

XA — ZXAn

n=1

oo

< Z ,U(An) :/J'(Uzo:k+1An)
B(u,1) n=k+1

oo
Z XA,

n=k+1

B(p,1)
which approaches to 0 as k — oo. Hence, since ¢ is linear and
continuous,

MU AR) = MA) =D polxa) =D MA
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This proves that \ is a ¢ additive and hence a (signed) measure.
We observe that

A = le(xea)l < llelllixall sy < llellulA).
Thus if ©(A) = 0 then A(A) = 0 and thus A << u. Hence by the
Radon-Nikodym Theorem, we have that A\(A) = / gdp for some
A

g € Li(X). In particular, g € Lip(u,1) since /gdu = ¢(xa)
A

implies

/A gdu‘ < llli(A). Thus

1
A ‘/ gd,u‘ <]l < 00, VA€ M with pu(A) # 0.
A

©(xa) Z/gduz/ gxadp.
A X

o(xa) = / xa(t)g()du(t)

So we have

That is,

Now given f € B(u, 1) with f(t) Z cn L(t) and Z len| <

n>1 n>1

oo, we have that p(f) = ¢ (Z Cnﬂ(il )XA,L) = chﬁA)SO(XAn),

n>1 n>1

since ¢ € B*(u,1). So we get,

AN = e / (Dg(t)dpt)

n>1

-3/ ( v (0a(0)) (o

n>1

_ / 3 (cn (t)g(t)) du(t), by Lemma 2.10

n>1

-/ (ch@mw) o()du(t)

TL
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Thus

olf) = / (o)
This shows that ¢4(f) = Vf € B(u,1) and for some g €
Lip(p,1). That is, ¥(g) = go It follows that the inclusion

map ¢ : Lip(p,1) — B*(u,1) is a leeCtIOIl Moreover, it follows
from the inequality [¢()] < | fllpgunllgll zipgr) that

lelf = sup \s@(f)\ﬁ\lg\lmp(u,n-

1Nl Bu,1y<1

Let A € M with u(A) # 0, and let f =

xa- We have that

1(A)
f e B(p,1) with || fl|p1y <1 and
1 1
N =5 /X Xalgdutr) = — / g(t)du(t).

Thus

ol = = \ / g(t)du(t)‘ < el

Taking the supremum on the L.H.S over all A € M with u(A) # 0,
we have
191l ipu1y < lloll, and hence [[f] = |lgllip(u,1)-
0

Remark 2.12. By Remark 2.2 and Theorem 2.11, we deduce that
B (11, 1) = Loy(X).

Now, with arguments similar to those in Section 1, we have the
following result;

Theorem 2.13. B(u,1) = Li(u) with m |||,y < Ifl; < M fllp.
for some absolute positive constants m and M.

3. COMMENTS

One interesting thing about the space (Lip')’ and and Lip(yu, 1),
is their relation to Lo (X).
(1) (Lip") is Loo(X) (with respect to the Lebesgue measure).
To see, let ¢ € (Lip')’. We have that ¢ € Lip' with
llg||Lipt < C < oo. Thus, we have

t+h) — gt
l9( +})L IOl - & for al te[0,2n] and A > 0.
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Hence, |¢'(t)] < C, for almost all ¢ € [0,27]. Thus, ¢ €

Loo(X) and ||¢'|lc < [|]l(zipty- To see the converse, let

g € Lo € Ly, i.e g € Ly and define G : [0,27] — R by
t

G(t) = / g(s)ds, for t € [0,2n]. G is well-defined and
0

Lipschitz with G'(t) = g(t) a.e. Thus, g € (Lip') and

||g||(Lip1)’ < 9llco-

(2) Also, Lip(p,1) is Loo(X). To see this, we first observe that

if g € Loo(X) then, we have for any A € M with pu(A) # 0,
1

| ot ‘ 5 [ 1at0lauto) < gl [ 10t0) < gl

So, g € Lip(p,1) and ||g|lLipu1) < l|gllsc- On the other
hand, given g € Lip(p,1) and A € M with u(A) # 0, we
obtain from Lemma 2.3 that

/A 9()1d(t) < (A9l i

Since 1 is a monoatomic finite measure, by a result in [10
page 65, there exist a measurable subset A of X with z(A)
p(A) such that

w(A)
/0 g () du(t) = / l9(8)|dp(t)

where ¢g* denotes the decreasing rearrangement of |g|. Thus,

)

u(A) .
/0 " ®)dt < w(A)llglipen

Since g* is a decreasing function on [0,00), we have that

g*(u(A)) < g*(t) for all t € [0, u(A)]. Hence,

1(A)
g (u(A))(A) < / g*(®)dt < ()9 zipgen.

So, g*(1(A)) < |9l Lip(u1)- Let p(A) — 0 to obtain ¢g*(0) <
HQHsz (u,1)- But ||g]lcc = g*(0). It follows that

9 € Loo and hence [|glloc = [|9] Lip(u1)-

(3) If we let

S=1{g:[0.27] > R: g L " geiya
=<g:10,2n] = R: ||g|ls = sup / g (t)dt < oo p,
p(A£0 H(A) Jo
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then we can deduce that L., Lip(p,1), S and M (1) ( i.e
the case a = 1 in [11] for the space

M(a) = {9: [0,27] = R : [lgllar(a) = Sup @ /A lg(t)|dp(t) < OO}
introduced by G. G Lorentz) are all equivalent with equal
norms.

(4) Although these observations shows that (Lip')" and Lip(u, 1)
are not new spaces, their representations provides an easy
way to obtain the dual of the special atom spaces.

(5) From Theorem 1.15 and Theorem 2.13 we have that both
B and B(p,1) are equivalent to L;(X) for the Lebesgue
measure and finite nonatomic measures respectively. It is
however worth noting that the Lebesgue measure is also a
nonatomic measure and thus for the decomposition of L
with the Lebesgue measure it is enough to consider only
intervals.

4. CONCLUDING REMARKS

In 1980, De Souza in his Ph.D. thesis [1] introduced the now
well-known special atom spaces, which consists of real-valued func-
tions f defined on the interval X = [0, 27| and which can be writ-

ten as f(t) = Z Cnbn(t) where the ¢,’s are real numbers so that
n>1

Z |cn| < oo whereas the b,’s are functions defined as b,(t) =
n>1

1
W XL, (t) — xr,(t)], for0<a <1, I, =L, UR,, L,NR, =
(), I,’s are intervals, and L,,, R, are respectively the left and right
half sides of I,,. Considering also the space of functions f defined as

above but with b,,(t) X1, (t), we observe that the atom space

N
and this space are equivalent for 0 < o < 1 but yield two completely
different spaces when o = 1. Indeed, De Souza showed in [1] that

the special atom space with b,,(t) = A [xL,(t) — xr, (t)] is strictly

contained in L;(X). However, in this note, we obtained that the

1
special atom space with b,(t) = mx;ﬂ (t) which we denoted by
n
B is equivalent to L;(X) and extended it to arbitrary measures.
The space L; has been in existence for a long time, however we are
not aware of this characterization in the literature. This therefore

makes our study noteworthy.
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