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1. INTRODUCTION

Let (X, d) be a metric space and CB(X) be the family of all closed
and bounded subsets of X. The Hausdorff metric induced by the
metric d, is defined for all A,B ∈ CB(X) by:

H(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(b, A)}, (1)

where d(a,B) := inf
b∈B

d(a, b).

Let C be a nonempty, closed and convex subset of a real Hilbert
space H and T : C → 2C be a multi-valued mapping. A point
x ∈ C is called a fixed point of T if x ∈ Tx. If Tx = {x}, then x
is called a strict fixed point of T . We denote the set of fixed points
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of T by F (T ).
The mapping T is said to be L-Lipschitzian if there exist L > 0
such that

H(Tx, Ty) ≤ L||x− y||, x, y ∈ C. (2)

In (2), if L ∈ (0, 1), then T is called contraction while T is called
nonexapansive if L = 1.
T is said to be

(i) quasi-nonexpansive if F (T ) 6= ∅ and

H(Tx, Ty) ≤ ||x− y||, ∀x ∈ C, y ∈ F (T ),

(ii) k-strictly pseudocontractive in the sense of [9], if there exists
k ∈ [0, 1) such that ∀x, y ∈ C

H2(Tx, Ty) ≤ ||x− y||2 + k||x− u− (y − v)||2, ∀u ∈ Tx, v ∈ Ty.

Remark: It is obvious that every multivalued nonexpansive map-
ping is multivalued k-strictly pseudocontractive mapping.
The metric projection PC is a map defined on H onto C which
assigns to each x ∈ H, the unique point in C, denoted by PCx such
that

||x− PCx|| = inf{||x− y|| : y ∈ C}.
It is well known that PCx is characterized by the inequality 〈x −
PCx, z − PCx〉 ≤ 0, ∀z ∈ C and PC is a firmly nonexpansive map-
ping, i.e., for any x, y ∈ H

||PCx− PCy||2 ≤ 〈PCx− PCy, x− y〉.
Approximation of fixed points for both single valued and multival-
ued mappings have been widely studied by numerous researchers
using different iterative algorithms. One of such algorithms is the
classical Mann iterative algorithm (see Mann [21]):

xn+1 := (1− αn)xn + αnTxn, n ≥ 1;

where T is nonexpansive. The Mann-scheme is known to yield
weak convergence, even in Hilbert spaces for nonexpansive map-
pings. To overcome this challenge, Nakajo and Takahashi [25] mod-
ified the Mann’s iteration process and introduced the so-called CQ
method . Using their algorithm, they obtained strong convergence
result for fixed point of nonexpansive mappings in Hilbert spaces.
In 2008, Takahashi et al [29], introduced and studied yet another
modification, ”the shrinking projection method” of the Mann’s it-
eration process and obtained strong convergence result for approx-
imating common fixed point of family of nonexpansive mappings
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in Hilbert spaces. Precisely, they proved the following result: For
x0 ∈ H, C1 = C and x1 = PC1x0, define {xn} iteratively by

yn = (1− αn)xn + αnTnxn,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 1,

(3)

where PCn is the metric projection on H onto Cn and {Tn} is
a family of nonexpansive mappings. Furthermore, they proved
that the sequence {xn} converges strongly to z = PF (T )x0, where
F (T ) = ∩∞n=1F (Tn). Since then, the shrinking projection method
has been widely studied by numerous researchers (see for example
[1, 14, 13, 5, 18, 19] and the references therein).
For several years, the study of fixed point theory for multi-valued
nonlinear mappings has continued to attract the interest of many
l researchers (see, for example, Brouwer [3], Sastry and Babu [28],
Chidume and Ezeora[10], Chang [7], Nadler [24], Isiogugu and Osi-
like [11], Hussain Khan [16], [15, 12] and the references therein). In-
terest in such studies stems, perhaps, mainly from the usefulness of
such fixed point theory in real-world applications, such as in Game
Theory and Market Economy and in other areas of mathematics,
such as in Non-Smooth Differential Equations. Game theory is per-
haps the most successful area of application of fixed point theory
for multi-valued mappings.

For a nonempty, closed and convex subset C of a real Hilbert space
H. Let B : C → H be a nonlinear mapping, ϕ : C → R ∪ {+∞}
be a function and F : C × C → R be a bifunction, where R is the
set of real numbers. The generalized mixed equilibrium problem is
defined as follows:

find x ∈ C : F (x, y) + ϕ(y)− ϕ(x)

+〈Bx, y − x〉 ≥ 0 ∀ y ∈ C. (4)

The set of solutions of (4) is denoted by GMEP (F, ϕ,B).
If B = 0, problem (4) reduces to the following mixed equilibrium
problem:

find x ∈ C : F (x, y) + ϕ(y)− ϕ(x) ≥ 0 ∀ y ∈ C. (5)

The set of solutions of (5) is denoted by MEP (F, ϕ).
If ϕ = 0, problem (4) becomes the following generalized equilibrium
problem:

find x ∈ C : F (x, y) + 〈Bx, y − x〉 ≥ 0 ∀ y ∈ C. (6)
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The set of solutions of (6) is denoted by GEP (F,B).
If ϕ = 0 and B = 0, problem (4) becomes the following equilibrium
problem:

find x ∈ C : F (x, y) ≥ 0 ∀ y ∈ C. (7)

The set of solutions of (7) is denoted by EP (F ).
If F (x, y) = 0 for all x, y ∈ C, problem (4) becomes the following
generalized variational inequality problem:

find x ∈ C : ϕ(y)− ϕ(x) + 〈Bx, y − x〉 ≥ 0 ∀ y ∈ C. (8)

If ϕ = 0 and F (x, y) = 0 for all x, y ∈ C, problem (4) becomes the
following variational inequality problem:

find x ∈ C : 〈Bx, y − x〉 ≥ 0 ∀ y ∈ C. (9)

If B = 0 and F (x, y) = 0 for all x, y ∈ C, problem (4) becomes the
following convex minimization problem:

find x ∈ C : ϕ(y) ≥ ϕ(x) ∀ y ∈ C. (10)

These problems are of importance in the study of problems arising
from economics, finance, network, optimization, image reconstruc-
tion, operation research, among others. Equilibrium Problem was
first introduced by Blum and Oettli [2]. Since its introduction in
the literature, it has been studied extensively by many authors un-
der diffrent settings, (see for example [6, 17, 27, 23, 20]).

Recently, Bunyawat and Suantai [4] introdueced a new hybrid method
for approximating a common solution of MEP and fixed points of a
countable family of multivalued nonexpansive mappings in Hilbert
spaces. They proved the following theorem.
Theorem:(Bunyawat and Suantai) Let H be a real Hilbert space
and C be a nonempty, closed and convex subset of H. Let F :
C × C → R be a bifunction which satisfies (A1) − (A4) and ϕ :
C → R∪ {+∞} be proper lower semi-continuous and convex func-
tion such that C ∩ domϕ 6= ∅. Let Ti : C → P (C) be multi-
valued nonexpansive mappings for all i ∈ N with Ω := ∩∞i=1F (Ti)∩
MEP (F, ϕ) 6= ∅ such that all PTi

are nonexpansive. Assume that
either (B1) or (B2) holds and {αn,i} ⊂ [0, 1) satisfies the condition
lim infn→∞ αn,iαn,0 > 0 for all i ∈ N. Define the sequence {xn} as
follows: x1 ∈ C = C1,
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
F (un, y) + ϕ(y)− ϕ(un) + 1

rn
〈y − un, un − xn〉 ≥ 0, y ∈ C,

yn = αn,0un +
∑n

i=1 αn,ixn,i,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 0,

(11)

where rn ∈ (0,∞) with lim infn→∞ rn > 0, {αn,i} ∈ [0, 1) such that∑∞
i=0 αn,i = 1 and xn,i ∈ PTi

un for i ∈ N. Then the sequence {xn}
converges strongly to PΩx0.
Chidume and Ezeora [10] introduced a new Krasnoselskii-type al-
gorithm and proved strong convergence theorems for the sequence
of the algorithm for approximating a common fixed point of a fi-
nite family of multivalued k−strictly-pseudocontractive mappings
in a real Hilbert space. To achieve their result, they imposed some
compactness-type condition on some of the mappings.
We remark that, in order to prove their results, Sastry and Babu
[28], Chidume and Ezeora [10] imposed some compactness condi-
tion either on the domain of the mapping, or on the mapping itself.
This restriction, no doubt is a very strong limitation to their results
from the point of view of application. Furthermore, we observe that
the result of Hussain Khan [16], though fascinating, is also very dif-
ficult to use in any possible application due to the condition on the
operator PT .
In this paper, motivated by the results of Bunyawat and Suantai
[4], Sastry and Babu [28], Hussain Chan [16] and Chidume and
Ezeora [10], we study the following Generalized Mixed Equilibrium
Problem and Fixed Point Problem.
Let H be a real Hilbert space and C be a nonempty, closed and
convex subset of H. Let Ti : C → CB(C) be finite family of multi-
valued ki-strictly pseudo-contractive mappings, ki ∈ (0, 1), i =
1, 2, . . . ,m. For j = 1, 2, . . . , N , let Fj : C × C → R be non-
linear bifunctions, let fj : C → C be nonlinear mappings, and
ϕj : C → R ∪ {+∞} be proper lower semi-continuous and convex
functions such that C ∩ domϕj 6= ∅: Find x ∈ ∩mi=1F (Ti) such that

Fj(x, y) + 〈fjx, y − x〉+ ϕj(y)− ϕj(x) ≥ 0

∀y ∈ C, j = 1, 2, . . . , N. (12)

We denote the solution set of problem (12) by Γ defined by

Γ := (∩mi=1F (Ti)) ∩ (∩Nj=1GMEP (Fj, fj, ϕj)).
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Observe that if j = 1, fj ≡ 0 and Ti is reduced to a multivalued
nonexpansive mapping (see Remark above), then problem (12) re-
duces to the problem studied by Bunyawat and Suantai [4]. Hence,
our result extends and improves the result in [4] and host of other
important results in literature. Furthermore, the result obtained is
devoid of the above named restrictions.

2. PRELIMINARY

In this section, we state some known and useful results which will
be needed in the proof of our main result.
Lemma 1: Let H be a real Hilbert space, then

2〈x, y〉 = ||x||2+||y||2−||x−y||2 = ||x+y||2−||x||2−||y||2, ∀ x, y ∈ H.

Lemma 2:[25]. Let H be a real Hilbert space, then ∀ x, y ∈ H and
α ∈ (0, 1), we have

‖αx+ (1− α)y‖2 = α‖x‖2 + (1− α)‖y‖2 − α(1− α)‖x− y‖2.

Lemma 3:[4]. Let C be a nonempty closed and convex subset of a
real Hilbert space H. Given x, y, z ∈ H and also given a ∈ R, the
set

{v ∈ C : ||y − v||2 ≤ ||x− v||2 + 〈z, v〉+ a}

is convex and closed.
For solving the equilibrium problem, we assume that the bifunction
F : C × C → R satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C,
(A2) F is monotone, that is F (x, y)+F (y, x) ≤ 0 for all x, y ∈ C,
(A3) for each x, y, z ∈ C, lim supt↓0 F (tz + (1− t)x, y) ≤ F (x, y),
(A4) F (x, .) is convex and lower semicontinuous for each x ∈ C.

Lemma 4:[26]. Let C be a nonempty closed and convex subset
of a real Hilbert spaces H. Let F : C × C → R be a bifunction
satisfying conditions (A1)-(A4), f : C → C be a continuous and
monotone mapping, and ϕ : C → R be a lower semicontinuous and
convex function such that C ∩ domϕ 6= ∅. For r > 0 and x ∈ C, we
have the following:

(B1) there exist z ∈ C such that ∀y ∈ C,

F (z, y) + 〈fz, y − z〉+ ϕ(y)− ϕ(z) +
1

r
〈y − z, z − x〉 ≥ 0, (13)



APPROXIMATING SOLUTION OF GENERALIZED MIXED . . . 521

(B2) if we define a resolvent mapping Tr : H → C by

Tr(x) = {z ∈ C : F (z, y) + 〈fz, y − z〉+ ϕ(y)− ϕ(z)

+
1

r
〈y − z, z − x〉 ≥ 0,∀y ∈ C} (14)

for all x ∈ H. Then the following conclusions hold:

(i) for each x ∈ H, Tr(x) 6= ∅,
(ii) Tr is single-valued,

(iii) Tr is firmly nonexpansive,
(iv) F (Tr) = GMEP (F, f, ϕ),
(v) GMEP (F, f, ϕ) is closed and convex.

Lemma 5:[25].
Let C be a nonempty closed and convex subset of a real Hilbert

space H and be the metric projection from H onto C. Then the
following inequity holds:

||y − PCx||2 + ||x− PCx||2 ≤ ||x− y||2 ∀x ∈ H, y ∈ C. (15)

Lemma 6:[9]. Let E be a reflexive real Banach space and let
A,B ∈ CB(E), assume that B is weakly closed. Then for every
a ∈ A, there exists b ∈ B such that

||a− b|| ≤ H(A,B). (16)

Lemma 7:[10]. Let H be a real Hilbert space and {xi, i =
1, 2, . . . ,m} ⊂ H. For αi ∈ (0, 1), i = 1, 2, . . .m, such that

∑m
i=1 αi =

1, the following identity holds:

||
m∑
i=1

αixi||2 =
m∑
i=1

αi||xi||2 −
∑

i,j=1,i 6=j

αiαj||xi − xj||2.

3. MAIN RESULTS

In this section, we the main results of our work. Let C be a
nonempty closed and convex subset of a real Hilbert space H. In
this section, we denote by CB(C), the family of nonempty closed,
convex and bounded subsets of C.
Theorem 1: Let H be a real Hilbert space and C be a nonempty,
closed and convex subset of H. Let Ti : C → CB(C) be finite
family of multi-valued ki-strictly pseudo-contractive mappings, ki ∈
[0, 1), i = 1, 2, . . . ,m. Assume that for x∗ ∈ ∩mi=1F (Ti), Tix

∗ =
{x∗}. For j = 1, 2, . . . , N , let Fj : C × C → R be bifunctions
which satisfy (A1) − (A4), let fj : C → C be continuous and
monotone mappings, and ϕj : C → R ∪ {+∞} be proper lower
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semi-continuous and convex functions such that C ∩ domϕj 6= ∅.
Assume that Γ := (∩mi=1F (Ti)) ∩ (∩N

j=1GMEP (Fj, fj, ϕj)) 6= ∅. Let
the sequence {xn} be generated by

x0 ∈ C = C0,

un = TrN,n
◦ TrN−1,n ◦ · · · ◦ Tr2,n ◦ Tr1,nxn,

yn = α0un +
∑m

i=1 αiw
i
n,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 0,

(17)

where rj,n ∈ (0,∞) with lim infn→∞ rj,n > 0, j = 1, 2, . . . , N, wi
n ∈

Tiun, n ≥ 1, αi ∈ (k, 1), i = 0, 1, 2, . . . ,m such that
∑m

i=0 αi = 1
and k := max{ki, i = 1, 2, . . . ,m}. Then the sequence {xn} con-
verges strongly to PΓx0.
Proof: .We divide our proof into 7 steps.

Step 1: We show that PCn+1x0 is well defined for x0 ∈ C.
It follows from Lemma [4] and the condition on CB(C) that ∩m

i=1F (Ti)
and ∩Nj=1GMEP (Fj, fj, ϕj) are closed and convex subsets of C.
Hence, Γ is a closed and convex subset of C. Also, by Lemma[3] ,
we obtain that Cn+1 is closed and convex for n ≥ 0.
Let x∗ ∈ Γ and ΦN

n = TrN,n
◦ TrN−1,n ◦ · · · ◦ Tr2,n ◦ Tr1,n , where

Φ0
n = I, then it follows from Lemma [4] (iv) that ΦN

n x
∗ = x∗. Also

from Algorithm 17, we have

||un − x∗|| = ||ΦN
n xn − x∗||

= ||TrN,n
ΦN−1

n xn − x∗||
≤ ||ΦN−1

n xn − x∗||
...

≤ ||xn − x∗||. (18)

From Lemma [7] , Lemma [1] , Lemma [6] and conclusion (18), we
obtain the following:

||yn − x∗||2 = ||α0un +
m∑
i=1

αiw
i
n − x∗||2

= ||α0(un − x∗) +
m∑
i=1

αi(w
i
n − x∗)||2
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= α0||un − x∗||2 +
m∑
i=1

αi||wi
n − x∗||2

−
m∑
i=1

α0αi||un − wi
n||2 −

∑
i,j=1,i 6=j

αiαj||wi
n − wj

n||2

≤ α0||un − x∗||2 +
m∑
i=1

αiH2(Tiun, Tix
∗)

−
m∑
i=1

α0αi||un − wi
n||2

≤ α0||un − x∗||2 +
m∑
i=1

αi

[
||un − x∗||2 + ki||un − wi

n||2
]

−
m∑
i=1

α0αi||un − wi
n||2

= ||un − x∗||2 + (k − α0)
m∑
i=1

αi||un − wi
n||2 (19)

≤ ||un − x∗||2

≤ ||xn − x∗||2,
which implies that x∗ ∈ Cn+1. Hence, Γ ⊂ Cn+1, thus PCn+1x0 is
well defined.
Step 2: We show that limn→∞ ||xn − x∗|| exists.
Since xn = PCnx0 and xn+1 ∈ Cn+1 ⊂ Cn ∀n ≥ 0. We have

||xn − x0|| ≤ ||xn+1 − x0||. (20)

For x∗ ∈ Γ ⊂ Cn+1 ⊂ Cn, we have

||xn − x0|| ≤ ||x∗ − x0||. (21)

From (20) and (21), we have that {xn} is a non-decreasing and
bounded sequence. Therefore, limn→∞ ||xn − x0|| exists.
Step 3: We show that the sequence {xn} converges strongly to
x̄ ∈ C.
Since xm = PCmx0 ∈ Cm ⊂ Cn for m > n, we obtain from Lemma
[5] that

||xm − xn||2 ≤ ||xm − x0||2 − ||xn − x0||2. (22)

Since limn→∞ ||xn − x0|| exists, we have from (22) that

lim
n→∞

||xm − xn|| = 0.
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Thus, {xn} is a Cauchy sequence. By the completeness of H and
the closeness of C there exists x̄ ∈ C such that {xn} converges to
x̄.
Step 4: We show that limn→∞ ||wi

n − xn|| = 0, i = 1, 2, . . . , N .
From xn+1 ∈ Cn+1, we have that ||yn−xn+1|| ≤ ||xn−xn+1||. From
which we obtain that

||xn − yn|| ≤ ||xn − xn+1||+ ||xn+1 − yn||
≤ 2||xn − xn+1|| → 0, as n→∞. (23)

From (19), we have

(α0 − k)
m∑
i=1

αi||un − wi
n||2 ≤ ||un − x∗||2 − ||yn − x∗||2

≤ ||xn − x∗||2 − ||yn − x∗||2 (24)

and for each i = 1, 2, . . . ,m, we have

(α0 − k)αi||un − wi
n||2 ≤ ||xn − x∗||2 − ||yn − x∗||2

≤ M ||xn − yn|| → 0, as n→∞, (25)

where M = supn≥0{||xn − x∗||+ ||yn − x∗||}.
Using the condition on αi in (25), we have

lim
n→∞

||un − wi
n||2 = 0, i = 1, 2, . . . ,m. (26)

From Lemma [4] (iii), we have

||un − x∗||2 = ||TrN,n
ΦN−1

n xn − x∗||2

≤ 〈un − x∗,ΦN−1
n xn − x∗〉

=
1

2

[
||un − x∗||2 + ||ΦN−1

n xn − x∗||

− ||un − ΦN−1
n xn||2

]
, (27)

which implies

||un − ΦN−1
n xn||2 ≤ ||ΦN−1

n xn − x∗||2 − ||un − x∗||2
...

≤ ||xn − x∗||2 − ||un − x∗||2

≤ ||xn − x∗||2 − ||yn − x∗||2

≤ M ||xn − yn|| → 0, as n→∞,
which implies

lim
n→∞

||ΦN
n xn − ΦN−1

n xn|| = 0. (28)
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By similar argument as in (27), we obtain

||ΦN−1
n xn − ΦN−2

n xn||2 ≤ ||ΦN−2
n xn − x∗||2 − ||ΦN−1

n xn − x∗||2
...

≤ ||xn − x∗||2 − ||ΦN−1
n xn − x∗||2

≤ ||xn − x∗||2 − ||un − x∗||2

≤ ||xn − x∗||2 − ||yn − x∗||2

≤ M ||xn − yn|| → 0, as n→∞,
which implies

lim
n→∞

||ΦN−1
n xn − ΦN−2

n xn|| = 0. (29)

Continuing in the same manner, we have that

lim
n→∞

||ΦN−2
n xn − ΦN−3

n xn|| = · · · =

lim
n→∞

||Φ2
nxn − Φ1

nxn|| = lim
n→∞

||Φ1
nxn − xn|| = 0. (30)

From (28), (29) and (30), we conclude that

lim
n→∞

||Φj
nxn − Φj−1

n xn|| = 0, j = 1, 2, . . . , N. (31)

Thus,

||un − xn|| ≤ ||ΦN
n xn − ΦN−1

n xn||+
||ΦN−1

n xn − ΦN−2
n xn||+ · · ·+ ||Φ1

nxn − xn||,
which implies

lim
n→∞

||un − xn|| = 0. (32)

From (26) and (32), we have

lim
n→∞

||wi
n − xn|| = 0, i = 1, 2, . . . ,m. (33)

Step 5: We show that x̄ ∈ ∩Nj=1GMEP (Fj, fjϕj).
From (31) and by the condition that lim infn→∞ rj,n > 0, j =
1, 2, . . . , N , we have

lim
n→∞

||Φ
j
nxn − Φj−1

n xn
rj,n

|| = 0, j = 1, 2, . . . , N. (34)

From Lemma[4] , we have for each j = 1, 2, . . . , N ,

Fj(Φ
j
nxn, y) + 〈fjΦj

nxn, y − Φj
nxn〉+ ϕj(y)− ϕj(Φ

j
nxn)

+
1

rj,n
〈y − Φj

nxn,Φ
j
nxn − Φj−1

n xn〉 ≥ 0, ∀y ∈ C. (35)
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By (A2) and since fj is monotone for each j = 1, 2, . . . , N , we
obtain

ϕj(y)− ϕj(Φ
j
nxn) + 〈y − Φj

nxn,
Φj

nxn − Φj−1
n xn

rj,n
〉 ≥ Fj(y,Φ

j
nxn)

+〈fjy,Φj
nxn − y〉, ∀y ∈ C.(36)

From (32), we have that {un} = {Φj
nxn} converges to x̄. Thus,

taking limit as n → ∞ in (36), then we have from (34), (A4) and
the lower semicontinuity of ϕ that

Fj(y, x̄) + 〈fjy, x̄− y〉+ ϕj(x̄)− ϕj(y) ≤ 0, ∀y ∈ C.
Let zt = ty + (1 − t)x̄ for t ∈ (0, 1], y ∈ C. Then zt ∈ C for each
j = 1, 2, . . . , N . Hence,

Fj(zt, x̄) + 〈fjzt, x̄− zt〉+ ϕj(x̄)− ϕj(zt) ≤ 0.

From (A1), (A4) and the convexity of ϕ, we have

0 = Fj(zt, zt) + 〈fjzt, zt − zt〉+ ϕj(zt)− ϕ(zt)

≤ tFj(zt, y) + (1− t)Fj(zt, x̄) + t〈fjzt, y − zt〉+ (1− t)〈fjzt, x̄− zt〉
+tϕj(y) + (1− t)ϕj(x̄)− (tϕj(zt) + (1− t)ϕj(zt))

= t [Fj(zt, y) + 〈fjzt, y − zt〉+ ϕj(y)− ϕj(zt)]

+(1− t) [Fj(zt, x̄) + 〈fjzt, x̄− zt〉+ ϕj(x̄)− ϕj(zt)]

≤ t [Fj(zt, y) + 〈fjzt, y − zt〉+ ϕj(y)− ϕj(zt)] , (37)

which implies for each j = 1, 2, . . . , N that

Fj(zt, y) + 〈fjzt, y − zt〉+ ϕj(y)− ϕj(zt) ≥ 0, y ∈ C. (38)

From the definition of zt, we have that zt → x̄ if t→ 0. Therefore,
letting t→ 0 in (38), we have

Fj(x̄, y) + 〈fjx̄, y − x̄〉+ ϕj(y)− ϕj(x̄) ≥ 0, y ∈ C,
which implies that x̄ ∈ GMEP (Fj, fj, ϕj), for each j = 1, 2, . . . , N .
Hence,

x̄ ∈ ∩Nj=1GMEP ((Fj, fj, ϕj).

Step 6: We show that x̄ ∈ ∩mi=1F (Ti).
Since wi

n ∈ Tiun, i = 1, . . . ,m, we have that d(un, Tiun) ≤ ||un −
wi

n||, which implies from (26) that

lim
n→∞

d(un, Tiun) = 0, i = 1, 2, . . . ,m. (39)

From (39) and the demiclosedness of Ti, we have that x̄ ∈ ∩mn=1F (Ti).
Step 7: We finally show that x̄ = PΓx0.
Since xn = PCnx0, we have

〈z − xn, x0 − xn〉 ≤ 0 ∀z ∈ Cn.
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Therefore,

〈x∗ − xn, x0 − xn〉 ≤ 0 ∀x∗ ∈ Γ ⊂ Cn. (40)

Letting n→∞ in (40), we obtain

〈x∗ − x̄, x0 − x̄〉 ≤ 0 ∀x∗ ∈ Γ,

which implies that x̄ = PΓx0, this completes the proof.

If for each i = 1, 2, . . . ,m, Ti : C → CB(C) is a multivalued non-
expansive mappings, then we obtain the following result.
Corollary 1: Let H be a real Hilbert space and C be a nonempty,
closed and convex subset of H. Let Ti : C → CB(C) be finite fam-
ily of multi-valued nonexpansive mappings. For j = 1, 2, . . . , N ,
let Fj : C × C → R be bifunctions which satisfy (A1) − (A4),
let fj : C → C be continuous and monotone mappings, and ϕj :
C → R∪ {+∞} be proper lower semi-continuous and convex func-
tions such that C ∩ domϕj 6= ∅. Assume that Γ := (∩mi=1F (Ti)) ∩
(∩N

j=1GMEP (Fj, fj, ϕj)) 6= ∅. Let the sequence {xn} be generated
by 

x0 ∈ C = C0,

un = TrN,n
◦ TrN−1,n ◦ · · · ◦ Tr2,n ◦ Tr1,nxn,

yn = α0un +
∑m

i=1 αiw
i
n,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 0,

(41)

where rj,n ∈ (0,∞) with lim infn→∞ rj,n > 0, j = 1, 2, . . . , N, wi
n ∈

Tiun, n ≥ 1, αi ∈ (0, 1) such that lim inf
n→∞

αiα0 > 0, i = 1, 2, . . . ,m

and
∑m

i=0 αi = 1. Then the sequence {xn} converges strongly to
PΓx0.

Setting f ≡ 0 and N = 1 in Theorem , we obtain the following
result.
Corollary 2: Let H be a real Hilbert space and C be a nonempty,
closed and convex subset of H. Let Ti : C → CB(C) be finite
family of multi-valued ki-strictly pseudo-contractive mappings, ki ∈
(0, 1), i = 1, 2, . . . ,m. Assume that for x∗ ∈ ∩mi=1F (Ti), Tix

∗ =
{x∗}. Let F1 : C × C → R be bifunctions which satisfy (A1) −
(A4) and ϕ1 : C → R ∪ {+∞} be proper lower semi-continuous
and convex functions such that C ∩ domϕ1 6= ∅. Assume that
Γ := ∩mi=1F (Ti) ∩ GMEP (F1, ϕ1) 6= ∅. Let the sequence {xn} be
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generated by

x0 ∈ C = C0,

F1(un, y) + ϕ1(y)− ϕ1(un) + 1
r1,n
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = α0un +
∑m

i=1 αiw
i
n,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 0,

(42)

where r1,n ∈ (0,∞) with lim infn→∞ r1,n > 0, wi
n ∈ Tiun, n ≥ 1,

αi ∈ (k, 1), i = 0, 1, 2, . . . ,m such that
∑m

i=0 αi = 1 and k :=
max{ki, i = 1, 2, . . . ,m}. Then the sequence {xn} converges strongly
to PΓx0.

Setting ϕ ≡ 0 and j = 1 in Theorem , we obtain the following result.
Corollary 3: Let H be a real Hilbert space and C be a nonempty,
closed and convex subset of H. Let Ti : C → CB(C) be finite
family of multi-valued ki-strictly pseudo-contractive mappings, ki ∈
(0, 1), i = 1, 2, . . . ,m. Assume that for x∗ ∈ ∩mi=1F (Ti), Tix

∗ =
{x∗}. Let F1 : C×C → R be bifunctions which satisfy (A1)− (A4)
and let f1 : C → C be continuous and monotone mappings. Assume
that Γ := ∩mi=1F (Ti) ∩ GMEP (F1, f1) 6= ∅. Let the sequence {xn}
be generated by

x0 ∈ C = C0,

F1(un, y) + 〈f1un, y − un〉+ 1
r1,n
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = α0un +
∑m

i=1 αiw
i
n,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 0,

(43)

where r1,n ∈ (0,∞) with lim infn→∞ r1,n > 0, wi
n ∈ Tiun, n ≥ 1,

αi ∈ (k, 1), i = 0, 1, 2, . . . ,m such that
∑m

i=0 αi = 1 and k :=
max{ki, i = 1, 2, . . . ,m}. Then the sequence {xn} converges strongly
to PΓx0.

4. NUMERICAL EXAMPLE

In this section, we give a numerical example of Theorem to illus-
trate the applicability of our result.
Let H = R be endowed with the usual norm and C = [0, 1]. Let
N = 2, then for j = 1, we define F1 : C × C → R by F1(x, y) =
y2 − x2,
f1 : C → C by f1(x) = 2x and
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ϕ1 : C → R ∪ {+∞} by ϕ1(x) = x2. For any r1,n > 0 and x ∈ C,
Lemma [26] ensures that there exists z ∈ C such that

F1(z, y)+〈f1z, y−z〉+ϕ1(y)−ϕ1(z)+
1

r1,n

〈y−z, z−x〉 ≥ 0, ∀y ∈ C.

⇐⇒ y2 − z2 + 2z(y − z) + y2 − z2 +
1

r1,n

(y − z)(z − x) ≥ 0

⇐⇒ 2y2 − 4z2 + 2yz +
1

r1,n

(yz − xy − z2 + xz) ≥ 0

⇐⇒ 2r1,ny
2 + (2r1,nz + z − x)y − (4r1,nz

2 + z2 − xz) ≥ 0.

Letting h(y) = 2r1,ny
2 + (2r1,nz + z − x)y− (4r1,nz

2 + z2 − xz), we
have that f(y) is a quadratic function of y. Thus, we compute the
discriminant ∆ of h as follows:

∆ = (2r1,nz + z − x)2 − 4(2r1,n)(4r1,nz
2 + z2 − xz)

= x2 − 2(6r1,nz + z)x+ (6r1,nz + z)2

= (x− (6r1,nz + z))2 ,

thus ∆ ≥ 0 for all y ∈ C. If it has at most one solution in C,
∆ ≤ 0. Therefore,

∆ = (x− (6r1,nz + z))2 = 0.

Hence, z = x
6r1,n+1

. So that the resolvent function

Tr1,n(x) =
x

6r1,n + 1
.

Now, for j = 2, we define F2 : C ×C → R by F2(x, y) = 2y2− 2x2,
f2 : C → C by f2(x) = 4x and
ϕ2 : C → R ∪ {+∞} by ϕ2(x) = 2x2.
Thus, using similar arguments as above, we obtain the resolvent
function

Tr2,n(x) =
x

12r2,n + 1
.

If we take r1,n = 1
1+ 1

n

and r2,n = 2
1+ 1

n

, then

un = Tr2,n
(
Tr1,nxn

)
=

xn
( 6

1+ 1
n

+ 1)( 24
1+ 1

n

+ 1)
. (44)

Using example 3.1 of [9], we have the following examples;
Let H = R, with the usual metric and Si : R → CB(R), i = 1, 2
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be the multivalued mapping defined by

S1(x) =

{
[0, x

2
] if x ∈ (0,∞),

[x
2
, 0] if x ∈ (−∞, 0]

(45)

S2(x) =

{
[0, x

3
] if x ∈ (0,∞),

[x
3
, 0] if x ∈ (−∞, 0]

(46)

Then PSi
is strictly pseudocontractive, i = 1, 2. In Theorem , let

Ti = PSi
, i = 1, 2, then with un given by (44), algorithm (43)

becomes

x0 ∈ C = C0,

un = xn

( 6

1+ 1
n

+1)( 24

1+ 1
n

+1)
.

yn = α0un +
∑m

i=1 αiw
i
n,

Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1x0, n ≥ 0,

(47)

where wi
n ∈ Tiun.

We note that Γ := (∩2
i=1F (Ti)) ∩ (∩2

j=1GMEP (Fj, fj, ϕj)) = {0}.

5. CONCLUDING REMARKS

The main Theorem of this work, Theorem 3.1 is a significant im-
provement on the results of Sastry and Babu [28], Chidume and
Ezeora [10] and a lot of other important recent results in the fol-
lowing ways;
(i) compactness assumption imposed on the domain of the multi-
valued operator, studied in Sastry and Babu [28] is dispensed with
in Theorem of this work
(ii) To obtain convergence of the sequence defined in the work of
Chidume and Ezeora [10], the authors required that at least one of
the operators be Hemicompact, this is dispensed with here.
(ii) The sequence constructed in Theorem of this work is applicable
in solving multiple problems jointly as against those of Sastry and
Babu [28], Chidume and Ezeora [10] and a host of others in this
direction of research.
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