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ABSTRACT. In this paper, using the technique of the Briot-
Bouquet differential subordination, we find the real number p
such that Re [D" f(2)*/a"™z%] > p implies univalence of certain
analytic functions.
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1. INTRODUCTION

We denote as usual by A the class of functions f such that
f(2) =2+ a2 + ...

which are analytic in the unit disk £ and by P the class of Carathéo-
dory functions such that if p € P then p has the form

p(z) =14 crz+cz® + ...

that is analytic in E and satisfies Re p(z) > 0, z € E. Further-
more, we denote by P(/3) the subclass of P satisfying the condition
Re p(z) > g for p € 0,1).

If p and q are two analytic functions in the unit disk F, we say that
the function p(z) is subordinate to ¢(z) i. e.

p(2) < q(z) (1)
if and only if there exists an analytic function w (|w(z)| < 1, z € E)
satisfying w(0) = 0 such that p(z) = ¢(w(z)). In particular if ¢(z)
is univalent in £ then the subordination condition (1) holds if and
only if p(0) = ¢(0) and p(E) € q(E).
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The class J(f) is a subclass of A defined as follows:
Definition 1: An analytic function f € J2(3) if and only if

D" f(z)* D" f(2)

he amz®  Dnf(z)

>0, zeFE (2)

for non-negative real number o, 0 < f < 1, n > 0 and D" is the
Salagean operator.
It was established in [5] that analytic functions satisfying (2) also
satisfy

DTL (03
D)

amze

R > f.

This last condition implies univalence of functions in J(8) for
n > 1.

In the present paper, by using the technique of the Briot-Bouquet
differential subordination, we find the largest real number p such
that
DUE

anz®
given that the function f € A satisfies (2).
A function p(z) € P is said to satisfy a Briot-Bouquet differential
subordination if

R

2p'(2)

) + 5 o < hie) ®)

for complex constants § and «y, complex functions h(z) with A(0) =
1 and Re(Bh(z)+~)>01in E.
A dominant of the the differential subordination (3) is a univalent
function ¢(z) such that p(0) = ¢(0) and p < ¢. If a dominant ¢ is
such that ¢ < ¢ for all dominants ¢ of the differential subordination,
then ¢ is said to be the best dominant. More results on the subject
of differential subordinations can be found in [4, 6, 7].

2. PRELIMINARY LEMMAS

The following lemmas are fundamental in the proof of our main
results.

Lemma 1 [3]: Let f(z) € A, and o > 0 be real. If %{Sf takes

a value which is independent of n, then
Dn+1f(2)a D"Hf(z)
=« .
Drf(z) D f(z)
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Lemma 2 [4]: Let p(z) be analytic in £ and let h(z) satisfy the
differential subordination

2/ (2)
p(2) + ———— < h(2),
) np(z) +7 )
and Re (nh(z) +v) > 0 in E. Then the differential equation
2q (2)
2)+ —————="h(z), q(0) =0
( () 17 (2), 4(0)

has a univalent solution ¢(z). In addition p(z) < ¢(z) < h(z) and
q(z) is the best dominant.
The next lemma gives some well-known properties of the Gaussian
hypergeometric function
abz ala+1)b(b+1)2?

Fi(a,bc;2) =14+ —— — 4+ ... 4

2Fila. b6 2) * cl!jL c(e+1) 2!jL ’ )
where a, b, and ¢ are complex constants with ¢ # 0, —1, =2, ...
Lemma 3 [1]: For real or complex numbers a, b and ¢ (¢ #
0,—1,-2,...), we have

! L(b)T'(c—b)
b—1/1 _ p\e—b—1/7 (—a) — .
/0 (1 —1t) (1 —t2)"dt —F(c) o F1(a,b;c; 2)
(Re(c) > Re(b) > 0)
2F1((1> b; c; Z) = 2F1(ba a; ¢; Z)
oF1(a, by 2) = (1 —2) "2 F (G,C - b ﬁ)

3. MAIN RESULTS
Theorem 1: Let f(z) € J$(5). Then we have the subordination
D"f(z)~ 14+ (1—-208)z

vz 11—z

and ¢(z) is the best dominant where ¢(z) is given by
)= 1= o (115142 )
2 —

(1—-2p)az z
— | 1,1 2, — |-
+ atl 24" i+ 1

D)

aze

Furthermore,

R
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where
1 . 1 (1-20)« ' 1
p—§|:2F1(1,1,1+Oé,§) ot 1 2F1(1,1,Oé+2,2>:|
is the best possible.
proof: Since f(z) € J¥(S). Then
D"f(2)* D" f(2) 1+ (1-26)z
h(z) = ——— N. 6
amz  Dnf(z) <h(z) 1—- "€ (6)
- /)
D" f(z)*
p(z) = Tonae (7)

where p(z) is analytic with p(0) = 1. Taking logarithmic differenti-
ation of both sides of (7), we obtain

W) | D)
o) T D) ®)

Since the left hand side of (8) is independent of n, we use Lemma
1 and divide through by «, to obtain

W) D)
o) T T D)

Using (7), and (9) in (6) gives

(9)

e

1+ (1-2p)2
N 1—2z '
Then by Lemma 2 with n = 0 and v = «, the differential equation
2q(2) 1+ (1-26)z
S ()= L 2P
q(z) + — (2) >

o) +

has a univalent solution given by

1 (1-28)t
q(z) = ﬁ/ ta—lwdt'
ze 0 1-—t¢
In addition, p(z) = 2L < 4(2) < h(2).

By a change of variable t = sz, ¢(z) can be written as

1 P
q(z) = %/0 (sz)* 1 L+ (11_ Siﬁ)szzds

= oz/o s*H1+ (1 —28)s2][1 — s2] 'ds

1 1
— a/ Y71 — s2] 7 tds + az[l — 2] / s%[1 — sz] " 'ds.
0 0
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Using the first property of hypergeometric functions given in Lemma
3, we can rewrite ¢(z) as

_ T(a)(1)
1= Far
(o + 1)I(1)

I'a+2)

By using I'(n) = (n — 1)! and the third property of Lemma 3, we
have

2F1(1,Oé,Oé + ]-7 Z)

+az(l —20) oFi(l,a+1,a+2;2).

q(z) =(1—2)" [gFl (1, La+1; L)

z—1

1—-2p z
Fi(1,1; 2:
+aza+12 1(7;a+’z_1>:|
as desired.

To prove the second part of the theorem, we only need to show that

inf Re q(z) =q(—1), z€ E.

|z|<1

The function % is convex univalent in E, therefore for |z| <
r<l
. 14+ (1 —25)z S 1—(1—26)7“.

R
1—2 - 1+7r

Setting

1+ (1-2p)sz
B 1—s2

z € E and du(s) = as® !ds which is a positive measure on [0, 1],
we obtain

q(s, 2) , 0<s <1,

4(z) = / a(s, 2)du(s),

that
o ! 1+ (1-28)sz
Req(z) = /0 Re [ - ] du(s)
Y1 —(1—28)sr
= /0 1+ sr ().

If r — 17, then we have
Re q(z) > q(—1).
Hence,

D

amz®

R
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1 1
—g(-1) == [oF (1,114 a; =
p Q< ) 2|:2 1(7 ) +Oé,2)

(1-28)a |
——HF 1,1 2= 1.
Oé+1 241 ) 7O{+ 72

This p is the best possible since ¢(z) is the the best dominant.
Corollary 1: Let f(z) € A. If
14+ (1 —20)z

= R i.e Re f'(2)>p.

Then

f2) L 2B-D0-2) o

z
and ¢(z) is given by

1 P11 280t
q<z>—;/0 S p—

is the best dominant.
Moreso,

Re L8 S 00— pym2+25-1.
z
Corollary 2: Let f € A and Re f/'(z) > 0. Then

Re M >2In2—1.

z
Corollary 3: Let f € A and
f(z)+2f"(2) < w, ie Re (f'(2) +2f"(2)) > B.
Then
fe) =) = ZAREZE oy,
and

Re f'(z) >2(1 —B)In2+25 — 1.

4. REMARKS

Remark 1: If § = % in Theorem 1, then

1 1
=R (L11+a;- )],
P 2|:1<7 3 +O(,2>:|
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By virtue of equation (4),

1 1 1
1,11 = =1
2 ( ' +O"2> et ) T2Aar D@t
. 3
4la+1)(a+2)(a+3)
So that
p > 5
This implies that for each f € J%(3),
D @ 1
Re D) > —.
anze 2

Remark 2: Corollaries 1 and 2 agree with existing results (see[2]).
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