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ABSTRACT. In this paper we state and prove the correct forms
of the two theorems and the related results proved by Mog-
bademu , S. Hans, J. A. Adepoju, in the Journal of Nigerian
Mathematical Society 34(2015) 243-248 and also give a general-
ization of these results.
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1. INTRODUCTION AND PRELIMINARY

Mogbademu et al [1] proved the following extensions and general-
izations of the Enestrom-Kakeya theorem:

Theorem 1.1. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n

with complex coefficients. If Re(aj) = αj, Im(aj) = βj for 0 ≤
j ≤ n such that for some real t > 0, µ ≥ 0, λ : 0 ≤ λ ≤ n− 1
and ρ : 0 < ρ ≤ 1

tnαn + µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1

≥ ... ≥ α0

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− αnt+
(|α0| − α0) + |β0|

tn−1

+
n∑
j=1

|βjt− βj−1|
tn−j

]
.

Theorem 1.2. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n

with complex coefficients. If Re(aj) = αj, Im(aj) = βj for 0 ≤
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j ≤ n such that for some real t > 0, µ ≥ 0, λ : 0 ≤ λ ≤ n− 1
and ρ : 0 < ρ ≤ 1

tnαn + µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1

≥ ... ≥ ρα0

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− αnt+
2|α0| − ρ(|α0|+ α0) + |β0|

tn−1

+
n∑
j=1

|βjt− βj−1|
tn−j

]
.

Firstly, in the statement of Theorem 1.1., the parameter ρ is
redundant in the condition of the theorem since it is not involved
in its conclusion. Therefore, it has to be removed. Secondly, the
statements of the two theorems are not correct. The condition that
µ ≥ 0 is not true in general since for large µ, tnαn + µtn−1 cannot
be less than tn−1αn−1.

After Theorem 1.1, the authors make the following ambiguous
statement:

“Notice that with t = 1 in Theorem 1.2. and suppose the imagi-
nary parts of the coefficients are monotonic and non-negative, then
we get the following.

Corollary 2.2. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real k ≥ 1, 0 ≤ λ ≤ n − 1 and
0 < ρ ≤ 1

αn + µ ≤ αn−1 ≤ ... ≤ αλ+1 ≤ αλ ≥ αλ−1 ≥ ... ≥ α0 (1)

and

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|
[2αλ + µ− αn + (|α0| − α0) + |βn|] . (2)

Take λ = n, µ = (k − 1)αn, α0 > 0 and βj = 0 for 0 ≤ j ≤ n
in Corollary 2.2 the hypothesis becomes

kαn ≥ αn−1 ≥ ... ≥ α1 ≥ α0 > 0

therefore we obtain the main result of Aziz and Zargar[9] which in
turn is an extension of Theorem 1.3(Enestrom-Kakeya).”
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Though the first statement is correct if k is replaced by µ, 0 ≤
µ < 1, ρ is removed from the condition and (1) is replaced by

αn − µ ≤ αn−1 ≤ ... ≤ αλ+1 ≤ αλ ≥ αλ−1 ≥ ... ≥ α0

the second statement is totally wrong. Since for no values of λ and
µ will (1) reduce to (2).

2. MAIN RESULT

In this paper, we give the correct statements and proofs of these
theorems.

Theorem 2.1. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real t > 0, µ : 0 ≤ µ < 1, λ :
0 ≤ λ ≤ n− 1,

tnαn − µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1

≥ ... ≥ α0

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− αnt+
(|α0| − α0) + |β0|

tn−1

+
n∑
j=1

|βjt− βj−1|
tn−j

]
.

Theorem 2.2. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real t > 0, µ : 0 ≤ µ < 1, λ :
0 ≤ λ ≤ n− 1 and ρ : 0 < ρ ≤ 1

tnαn − µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1

≥ ... ≥ ρα0

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− αnt+
2|α0| − ρ(|α0|+ α0) + |β0

tn−1

+
n∑
j=1

|βjt− βj−1|
tn−j

]
.



12 M. H. GULZAR, B. A. ZARGAR AND R. AKHTER

Theorem 2.1. is a special case of Theorem 2.2. by taking ρ = 1.
So, we proceed to prove Theorem 2.2.

Proof of Theorem 2.2.:
Consider the polynomial

F (z) = (t− z)P (z)

= a0t+
n∑
j=1

(taj − aj−1)zj − anzn+1

= −anzn+1 +
n∑
j=1

(tαj − αj−1)zj + tα0

+ ι[tβ0 +
n∑
j=1

(tβj − βj−1)zt]

= −anzn+1 + (tαn − αn−1)zn + (tαn−1 − αn−2)zn−1

+ ...+ (tαλ+1 − αλ)zλ+1 + (tαλ − αλ−1)zλ + (tαλ−1 − αλ−2)zλ−1

+ ...+ (tα1 − α0)z + tα0 + ι[tβ0 +
n∑
j=1

(tβj − βj−1)zt]

= −anzn+1 + (tαn − µ− αn−1)zn + µzn + (tαn−1 − αn−2)zn−1

+ ...+ (tαλ+1 − αλ)zλ+1 + (tαλ − αλ−1)zλ + (tαλ−1 − αλ−2)zλ−1

+ ...+ (tα1 − ρα0)z + (ρα0 − α0)z + tα0

+ ι[tβ0 +
n∑
j=1

(tβj − βj−1)zt].

Now, for |z| ≤ t so that 1
|z|j ≥

1
tj
, 1 ≤ j ≤ n, we have

|F (z)| = | − anzn+1 + (tαn − µ− αn−1)zn + µzn+

(tαn−1 − αn−2)zn−1 + ...+ (tαλ+1 − αλ)zλ+1

+ (tαλ − αλ−1)zλ + (tαλ−1 − αλ−2)zλ−1 + ...

+ (tα1 − ρα0)z + (ρα0 − α0)z + tα0
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+ ι[tβ0 +
n∑
j=1

(tβj − βj−1)zt]|

≥ |z|n|anz − µ| − |z|n
(
|tαn − µ− αn−1|+

|tαn−1 − αn−2|
|z|

+ ...+
|tαλ+1 − αλ|
|z|n−λ−1

+
|tαλ − αλ−1|
|z|n−λ

+ ...+
|tα1 − ρα0|
|z|n−1

+
|ρα0 − α0|
|z|n−1

+
|tα0|
|z|n

+
|tβ0|
|z|n

+
n∑
j=1

|tβj − βj−1|
|z|n−j

)
≥ |z|n|anz − µ| − |z|n

(
αn−1 − tαn + µ+

αn−2
t
− αn−1+

...+
αλ

tn−λ−1
− αλ+1

tn−λ−2
+

αλ
tn−λ−1

− αλ−1
tn−λ

+ ...+
α1

tn−2

− ρα0

tn−1
+

(1− ρ)|α0|
tn−1

+
t|α0|
tn

+
t|β0|
tn

+
n∑
j=1

|tβj − βj−1|
tn−j

)
= |z|n

[
|anz − µ| −

(
2αλ
tn−λ−1

+ µ− tαn +
2|α0|
tn−1
−

ρ(|α0|+ α0)

tn−1
+
|β0|
tn−1

+
n∑
j=1

|tβj − βj−1|
tn−j

)]
> 0

if

|anz − µ| >
2αλ
tn−λ−1

+ µ− tαn +
2|α0|
tn−1

− ρ(|α0|+ α0)

tn−1
+
|β0|
tn−1

+
n∑
j=1

|tβj − βj−1|
tn−j

that is, if∣∣∣∣z − µ

an

∣∣∣∣ > 1

|an|

[
2αλ
tn−λ−1

+ µ− tαn +
2|α0|
tn−1

− ρ(|α0|+ α0)

tn−1
+
|β0|
tn−1

+
n∑
j=1

|tβj − βj−1|
tn−j

]
.

This shows that those zeros of F (z) whose modulus is greater than
or equal to t lie in
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∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− tαn +
2|α0|
tn−1

− ρ(|α0|+ α0)

tn−1
+
|β0|
tn−1

+
n∑
j=1

|tβj − βj−1|
tn−j

]
.

Since those zeros of F (z) whose modulus is less than t already
satisfy the above inequality and also all the zeros of P (z) are also
the zeros of F (z), it follows that all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− tαn +
2|α0|
tn−1

− ρ(|α0|+ α0)

tn−1
+
|β0|
tn−1

+
n∑
j=1

|tβj − βj−1|
tn−j

]
and the proof of Theorem 2.2. is complete. �

Supposing that the imaginary parts of the coefficients are mono-
tonic and positive in Theorem 2.1. and Theorem 2.2. respectively,
we get the following results.

Corollary 2.3. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n are such that for some real t > 0, µ : 0 ≤ µ <
1, λ : 0 ≤ λ ≤ n− 1,

tnαn − µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1

≥ ... ≥ α0

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0,

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− αnt+
(|α0| − α0) + βn

tn−1

]
.

Corollary 2.4. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n are such that for some real t > 0, µ : 0 ≤ µ <
1, λ : 0 ≤ λ ≤ n− 1 and ρ : 0 < ρ ≤ 1

tnαn − µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1

≥ ... ≥ ρα0

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0,
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then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
2αλ
tn−λ−1

+ µ− αnt+
2|α0| − ρ(|α0|+ α0) + βn

tn−1

]
.

Taking t = 1 in Corollary 2.3. and Corollary 2.4., we get the
following results.

Corollary 2.5. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n are such that for some real µ : 0 ≤ µ < 1, λ : 0 ≤
λ ≤ n− 1,

αn − µ ≤ αn−1 ≤ ... ≤ αλ+1 ≤ αλ ≥ αλ−1 ≥ ... ≥ α0

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0,

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|
[2αλ + µ− αn + (|α0| − α0) + βn] .

Corollary 2.6. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n are such that for some real µ : 0 ≤ µ < 1, λ : 0 ≤
λ ≤ n− 1 and ρ : 0 < ρ ≤ 1

αn − µ ≤ αn−1 ≤ ... ≤ αλ+1 ≤ αλ ≥ αλ−1 ≥ ... ≥ ρα0

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0,

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|
[2αλ + µ− αn + 2|α0| − ρ(|α0|+ α0) + βn] .

Taking µ = 0 in Theorem 2.1. and Theorem 2.2., we get the
following results.

Corollary 2.7. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real t > 0, λ : 0 ≤ λ ≤ n− 1,

tnαn ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1 ≥ ... ≥ α0

then all the zeros of P (z) lie in

|z| ≤ 1

|an|

[
2αλ
tn−λ−1

− αnt+
(|α0| − α0) + |β0|

tn−1
+

n∑
j=1

|βjt− βj−1|
tn−j

]
.
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Corollary 2.8. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real t > 0, λ : 0 ≤ λ ≤ n− 1 and
ρ : 0 < ρ ≤ 1

tnαn ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ ≥ tλ−1αλ−1 ≥ ... ≥ ρα0

then all the zeros of P (z) lie in

|z| ≤ 1

|an|
[

2αλ
tn−λ−1

− αnt+
2|α0| − ρ(|α0|+ α0) + |β0

tn−1

+
n∑
j=1

|βjt− βj−1|
tn−j

].

Next we prove the following result from which we can easily get
Theorems 2.1 and 2.2.

Theorem 2.9. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real t > 0, µ : 0 ≤ µ < 1, λ :
0 ≤ λ ≤ n− 1,

tnαn − µtn−1 ≤ tn−1αn−1 ≤ ... ≤ tλ+1αλ+1 ≤ tλαλ,

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
αλ

tn−λ−1
+ µ− αnt+

|α0|+ |β0|
tn−1

+ L+M

]

where L =
λ∑
j=1

|αjt−αj−1|
tn−j and M =

n∑
j=1

|βjt−βj−1|
tn−j .

Proof of Theorem 2.9. Consider the polynomial

F (z) = (t− z)P (z)

= a0t+
n∑
j=1

(taj − aj−1)zj − anzn+1

= −anzn+1 +
n∑
j=1

(tαj − αj−1)zj + tα0 + ι[tβ0 +
n∑
j=1

(tβj − βj−1)zj]
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= −anzn+1 + (tαn − αn−1)zn + (tαn−1 − αn−2)zn−1 + ...

+ (tαλ+1 − αλ)zλ+1 + (tαλ − αλ−1)zλ + (tαλ−1 − αλ−2)zλ−1 + ...

+ (tα1 − α0)z + tα0 + ι[tβ0 +
n∑
j=1

(tβj − βj−1)zj]

= −anzn+1 + (tαn − µ− αn−1)zn + µzn+

(tαn−1 − αn−2)zn−1 + ...+ (tαλ+1 − αλ)zλ+1

+
λ∑
j=1

(tαj − αj−1)zj + tα0 + ι[tβ0 +
n∑
j=1

(tβj − βj−1)zj].

Now, for |z| ≤ t so that 1
|z|j ≥

1
tj
, 1 ≤ j ≤ n, we have

|F (z)| = | − anzn+1 + (tαn − µ− αn−1)zn + µzn+

(tαn−1 − αn−2)zn−1 + ...+ (tαλ+1 − αλ)zλ+1

+
λ∑
j=1

(tαj − αj−1)zj + tα0+

ι[tβ0 +
n∑
j=1

(tβj − βj−1)zj]|

≥ |z|n|anz − µ| − |z|n
(
|tαn − µ− αn−1|+

|tαn−1 − αn−2|
|z|

+ ...+
|tαλ+1 − αλ|
|z|n−λ−1

+
|tα0|
|z|n

+
|tβ0|
|z|n

+
λ∑
j=1

|tαj − αj−1|
|z|n−j

+

n∑
j=1

|tβj − βj−1|
|z|n−j

)
≥ |z|n|anz − µ| − |z|n

(
αn−1 − tαn + µ+

αn−2
t
− αn−1

+ ...+
αλ

tn−λ−1
− αλ+1

tn−λ−2
+
t|α0|
tn

+
t|β0|
tn

+
λ∑
j=1

|tαj − αj−1|
|z|n−j

+
n∑
j=1

|tβj − βj−1|
|z|n−j

)
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= |z|n
[
|anz − µ| −

(
αλ

tn−λ−1
+ µ− tαn +

|α0|
tn−1

+
|β0|
tn−1

+
λ∑
j=1

|tαj − αj−1|
tn−j

+
n∑
j=1

|tβj − βj−1|
tn−j

)]
= |z|n

[
|anz − µ| −

(
αλ

tn−λ−1
+ µ− tαn +

|α0|
tn−1

+
|β0|
tn−1

+ L+M

)]
> 0

if

|anz − µ| >
αλ

tn−λ−1
+ µ− tαn +

|α0|
tn−1

+
|β0|
tn−1

+ L+M

that is, if∣∣∣∣z − µ

an

∣∣∣∣ > 1

|an|

[
αλ

tn−λ−1
+ µ− tαn +

|α0|
tn−1

+
|β0|
tn−1

+ L+M

]
.

This shows that those zeros of F (z) whose modulus is greater than
or equal to t lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
αλ

tn−λ−1
+ µ− tαn +

|α0|
tn−1

+
|β0|
tn−1

+ L+M

]
.

Since those zeros of F (z) whose modulus is less than t already
satisfy the above inequality and also all the zeros of P (z) are also
the zeros of F (z), it follows that all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
αλ

tn−λ−1
+ µ− tαn +

|α0|
tn−1

+
|β0|
tn−1

+ L+M

]
.

and the proof of Theorem 2.9. is complete. �
Remark 2.10. For

tλαλ ≥ tλ−1αλ−1 ≥ ... ≥ α0

Theorem 2.9. reduces to Theorem 2.1. and for

tλαλ ≥ tλ−1αλ−1 ≥ ... ≥ ρα0

Theorem 2.9. reduces to Theorem 2.2.
If we take t = 1, λ = 0, Theorem 2.9 gives the following result:

Corollary 2.11. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
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0 ≤ j ≤ n such that for some real µ ≥ 0,

αn − µ ≤ αn−1 ≤ ... ≤ α1 ≤ α0,

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|

[
µ− αn + |α0|+ α0 + |β0|+

n∑
j=1

|βj − βj−1|

]
.

If in addition

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0

Corollary 2.11. gives the following result.

Corollary 2.12. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree

n with complex coefficients. If Re(aj) = αj, Im(aj) = βj for
0 ≤ j ≤ n such that for some real µ ≥ 0,

αn − µ ≤ αn−1 ≤ ... ≤ α1 ≤ α0

βn ≥ βn−1 ≥ ... ≥ β1 ≥ β0 > 0,

then all the zeros of P (z) lie in∣∣∣∣z − µ

an

∣∣∣∣ ≤ 1

|an|
[µ− αn + |α0|+ α0 + βn] .
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