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SOME REMARKS ON A PAPER OF MOGBADEMU ET AL.
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ABSTRACT. In this paper we state and prove the correct forms
of the two theorems and the related results proved by Mog-
bademu , S. Hans, J. A. Adepoju, in the Journal of Nigerian
Mathematical Society 34(2015) 243-248 and also give a general-
ization of these results.
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1. INTRODUCTION AND PRELIMINARY

Mogbademu et al [1] proved the following extensions and general-
izations of the Enestrom-Kakeya theorem:

Theorem 1.1. Let P(z) = Y a;2? be a polynomial of degree n
3=0
with complex coefficients. If Re(a;) = a;, Im(a;) = §; for 0 <
j < nsuch that for somerealt >0, p©>0, A: 0<A<n-1
and p: 0<p<1

o, + " <t g << P apgy < oy > P a
Z Z (&%)
then all the zeros of P(z) lie in

pl_ 1 20z,\ (Jeo| — @0) + [ 5o

an,
1Bit = Bil
Z Jtnj] 1]

Theorem 1.2. Let P(z2) = Z a;z’ be a polynomial of degree n
=0
with complex coefficients. If Re(a;) = a;, Im(a;) = §; for 0 <
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j < nsuch that for somerealt >0, p©>0, A: 0<A<n-1
and p: 0<p<l1

o, + " <t a, g < <M Tapg < any > P las
> .2 pag

then all the zeros of P(z) lie in

1 1 200, 2]ag| — p(Jao| + o) + | Bol
zZ— — _m{m—i‘ﬂ—ant—f—

Qn
1Bit = Bj|
Z Jtn jJ 1]

Firstly, in the statement of Theorem 1.1.; the parameter p is
redundant in the condition of the theorem since it is not involved
in its conclusion. Therefore, it has to be removed. Secondly, the
statements of the two theorems are not correct. The condition that
p > 0 is not true in general since for large u, t"oy, + ut" ! cannot
be less than " 'a,,_q.

After Theorem 1.1, the authors make the following ambiguous
statement:

“Notice that with ¢ = 1 in Theorem 1.2. and suppose the imagi-
nary parts of the coefficients are monotonic and non-negative, then
we get the following.

tn—l

Corollary 2.2. Let P(z) = Z a;z’ be a polynomial of degree

n with complex coefficients. If Re(a]) = «y, Im(a;) = B; for
0 < j < n such that for some real £k > 1, 0 < A <n—1and
0<p<l1

ptp<a, 1< ... <ayrSay>ayg 2.2 Q (1)

and

then all the zeros of P(z) lie in
o

Z —_——

Qn

Take A\=n, p=(k—-1)a,, o >0andf;=0for0<j<n
in Corollary 2.2 the hypothesis becomes

kay, > a1 > .. > a1 > ag >0

ﬁ[QaAJru + (Jaol = a0) + 18] (2)

therefore we obtain the main result of Aziz and Zargar[9] which in
turn is an extension of Theorem 1.3(Enestrom-Kakeya).”
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Though the first statement is correct if k is replaced by p, 0 <
p < 1, p is removed from the condition and (1) is replaced by

— <o, 1 <. Sa Sy a2 .. 2 Q

the second statement is totally wrong. Since for no values of A and
p will (1) reduce to (2).

2. MAIN RESULT

In this paper, we give the correct statements and proofs of these
theorems.

Theorem 2.1. Let P(z) = > a;z7 be a polynomial of degree

n with complex coefficients. If Re(a;) = «;, Im(a;) = §; for
0 < j < n such that for somereal t >0, p: 0<pu<l1, A\:
0<A<n—1,

o, — "t <t oy, < < tMPagyy < tan > P lan

Z Z (%)
then all the zeros of P(z) lie in

1 20{)\ (lOéo| — Oéo) + ’60’
m |:tn)\1 +p— ant + tn—1

|5]t_6j |
]

z—ﬂ <
an

Theorem 2.2. Let P(z) = Z a;z’ be a polynomial of degree

n with complex coefficients. If Re(aj) = a4, Im(a;) = B; for
0 < j < nsuch that for somereal t >0, p: 0<pu<l1, A\:
0<A<n—landp: 0<p<l1

o, — "t <t oy, < < tMHagyy < tax > P lan
> .. 2 POy
then all the zeros of P(z) lie in

1 [ 200y 2|ag| — p(|ao| + o) + [Bo

[
P 1—1—,u—ant—|—

z—— < —
an| = lan|

|5]t_/8j |
]

tnfl
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Theorem 2.1. is a special case of Theorem 2.2. by taking p = 1.
So, we proceed to prove Theorem 2.2.

Proof of Theorem 2.2.:
Consider the polynomial

F(z) = (t—2)P(2)

n
= aopt + g (ta; —a;_1)2 — a,z"!
Jj=1

= —anz"H + Z(t@j — Oéjfl)Zj + tOéO
j=1

+uftBo+ Y (88 — Bj-1)7']

= —a, 2"+ (tay, — )2+ (ta_y — p_g)2™ !

o (taag — )2 4 (tay — ano1) 2 + (taa_y — ax_g)2 !

+ ...+ (tOél — ao)Z + tO{o + L[tﬂo + Z(tﬁj — ﬁj_1)zt]

j=1
= —a, 2" (toy, — o — 1) 2" A 2"t — )2
o (taags — )2 4 (tay, — ane1) 2 + (taa_y — ax_g)2 !

+ ..+ (tan — pag)z + (pag — ap)z + tay

+ [tfo + Z(tﬁj — Bj-1)7'].
j=1

TR

Now, for |z| <t so that # > 1 1< j <n, we have

IF(2)] = | — an2"™ + (tay, — pp — ap1)2" + pz"+
(tp_1 — Qn_9)2" 7+ o+ (targy — )2
+ (tay — an_1)2 + (tay_; — a,\_g)z’\_l + ...

+ (ton — pag)z + (poy — )z + tayg



if
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tBo+ Y (885 — Bi-1)2"|
j=1

|t05n71 — Op—2 |

> [ lans — pl - \z|”(|tan = a4

[tanis —an| |ty — ax_q] [ta; — pap|
B B +ot B

+

|pay — | \tOé0| [t 1tB; — Bj- 1‘)
+ Z
7j=1

i EERNET 2|

> |z anz — p| — |2|" (an_l — tay,

i Q) QN1 i Q) Qx—1
. tnf)\fl tn,)\,Q tnf)\fl tnf)\ tn—

B POio +( p)| vl t|040| t|50 Zﬁﬁa /BJ 1
i 1 tn— 1 tn tn— J

tn—A—l tn—1

p(|ao] + ) lfol_{_zuﬁ] Bj- 1|)}

tnfl tn— J

2
_|z\”[|anz—u|—( el + = toy, + 2lao| _

>0

QOQ\

+ p— ta, + — -

2l p(Jaol + o) | 1Bl

oz = i > 25

85 — Bj-
Z' ~ 0

that is, if

z — —

0

tn—l tn—l tn—

1

|Bol

13

> — + p—tay, + +

|an]

Z ‘tﬁjtn ?J 1‘]

1 [ 20y 2[ag]  p(levo| + ap)
an,

- A—1 tn—l t”_l t"_l

This shows that those zeros of F(z) whose modulus is greater than
or equal to t lie in
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~ an
85 — Bgl
ey ]

Since those zeros of F(z) whose modulus is less than ¢ already
satisfy the above inequality and also all the zeros of P(z) are also
the zeros of F'(z), it follows that all the zeros of P(z) lie in

B0l
n—=A—1 e tan + tn—1 tn—1 + tn—1

1 { 200, 2lao|  p(lao] + ao)

L 1 200y 2o p(Jao] + o) |5
_ Pl = — tay, _
< an - ‘an‘ |:tn—)\—1 + n + tn—l tn—l + tn—l
— [t5; — Bj-1]
D D=
j=1
and the proof of Theorem 2.2. is complete. OJ

Supposing that the imaginary parts of the coefficients are mono-
tonic and positive in Theorem 2.1. and Theorem 2.2. respectively,
we get the following results.

Corollary 2.3. Let P(z) = Z a;z’ be a polynomial of degree
n with complex coefficients. If Re(aj) = a4, Im(a;) = B; for

0 < j < n are such that for some real t > 0, p: 0< p<
1, A: 0<A<n—1,

o, — pt" <t o, << Moy < tay > P ran
> ... >
Bn > Bn-1 > ... 2 P12 Po >0,

then all the zeros of P(z) lie in

M 1 20_/)\ (’Oéo| —Oé())‘{'ﬁn
_ - —_ Tlt
‘ Qn| |an| {tn_)\_l " a ant tn—t

Corollary 2.4. Let P(z) = Y a;z7 be a polynomial of degree
j=0
n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n are such that for some real t > 0, pu: 0 < p <
I, A: 0<A<n—-landp: O0<p<l1

oy, — "t <t oy, << tMHagy < tax > P lan
> ... 2 payg
BnZﬂnflz---2B1250>oa
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then all the zeros of P(z) lie in

I L] 2ay 2|ap| — p(lao] + o) + B
‘Z T | S Tanl Ln_x_l T ant =

Taking ¢t = 1 in Corollary 2.3. and Corollary 2.4., we get the
following results.

Corollary 2.5. Let P(z) = Y a;27 be a polynomial of degree

n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n are such that for somereal p: 0<pu<1l, A: 0<
A<n-—1,

— <o, <SS SayZang > ... 2 Q
BnZﬂn—lZ---ZBIZBO>Ov
then all the zeros of P(z) lie in

I

z — —

; < L Doy = an+ (|ao] — a0) + Bl

|an|

Corollary 2.6. Let P(z) = Y a;27 be a polynomial of degree
j=0
n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n are such that for somereal p: 0<pu<1l, A: 0<
A<n—-landp: 0<p<l1

— < a1 < S o Sy 2>y 2> 2 pag
ﬂnZﬁn—12-~-261250>07
then all the zeros of P(z) lie in

W
Z__

Qn

200, + p — o + 2] — p(|ao] + o) + 5] -

= Jaul
Taking ¢4 = 0 in Theorem 2.1. and Theorem 2.2., we get the
following results.

Corollary 2.7. Let P(z) = Y a;27 be a polynomial of degree
=0

n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n such that for somereal t >0, A: 0<A<n-—1,

o, <t lay g < <tMlapg <o > P o > >
then all the zeros of P(z) lie in

200, (|| — Oéo) + 5ol Bt — Bj-1]
il =i pro +Z .



16 M. H. GULZAR, B. A. ZARGAR AND R. AKHTER

Corollary 2.8. Let P(z) = > a;2’ be a polynomial of degree
j=0
n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n such that for somereal t >0, A: 0<A<n-—1and
p: 0<p<l1

o, <t oy < <M lay < Pay > rasl > > pog
then all the zeros of P(z) lie in

2 2 —
|[tn O;Al gt |ao| — p(ao] + o) + (5o

|85t = B;- |
Z tn—i 1

Next we prove the following result from which we can easily get
Theorems 2.1 and 2.2. .
Theorem 2.9. Let P(z) = Y a;z’ be a polynomial of degree
=0
n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n such that for somereal t >0, p: 0<pu<l1, A:
0<A<n—1,

tn—l

o, — " <t oy, < < M langy < tag,
then all the zeros of P(z) lie in

L 1 [ Q) |0\+|50‘

z——| < +—
an| = lan|

tanfl_'—'u_O‘"t%' = +L+M

where [ = Z lagtzesl g M = Z 1Bst=Bia]

tn—i tn—a

Proof of Theorem 2.9. Con81der the polynomial

F(z)=(t—2)P(2)

n
= aot + E (ta; — aj_1)2" — a,z""
Jj=1

= —anz"H + Z(taj - ozj_l)zj + tag + L[tﬁg + Z(tﬁj - 6]'_1)Zj]

j=1 j=1
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= —ap, 2"+ (tay, — )2+ (ta—1 — p_2)2™

+ (tanps — )2 4 (tay — anoy) 2 + (tay_y — ax_g) 2t 4 ...

+ (tOél — ao)Z + tOz() + L[tﬂo + Z(tﬁj — Bj_l)zj]
j=1

= —ap, 2" (tay, — o — ) 2" 4 "

(tpn_1 — Qn_9)2"F + o+ (targ, — ay) 2

A

—G—Z ta; — - 1)2] +ta0+btﬁ0+z t/Bj 6] 1>ZJ]

7=1

Now, for |z| <t so that % > t17,1 < j <n, we have

|F(2)] = | — anz" ™ + (tay, — pp— ap_1)2™ + p2"+
(tn_1 — Qn_g)2" 1+ ..+ (tarys — ay) 2™
A
+ Z(taj — Oéjfl)Zj + tap+
j=1

[tBo + > (t8; — Bi—1)]]

taxir —aa| | [tao| | [t5] Z tay —

2| e e

|t5 BJ ll)
Z EEE

Ol
> |z anz — p| — |2 (anl —ta, 2 =
A
a a1 tlaol Bl ta; — aj]
et n—A—1 B n—A—2 tn + i + Z |Z|n—j

6, — B
Z )
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a «
:|z|”{|anz—u|—< A —I—/L—tan—kﬁ-i-@

tn—)\—l -1 tn—l
|taj —a;_] ‘tﬁj Bl
E: e §: e

o o
:\z|”{]anz—u|— (—A+u—tan—|— [l + ol

n—A-1 n—1 n—1

+L+Mﬂ

>0
if

Q) ol | |fol

lanz — pu| > - +“_ta”+ﬁzj+ﬁzj+L+M
that is, if

[ 1 lao| [ B0l

a7 Tal Ln o1 Tt Smr o R L M

This shows that those zeros of F'(z) whose modulus is greater than
or equal to t lie in
1 1 { Q) ||

ol
- = —_ —tay, A0
< an, — ‘an| tnf)\fl + H o + tnfl + tnfl

+L+M}.

Since those zeros of F(z) whose modulus is less than ¢ already
satisfy the above inequality and also all the zeros of P(z) are also
the zeros of F(z), it follows that all the zeros of P(z) lie in

Iz 1 ay |l |5o|
i) P — tay,
< an | — |an| Ln—)\—l +M o + tn—1 n—
and the proof of Theorem 2.9. is complete. U

Remark 2.10. For
oy >t oy > > ag
Theorem 2.9. reduces to Theorem 2.1. and for
oy >t > > pag

Theorem 2.9. reduces to Theorem 2.2.
If we take t = 1, A = 0, Theorem 2.9 gives the following result:

Corollary 2.11. Let P(z) = > a;2’ be a polynomial of degree
j=0
n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
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0 < j <n such that for some real p > 0,
Qp — 1< g < <o < oy,
then all the zeros of P(z) lie in

!

1 n
- << — — Qy, P — Di_ .
2 o= U= —|—\ao|+ao+’ﬁo’+§ |8j — Bl

‘an|

j=1
If in addition
Bn>Bn12 .. 2125 >0
Corollary 2.11. gives the following result.
Corollary 2.12. Let P(z) = zn: a;z’ be a polynomial of degree

7=0
n with complex coefficients. If Re(a;) = a4, Im(a;) = f; for
0 < j < n such that for some real u > 0,

ap —p <y < oS op S o
BnZﬁn—lZ---ZﬁlZﬁO>07

then all the zeros of P(z) lie in

S_[,U’_Oén—i_|a0’+a0+6n]'
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