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LEGENDRE COLLOCATION METHOD FOR LINEAR

SECOND ORDER FREDHOLM VOLTERRA

INTEGRO-DIFFERENTIAL EQUATIONS
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ABSTRACT. This paper discusses the development of a new
numerical solution of second order linear Fredholm Volterra
integro-differential equations by Legendre collocation method.
The Fredholm Volterra integro-differential equation is first con-
verted into integral equation and then transformed into linear
algebraic equations which are then solved using matrix inversion
method. Numerical solution shows that the method gives better
accuracy than the existing methods.
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1. INTRODUCTION

Integro-differential equations are important equations that have
applications in the field of engineering, mechanics, physics, astron-
omy, potential theory and electrostatics among other areas. These
equations are difficult to solve analytically, hence numerical ap-
proach are often applied(Irfan, Kumar and Kapoor [9]). Many nu-
merical methods have been developed in recent years for the solu-
tion of integro-differential equations, such methods include: oper-
ational matrix approach (Yuzbasi and Ismailov [16], Rad, Kazem,
Shaban and Parand [13], Akkaya and Yalcinbas [3], Derdik-Yaslan
and Akyuz-Dascioglu [5], Akgonullu, Sahin and Sezer [4], Gulus and
Sezer [8]), collocation method (Agbolade and Anake [2]), multistep
method (Kajani and Gholampoor [11], Medhiyeva, Imanova and
Ibrahimov [12]), spectral collocation method (Doha, Abdelkawy
and Amin [6], Alipanah and Dehghan [1], El-Kady and Biomy [7]).
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In this paper, we develop a new Legendre collocation method for
second order linear Fredholm Volterra integro-differential equation
in the form

u′′ (t) + α (t)u′ (t) + β (t)u (t) = f (t) + λ1

∫ t

0

k (t, y)u (y) dy

+λ2

∫ b

a

w (t, y)u (y) dy (1)

subject to the initial condition

u (0) = u0, u
′ (0) = u1 (2)

where α (t) , β (t), f (t) , k (t, y) and w (t, y) are continuous real
valued function on the interval 0 ≤ t, y ≤ b. λ1 and λ2 are given
constants.

The remaining part of the paper is organized as follows: sections 2
and 3 considers the development of the method and the convergence
analysis of the new method respectively. Section 4 gives numerical
examples and discussion of results, finally we conclude in section 5

2. METHOD OF SOLUTION

This section discusses the development of the method, in this
approach (1) is first converted to integral equation by integrating
twice from 0 to t and using (2) to give

u (t) = u0 + tu1 −
∫ t

0

[∫ t

0

α (y)u′ (y) dy

]
dt−

∫ t

0

[∫ t

0

β (y)u (y) dy

]
dt

+

∫ t

0

[∫ t

0

f (y) dy

]
dt+

∫ t

0

∫ t

0

[∫ t

0

k (t, y)u (y) dy

]
dtdt

+

∫ t

0

∫ t

0

[∫ b

a

w (t, y)u (y) dy

]
dtdt (3)

we then consider the approximate solution to (3) in the form

uN (t) = φ (t)T, N ∈ Z+ (4)

where φ (t) is the Legendre interpolating polynomial with the re-
currence relation

φn+1 (t) =
(2n+ 1) tφn (t)− nφn−1 (t)

n+ 1
, n > 1

φ0 (t) = 1, φ1 (t) = t and T =
[
t0 t1 · · · tN

]T
are constants

to be determined.
We substitute (4) into (3) to give

h (t)T = g (t) (5)
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where

h (t) = φ (t) +

∫ t

0

[∫ t

0
α (y)φ′ (y) dy

]
dt+

∫ t

0

[∫ t

0
β (y)φ (y) dy

]
dt

−
∫ t

0

∫ t

0

[∫ t

0
k (t, y)φ (y) dy

]
dtdt

−
∫ t

0

∫ t

0

[∫ b

a
w (t, y)φ (y) dy

]
dtdt

g (t) = u0 + tu1 +

∫ t

0

[∫ t

0

f (y) dy

]
dt

We then collocate (5) using the standard collocation points

ti = a+
(b− a) i

N
(6)

to give

[h (ti)](N+1×N+1) T = [g (ti)](N+1×1) (7)

We then substitute (7) into (4) to get the numerical solution

3. CONVERGENCE ANALYSIS

In establishing the convergence of this method, we substitute the
approximate solution into (1) to give

u′′N (t) + α (t)u′N (t) + β (t)uN (t) = f (t) + λ1

∫ t

0

k (t, y)uN (y) dy

+λ2

∫ b

a

w (t, y)uN (y) dy (8)

subtracting (1) from (8) and using eN (t) = (UN (t)− U (t)) which
is the error gives

|e′′N (t) + α (t) e′N (t) + β (t) eN (t)|
|eN (t)|

≤
∣∣∣∣λ1 ∫ t

0

k (t, y) dy

∣∣∣∣+
∣∣∣∣∣λ2
∫ b

a

w (t, y) dy

∣∣∣∣∣
hence

‖e′′N (t)‖∞ + |α (t)| ‖e′N (t)‖∞ + |β (t)| ‖eN (t)‖∞
‖eN (t)‖∞

≤ |λ1|
∣∣∣∣∫ t

0
k (t, y) dy

∣∣∣∣
+ |λ2|

∣∣∣∣∫ b

a
w (t, y) dy

∣∣∣∣
Since the error is bounded, then the method converges.
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4. NUMERICAL EXAMPLES

In this section, three examples are solved to test the efficiency and
simplicity of the new method. Results are given in Tables except
where the numerical solution is the same as the exact solution. In
the tables,we define abs − eN = |uN (u)− u (t)| as the absolute
error for N, which is the absolute difference between the numerical
solution and the exact solution. All computations are done with
the aids of program written in MATLAB(2015a) and run on a PC.

Rahman [14] Consider the second order problem

u′′ (t) = −8+6t−3t2 + t3 +

∫ t

0

u (y) dy+

∫ 1

−1
(1− 2ty)u (y) dy (9)

with the condition u (0) = 2, u′ (0) = 6. Using the procedure in
section 2, α (t) = 0, β (t) = 0, f (t) = −8+6x−3x2+x3, k (t, y) = 1,
w (t, y) = 1− 2ty, a = −1, b = 1, λ1 = λ1 = 1. Converting (9) into
integral equation gives

u (t) = u0 + tu′ (0) +

∫ t

0

∫ t

0

(∫ t

0

φ (y) dy

)
dtdt

+

∫ t

0

∫ t

0

(∫ 1

−1
(1− 2ty)φ (y) dy

)
dtdt

+

∫ t

0

(∫ t

0

(
−8 + 6y − 3y2 + y3

)
dy

)
dt (10)

We solve (10) using the approximate

u2 (t) = φ (t)T (11)

where φ (t) =
[
φ0 (t) φ1 (t) φ2 (t)

]
, T =

[
t0 t1 t2

]T
. Hence

(5) is defined as

h (t) = φ (t) −
∫ t

0

∫ t

0

(∫ t

0

φ (y) dy

)
dtdt−

∫ t

0

∫ t

0

(∫ 1

−1

(1 − 2ty)φ (y) dy

)
dtdt

g (t) = 2 + 6t+ +

∫ t

0

(∫ t

0

(
−8 + 6y − 3y2 + y3

)
dy

)
dt

using the collocation points ti =
[

0 1
2

1
]

in (5) , then the pa-
rameters in (7) give

h (ti) =

 1 0 −2
3

35
48

605
1152

−241
1152−1

6
85
72

43
36

 g (t1) =
[

2 2631
640

24
5

]T
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hence T =
[

4
5

6 −9
5

]T
. Substituting T into the (11) gives u2 (t) =

2 + 6t2 − 3t2 which is the exact solution
Yuzbasi and Ismailov [16], Rohaninasab, Maleknejad and Ezzati

[15] consider a linear second order Fredholm Volterra integro dif-
ferential equation

u′′ (t) + tu′ (t)− tu (t) = et − sin (t) +
1

2
t cos (t)

+

∫ 1

0

sin (t) e−yu (y) dy (12)

−1

2

∫ t

0

cos (t) e−yu (y) dy

with the initial condition u (0) = 1, u′ (0) = 1. So, α (t) = t, β (t) =
−t, f (t) = et − sin (t) + 1

2
t cos (t) , k (t, y) = cos te−y, λ1 = −1

2

w (t, y) = sin te−y, a = 0, b = 1, λ1 = 1. Converting (12) to integral
equation gives

u (t) = 1 + t+

∫ t

0

(∫ t

0

yu′ (y) dy

)
dt

+

∫ t

0

(∫ t

0

ey − sin (y) +
1

2
y cos (y) dy

)
dt (13)

−
∫ t

0

(∫ t

0

yu (y) dy

)
dt

+

∫ t

0

∫ t

0

(∫ 1

0

sin (t) e−yu (y) dy

)
dtdt

+

∫ t

0

∫ t

0

(∫ t

0

cos (t) e−yu (y) dy

)
dtdt

we solve the integral equation (13) for N =5 and 10, the numerical
solutions are

u5 (t) =
(
1. 383 2× 10−2

)
t5 +

(
3. 491 8× 10−2

)
t4 + 0.170 37t3

+0.499 08t2 + 1. 000 1t+ 1.0

u10 (t) =
(
4. 560 5× 10−7

)
t10 +

(
2. 285 9× 10−6

)
t9

+
(
2. 547 3× 10−5

)
t8 +

(
1. 978 2× 10−4

)
t7

+
(
1. 389 2× 10−3

)
t6 +

(
8. 333 2× 10−3

)
t5

+
(
4. 166 7× 10−2

)
t4 + 0.166 67t3 + 0.5t2 + t+ 1

The numerical solutions are given in Table 1. We compare our
solution with the solution of operational matrix method developed
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by Yuzbasi and Ismailov [16], the new method gives better accuracy
as shown in Table 1.

Table 1: Comparison of the exact solutions, numerical solution
and absolute errors for (13).

Exact [16] Present method

ti eti abs-e10, N=5 abs-e5 N=10 abs-e10
0.2 1.22140275816 7.70E-13 1.221402768261 1.01E-08 1.22140275816 1.15E-15
0.4 1.49182469764 4.11E-13 1.491824778711 8.10E-08 1.49182469764 1.86E-15

0.6 1.82211880039 8.66E-13 1.822118891491 9.11E-08 1.82211880039 2.53E-15

0.8 2.22554092849 5.57E-13 2.225541126502 1.98E-07 2.22554092849 3.00E-15
1.0 2.71828182845 2.52E-13 2.718281812838 1.56E-08 2.71828182845 4.47E-15

Yuzbasi, Sahin and Sezer [17] Consider the second order Volterra
integro differential equation

u′′ (t)+ tu′ (u)− tu (t) = et+
1

2
t cos (t)− 1

2

∫ t

0
cos (t) e−yu (y) dy, (14)

0 ≤ x ≤ 1 with the condition u (0) = 1, u′ (0) = 1. So, α (t) = t,
β (t) = −t, g (t) = et + 1

2
t cos t, λ1 = −1

2
, k (t, y) = cos te−y. We

convert (14) into integral equation to give

u (t) = 1 + t−
∫ t

0

∫ t

0

(yu′ (y) dy) dt

+

∫ t

0

∫ t

0

(yu (y) dy) dt

+

∫ t

0

∫ t

0

(
ey +

1

2
y cos ydy

)
dt (15)

−1

2

∫ t

0

∫ t

0

∫ t

0

(
cos te−ydy

)
dtdt

We solve (15) for N=5 and 10, the numerical solutions are

u5 (t) =
(
1. 383 2× 10−2

)
t5 +

(
3. 491 8× 10−2

)
t4 + 0.170 37t3

+0.499 08t2 + 1. 000 1t+ 1.0

u10 (t) =
(
4. 560 5× 10−7

)
t10 +

(
2. 285 9× 10−6

)
t9

+
(
2. 547 3× 10−5

)
t8 +

(
1. 978 2× 10−4

)
t7

+
(
1. 389 2× 10−3

)
t6 +

(
8. 333 2× 10−3

)
t5

+
(
4. 166 7× 10−2

)
t4 + 0.166 67t3 + 0.5t2 + t+ 1

We compared the solution of the new method with the operational
method developed by Yuzbasi, Sahin and Sezer [17]. Tables 2 shows
clearly that the new method gives better accuracy.
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Table 2: Comparison of the exact solutions, numerical solutions
and absolute errors for (15).

Exact [17] Present method

ti eti abs-e10 N=5 abs-e5 N=10 abs-e10
0.2 1.22140275816 1.69e-013 1.221402769 1.18e-08 1.2214027581 1.63e-15

0.4 1.49182469764 3.67e-013 1.491824780 8.28e-08 1.4918246976 3.46e-15
0.6 1.82211880039 5.80e-013 1.822118887 8.74e-08 1.8221188003 5.42e-15

0.8 2.22554092849 9.47e-013 2.225541110 1.82e-07 2.2255409284 6.75e-15

1.0 2.71828182845 3.11e-011 2.718281775 5.26e-08 2.7182818284 1.86e-16

5. CONCLUDING REMARKS

We have presented a new collocation method for the solution of sec-
ond order linear Fredholm Volterra integro-differential equations.
Three numerical examples are presented to test the efficiency of
this method. The approach adopted in this research has lesser
computational burden when compared with the existing methods.
Computer programs are easier to write with faster time of execu-
tion. Numerical solutions show that this method is accurate with
good stability which is measured by the difference between the max-
imum and minimum absolute errors.

ACKNOWLEDGEMENTS

The authors acknowledge the financial support of the Tertiary Ed-
ucation Trust Fund (TETFUND). We also wish to appreciate the
anonymous referees for their valuable suggestions

REFERENCES

[1] A. Alipanah and M. Dehghan, A pseudospectral method for the solution of second
order integro differential equations, J. Vib. Control, 1- 6, 2011, doi:10.1177/107754
6311399945

[2] O. A. Agbolade and T. A. Anake, Solution of first order Volterra type linear
differential equations by collocation method, J. Appl. Math., Article ID 1510267,
(2017), doi: 10.1155/2017/1510267

[3] T. Akkaya and S. Yalcinbas, Boubaker polynomial approach for solving high order
differential difference equations, AIP Conf. Proc., 1493, 26, (2012), doi:10.1063/1.
4765464

[4] N. Akgonullu , N. Sahin and M. Sezer, A Hermite collocation method for the
approximate solution of high order linear Fredholm integro differential equations,
Numer. Methods Partial Differential Equations, doi:10.1002/num.20604

[5] H. Derdik-Yaslan and A. Akyuz-Dascioglu, Chebyshev polynomial solution of non-
linear Fredholm Volterra integro differential equations, Cankaya University, Fen-
Edebiyat Fakultesi Journal of Arts and Sciences Sayi : 5, Mayis, (2006)

[6] E. H. Doha, M. A. Abdelkawy and A. Z. M. Amin, Shifted Jacobi spectral collo-
cation method with convergence analysis for solving integro differential equations,
Nonlinear Anal. Model. Control, 24(3), (2019) 332-352, doi:10.15388/NA.2019.3.2



46 M. R. ODEKUNLE, A. O. ADESANYA, R. O. ONSACHI & A. M. AJILEYE

[7] M. El-Kady and M. Biomy M., Efficient Legendre pseudospectral method for solv-
ing integral and integro differential equations, Commum Nonlinear Sci. Numer.
Simulat., 15, (2010) 1724-1739, doi:10.1016/j.cnsns.2009.07.012

[8] M. Gulus, M. Sezer, Taylor collocation method for the solution of system of high
order linear Fredholm Volterra integro differential equations. Int. J. Comput.
Math., 83(4), (2006) 429-448.

[9] N. Irfan, S. Kumar and S. Kapoor, Berstein Operational matrix approach for
integro differential equations arising in control theory, Nonlinear Engineering,
3(2), (2014),117-123, doi:10.1515/nleng-2013-0024

[10] M. K. Jain, S. R. K. Iyengar and R. K. Jain, Numerical Methods for Scientific
and Engineering Computation, Sixth edition, New Age International Publishers,
(2015)

[11] M. T. Kajani and I. Gholampoor, A direct multistep Legendre- Gauss collocation
method for high order Volterra integro differential equations, AIP Conf. Proc.,
1684, (2015), doi:10.1063/1.4934331

[12] G. Medhiyeva, M. I. Imanova and V. Ibrahimov, Solving Volterra integro differ-
ential equation by the second derivative method, Appl. Math. Inf. Sci., 9(5),
(2015), 2521-2527. doi:10.1278/amis/090536 doi:10.1080/00207160600988342

[13] J. A. Rad, S. Kazem, M. Shaban and K. Parand, A new operational matrix based
on Bernoulli polynomial, (2014) arXiv:1408.2207vl

[14] M. Rahman, Integral equations and their applications, Southampton, Boston, WIT
[15] N. Rohaninasab, K. Maleknejad and R. Ezzati, Numerical solution of high order

Volterra Fredholm integro differential equations by using Legendre collocation
method. Appl. Math. Comput., 328, (2018), 171-188

[16] S. Yuzbasi and N. Ismailov, An operational matrix method for solving Fred-
holm Volterra integro differential equations, Turk. J. Math., 42, (2018)243-256,
doi:10.3906/mat-1611-126

[17] S. Yuzbasi, N. Sahin and M. Sezer, Bessel polynomial solution of high order linear
Volterra integro-differential equations, Comput. Math. Appl., 62, (2011), 1940-
1956.

DEPARTMENT OF MATHEMATICS, MODIBBO ADAMA UNIVERSITY OFTECHNOL-

OGY, YOLA, ADAMAWA STATE, NIGERIA
E-mail address: remi odekunle@yahoo.com

DEPARTMENT OF MATHEMATICS, MODIBBO ADAMA UNIVERSITY OFTECHNOL-

OGY, YOLA, ADAMAWA STATE, NIGERIA

E-mail address: tolar10@yahoo.com

DEPARTMENT OF MATHEMATICS, MODIBBO ADAMA UNIVERSITY OFTECHNOL-

OGY, YOLA, ADAMAWA STATE, NIGERIA

E-mail address: oziohumat@gmail.com

DEPARTMENT OF MATHEMATICS, OSUN STATE COLLEGE OF EDUCATION, ILE-
SHA, OSUN STATE, NIGERIA

E-mail address: ajileye4ever@yahoo.com


