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VIBRATIONS OF A SIMPLY SUPPORTED PLATE
UNDER MOVING MASSES AND RESTING ON
PASTERNAK ELASTIC FOUNDATION WITH

STIFFNESS VARIATION

S. T. ONI! AND T. O. AWODOLA

ABSTRACT. In this investigation, the dynamic behaviour of
simply supported rectangular plate carrying moving masses and
resting on Pasternak elastic foundation with stiffness variation is
considered. In order to solve the governing fourth order partial
differential equation, a technique based on separation of vari-
ables is used to reduce the equation with variable and singular
coefficients to a sequence of second order ordinary differential
equations. The modified method of Struble and the integral
transformations are then employed for the solutions of the re-
duced equations. Numerical results in plotted curves are then
presented. The results show that as the value of the rotatory
inertia correction factor R, increases, the response amplitudes
of the plate decrease and for fixed value of R,, the displacements
of the simply supported rectangular plates resting on Pasternak
elastic foundations with stiffness variation decrease as the foun-
dation modulus F, increases. It is also shown that as the value
of the shear modulus G, increases the displacement amplitudes
of the plate decrease. For fixed Ry, F, and G,, the transverse
deflections of the rectangular plates under the actions of mov-
ing masses are higher than those when only the force effects of
the moving load are considered. This implies that resonance is
reached earlier in moving mass problem than in moving force
problem. Furthermore, the result shows that the critical speed
increases as G,, F, and R, increase, this implies that risk is
reduced.

Keywords and phrases: Pasternak Foundation, Shear deforma-
tion, Rotatory Inertia, Resonance, moving Force, Moving Mass.
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1. INTRODUCTION

Plates resting on subgrades form key components in a wide range of
industrial applications, such as bridges, highway pavements, deck-
ing slabs and road ways. Such structures are constantly acted upon
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by moving masses, hence, the problem of analyzing the dynamic
response of elastic structures under the action of moving masses
continues to motivate a variety of investigations [1-6].

The behaviour of plate structures under moving load, in general,
is rather complex more so when the inertia effect of the moving
load is taken into consideration [1]. Thus, most of the research
works available in literature are those in which this effect has been
neglected. This is due, at least in part, to the great amount of com-
putational labour, which is required both to set up and to solve the
necessary equations. One important problem that arises when the
inertia effects of the masses are considered is the singularity which
occurs in the inertia terms of the governing differential equation of
motion.

Generally, the dynamical problems of structures under moving loads
and resting on a foundation are complex. The complexity increases
if the foundation stiffness varies along the span of the structure.
Aside the problem of singularity brought in by the inclusion of the
inertia effects of the moving load, the coefficients of the governing
fourth order partial differential equation are no longer constant but
variable. Earlier researchers into beam member on variable elastic
foundation include Franklin and Scott [7] who presented a closed-
form solution to a linear variation of the foundation modulus using
contour-integrals. Closely following this, Lentini [8] presented a
finite difference method to solve the problem where the founda-
tion stiffness varies along x (the special coordinate) as a power of
x. These works, though useful, considered the loads acting on the
beams to be static (not moving). Recently, Oni and Awodola [9]
extended the works of these previous authors to investigate the dy-
namic response to moving concentrated masses of uniform Rayleigh
beams resting on variable Winkler elastic foundation. Oni and
Awodola [10] again considered the dynamic response under a mov-
ing load of an elastically supported non-prismatic Bernoulli-Euler
beam on variable elastic foundation. The technique was based on
the generalized Galerkin’s method and integral transformations.
The foundation model based on Winkler’s approximation model is
very common in literature, whereas, in such an important Engi-
neering problem as the vibration of plates resting on elastic foun-
dation, a more accurate Two-Parameter (Pasternak) foundation
model which in addition to subgrade modulus incorporates the
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shear effect of the foundation should be used rather than the Win-
kler’s approximation model. Eisenberger and Clastornik [11] pre-
sented two methods for the solution of beams on variable two-
parameter elastic foundation. Also, Gbadeyan and Oni [12] studied
the dynamic analysis of an elastic plate continuously supported by
an elastic Pasternak foundation traversed by an arbitrary number
of concentrated masses. In their work, they assumed that both the
foundation modulus and the shear modulus are constants.

In all these investigations, extension of the theory to cover two-
dimensional (plate) problem in which the plate is resting on Paster-
nak elastic foundation with stiffness variation has not been effected.
This study is therefore concerned with the behaviour of simply sup-
ported rectangular plate under the action of concentrated moving
masses and resting on Pasternak elastic foundation with stiffness
variation.

2. GOVERNING EQUATION

The dynamic transverse displacement W(x,y,t) of a rectangular
plate when it is resting on a Pasternak elastic foundation with stiff-
ness variation and traversed by several moving concentrated masses
is governed by the fourth order partial differential equation given
by

2 2
DY W (a,y,0) 4 BV 4 Po(a, 1) = pBo L PP W (.6 + Plas, ) (1)
where
Eh?
D=—" 2)
12(1—v)

is the bending rigidity of the plate, V2 is the two-dimensional Lapla-
cian operator, W(x,y,t) is the transverse displacement, h is the
plate’s thickness, E is the Young’s Modulus, v is the Poisson’s ratio
(v < 1), p is the mass per unit area of the plate, Ry is the Rota-
tory inertia correction factor, Pg(x,y,t) is the foundation reaction,
P(x,y,t) is the Moving load, x and y are respectively the spatial

coordinates in x and y directions and t is the time coordinate.
The relation between the foundation reaction and the lateral de-
flection W(x,y,t) is given by [11]

Po(ont) = F@W(.00) - [G0) W (ai0)| = 5 G0 2 W 0] 3
where F(x) and G(x) are the two variable parameters of the elastic
foundation. Specifically, F(x) is the variable foundation stiffness

and G(x) is the variable shear modulus.
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When the effect of the mass of the moving load on the response
of the plate is taken into consideration, the external moving surface
load takes on the form

P(z,y,t) = Pr(z,y,t) {1 - Ag

*

W(z,y,t) (4)

where Pf(x,y,t) is the continuous moving force, A* is the substan-

tive acceleration operator and g is the acceleration due to gravity.
The moving force acting on the plate is defined as [6]

(z,y,t ZMgé z —cit) 6(y — s) (5)

where 4(.) is the Dirac — Delta function.
The operator A* used in equation (4) for masses traveling with

constant velocity and in an arbitrary path in the x — y plane is

defined as , , ,
Y

A= gE g thgm (©6)

As an example in this problem, a variable elastic foundation stiff-

ness of the form [11, 13]
F(z) = Fy(4x — 32° + 2°) (7)

where Fy is the foundation constant, and a variable shear modulus
of the form
G(z) = Gp(12 — 13z + 622 — 2°) (8)
where Gy is a constant are considered.
Thus, substituting (3), (4), (5), (6), (7) and (8) into (1), one
obtains

aQW l’,y,t 4 4
% - 'LLRO [3t288m§ + 67288_142_] W(Z’,y,t)

—Fy [417 — 3z + wg} W(z,y,t)
+Go[—13 + 122 — 32°] Z W (z,y,1)

DV'W(z,y,t) +

82

+Go[12 — 13z + 622 — 2] [812 + 2 ] W () (9)
+3 1[M-g5(w —ct)d(y —s)
—M; (8t2 + 21505, + ¢ aazz )
XW (z,y,t)6(x — cit)d(y — s)]
The initial conditions, without any loss of generality, is taken as

oW (z,y,t)

W,y t)l,—y = 0 = S

(10)

t=0

3. ANALYTICAL APPROXIMATE SOLUTION

This section seeks to obtain the analytical solution to the problem
of the dynamic response of a rectangular plate resting on Pasternak
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elastic foundation with stiffness variation and subjected to arbitrary
support conditions. The method of analysis involves expressing the
Dirac — Delta function as a Fourier cosine series. A technique [14]
based on separation of variables is used to tackle the fourth or-
der partial differential equation governing the motion of the plate
and reduce it to a set of coupled second order ordinary differen-
tial equations. Then, the modified asymptotic method of Struble
in conjunction with the techniques of integral transformation and
convolution theory are then employed to obtain the closed form so-
lution of the resulting second order ordinary differential equations.

In order to solve equation (9), in the first instance, the deflection
is written in the form [14]

W(z,y,t Zcbn (z,9)T, (11)

where ¢, are the known eigenfunctions of the plate with the same
boundary conditions. The ¢,, have the form of

Vi —wntn =0 (12)
where
02
4 n
= 2nl 1
i = L (13)
Q,, n=1 2 3, ..., are the natural frequencies of the dynam-

ical system and T, (t) are amplitude functions which have to be

calculated.
In order to solve the equation (9), it is rewritten as

D_, W (x,y,t) _ ot ot
m V W(l’,y,t) + 8t2 - RO 8t28$2 + atzayz W(l’,y,t)

—% [4z — 3z° + x3] W(z,y,t)

GO 2 8
+ M[ 13 + 122 3x]8xW(x,y,t)

4 Go [12 — 13z + 62° — 2°] (14)
w
> 9?
<[+ | v

N
+3 2 50— citys(y - s)
=1 ,LL
M 52 4% 52 L2 ?
o\ ot “otozr  “ 0a?
W (2,4, 1)5(z — cit)3(y — 5)]
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The right hand side of equation (14) is written in the form of a
series to have

Z¢n($,y) [6t2arz + 8t28 2] W(z,y,t) — ﬂul [4x —32% + 373} W(z,y,t)
G [(—13 4 122 — 32 ) LW (z,y,t) (12 — 13z + 62° — 2°) (15)
(& + o) Wy )|+ 2, [0 — ct)sly - 5)
M (B 4 2ei gt + 2 ) Wy, 000z — cit)oly — 5)|
Substituting equation (11) into equation (15) we have
D bnl(w,y)Ba(t) = Z {Ro [#n.2a(z,y)Tnt(t) + Gnyy (@, y) Tn. e (1))
n=1
+ 2 [ (-13 4 122 — 32%) Gne(z,y)T(t)

Py (2, y)T, ]"‘Z{ 19537_61 t)o(y — s)

- ]f (Sn () Tose (£) + 2cibr (21, 4) T (2)

+6 In o (2,9)Tn () ) 6(z — cit)d(y — ) ] }

where
¢n,z(z,y) implies 8¢n8(§7y), #n,zx(z,y) implies 762¢5if7y),
bustry) mplios 20D gy mptes S22 1
Th(t) implies dT;t(t) and T,(t) implies de;;(t)

Multiplying both sides of equation (16) by ¢,(x,y) and integrating
on area A of the plate, we have

> /A Oule ol ) BaA = 3 /A {Ro [n0 (1, 9)p () T a (1)
+¢n,yy(x7 y)gi)p(x, y)Tn,tt (t)]
B 10— 324 0 000 )T 0
-l-% [(—13 + 122 — 3x2) O,z (x,y)0p(z,y)Th

+ (12 = 13z + 627 — 2°) (Pnza(z,y) (18)
Xbp(2,y)Tn(t) + Pnyw (2, y)dp (2, y) Tn(1))]
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#3252y ) — )il — o

- (¢n(l‘ Y)Pp(, Y) T, (t)

+201¢n,m(x Y)Pp(x,y) Tt (t)
6} Prwa (2, Y) bp (2, y) Ta(t) ) 6(x — cit)
é(y—s)] }dA

Considering the orthogonality of ¢, (x,y), we have

Bu(t) = 5= 2ol [y {Ro [$n.2e(2,y)p(z, ) Tnee(t)
+On,yy (@, Y)Pp (2, y) Tt (1)]
_? [4$ - 31}2 + $3:| ¢n($, y)¢p($, y)Tn(t)
+—HQ [(—13 + 12z — 3x2) On,z(z,y)0p(z, y)Tn(t)
+ (12 = 132 + 6% — 2°) (¢n 20 (2, y) dp (@, y) T (t) (19)
+én, yy(w Y)¢p(w,y)Tn(t))]
+ Z

Hil (2, y)b(x — cit)d(y — s)
(¢n(w Y)bp(x,Y) T, et (t)
+261¢n o (2,Y)Pp(T,y)Tn (1)

+6 bnea(,y) dp(2,y) Tn(t) ) 6(x — cit)d(y — 5) | } dA

where P* = [, ¢2dA Using (19), equation (14), taking into account
(11) and (12), can be written as

oule) | PET0 + Toatt)] = L) Z / {Ro [Baas (2, )6, 9) Tt (1)

+ dq,yy (377 Y)Pp(2,y)Tq,e(2)]

0 4z = 35" +”] 0o )0l T (1)

CZO [(—13 + 122 — 32%) ¢g.0(z,y)Pp(z,y)

xTy(t) + (12 — 132 + 62° — 2°) (¢g,00(, y)(20)
><¢p(x YTa(t) + bqyy(®, y)dp(x, y)Te(L))]

+Z Z%p (,9)d(z — cit)d(y — )

—% (a2, 9)bp () Toa (1) + 20, y) b

x (2, 9) Tt (t) + € ba.wa (2, y) (2, y) Ta(t) )
x0(x — cit)d(y — s)]} dA

Equation (20) must be satisfied for arbitrary x, y and this is possible
only when

D
w"T

Tt() + - Z / {Ro [Baee (@160 (@,y)Tote (1)

+¢q,yy (%, 9)Pp(®, y) Tyt (t)]



150 S. T. ONI AND T. O. AWODOLA

20 [ = 32” 7] 04 )u( T

C;O [(—13 + 122 — 32%) ¢g.0(x, y)dp(w, y)Ty(t)

+ (12 = 13 + 62° — 2°) (¢g,n0 (2, y) b (x, y) T (t) (21)
+dq,yy (T, y)Pp(2, y)Ty(t))]

+30 Mﬁj%pm)&(x — cit)(y - 5)

i=1

+2¢i¢q, (2, y)Pp (2, y)To,e(t)
+€; Pg,ma (@, y) bp (2, )Ty (t) ) 6(x — cit)d(y — 5) | } dA

The system in equation (21) is a set of coupled ordinary differential
equations.

Considering the property of the Dirac-Delta function and expressing
it in the Fourier cosine series as

3771‘

(53:—0-15—— 142 cos 22
(@ it) = Z T cos 7 (22
and
k
oy —s) = 1+2200si800 Wy] (23)
Ly
equation (21) becomes
N %)
Mg, ETL() PTy(t)
2 P—*M%(Clt’s) = T +a,Tu(t) ; RoP; —5—= 7
F G
{ =Py — OPQB} T,(t)
Iz jz
N
Mi P3 **
— Z LXLYM ( 0S —P3
-l-;co ]ch Py () (24)
a Jreit  KTS Lyes d*T,(t)
+2;;COS Tx cos Ty P (],k)) a2

Pr > ks .. ad JTCt sun .
+4c; + cos — P, (k) + cos P,
(5 Sz + 3o B2

G jmeit kTS v, . dT,(t)
—1—222005 7. o8 ERl (j,k)) —

X
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-§-2c12 <

= ** > j Cit sokk [ .
+Z os—P5 +Zcos sz P57 (9)

j=1

Cit k7r sk ok ok
+ QZZ OS EP5 (],k‘)) Tq(t) }
j=1k=1
2 _ Duw,
o, = =,

Py = [ [ [Gnwa(,y) + Guyy(@,y)] dplw, y)dyde,

Py = [ [ e — 322 + 2% g, y) ol y)dyde,
* L Ly

P3 - ()X 0 ¢n(x y)¢P(x y)dydx

Pyr(k) = [ [ cos X6, (2, )y (x, y)dydz,

Py() = i ¢ I cos 2 (2, ) by, ) dyda,

sorkk [ - L L T T
Py (4. k) = [ [ COS’L—COSM%(OC y) oy, y)dyda,

Pp= OLX oLY Gna(,y) dp(x, y)dydz,

Pi(k) = [ [ cos kY, (2, )0, (x, y)dyda,

Pre(i) = fi* ) cos Ty (@, y) 6y (x, y)dyd,

Kok (0 L L T s
Py k) = fo fyY cos 222 cos B ¢, o (2, ) 6y (x, y)dydr,

Py = OLX oL Gnea(T,Y) Op(,y) dyda:

Pre(k) = [y [ cos ¥ ¢ oo, y) dplw,y) dy da,

PS***(]) _ OLX OLY Sjmr¢n mc(x y) ¢p($ y) dy de

o P (4 k) = Lx LY cos 222 cos k’”"’ gf)n 22(T,Y) Op(x, y) dy dz,

0 Lx

o P2*A24h1—3h2+h3
° PZ*B = —13hy + 12h5 — 3hg + 12(h7 + hg) — 13(h9 + th) +

6(h11 + h12) - (h13 + h14)>

o hu= [ [ wulw,y)dp(x, y)dudy,

® hy = fLX 2P (z,y )Pp(z, y)dxdy,
o hy= [\ [1X a3p,(x,y)dp(x, y)dudy,
o hy = L L an :v(x y)d)P(x y)dxdy,

® hy = fo x¢n:r(x y)@,(l’ y)dxdy,
o he = [, fOLX 22 G, y)bp(, y)dady,
o he = i I bnal@ y) bl y)dady,
® hg = OLY OLX Gy (T, y)dp(, y)dxdy,

® hyg = OLY OLX xqf)n,m(x,y)gbp(x,y)dxdy,
o hio = [3" Jy 2y (2, y)dp(x, y)dady,

® hy =

X 020 (2, y) (2, y) dady,
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® Ny = oLY OLX 2¢n,yy(x7 Yy)bp(z, y)drdy,
o hi3 = fLX 23 2a (2, y)0p(2, y)drdy and
® Ny = 0 fOLX 3¢n,yy(x>y)¢p(xa y)da:dy

The second order coupled differential equation (24) is the trans-
formed equation governing the problem of a rectangular plate on a
Pasternak elastic foundation with stiffness variation.

on(x,y) are assumed to be the products of the functions ,;(x) and
¥nj(y) which are the beam functions in the directions of x and y
axes respectively [15, 16]. That is

these beam functions can be defined respectively, as

me
2 (26)

O, Qi
Yni(z) = sin meJrAm-cosLleJrB ;i
X

X X X
and
nj(x) = sin L;/ + Ay cos L——i—B 'nj cosh L;/ (27)

where A,;, A,;, Byi, Byj, Cpi and C,,; are constants determined by
the boundary conditions. €2,; and €,,; are called the mode frequen-
cies.

In order to solve equation (24) we shall consider only one mass M
traveling with uniform velocity ¢ along the line y = s. Thus for the
single mass M equation (24) reduces to

Mg, d°T (1) LA2Ty(t)  Go

i(ct) W, = 2 Ta(t) — — P
AL s (ct) 35 () it - 5> {Rom:

ai2 r Go 24

— P} T, (H)T°

P3 > kTS s
2( 2 +ZCOSE P3*(k)

Ct * K k .
—&—ZcosjzT P57 (9)

Jj=1

2
+QZZCOS —t cos @Pg***(]’, k)) 4T (1)

2
j=1k=1 dt

<P4 s—Pz* +ch]7“ftpz**(') (28)

j=1

jmet kTS Jsnn, . dT,(t)
+ jE . kg 1cos T st (7, k)> n

]

Py k I
+2@2 < 5 + ZCOS Lljpg) )+ZCOS Jl,llr; P5 (])
k=1

2 |

i > j t k %k %k %k .
+ QZZCOS ]gc cos LLSP5 (]7k)> Ty(t)

X Y
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where
I’ = M
LxLyp

Equation (28) is now the fundamental equation of our problem
when the rectangular plate has arbitrary end support conditions.
We shall then solve the equation (28) when the plate has simple
supports at all its edges.

For the elastic rectangular plate resting on a variable Pasternak
elastic foundation and having simple supports at all its edges, the
deflection and bending moment vanish at all the edges. Thus

(29)

W(O)yat) =0, W(Lvaat) =0 (30)
W(z,0,t) =0, W(x,Ly,t)=0 (31)
82W(073/7t) 82W(LX7y7t)
Z A\ D T R S A A 2
Ox? 0, Ox? 0 (82)
0?W (z,0,1) O*W (z, Ly, t)
For the normal modes
Ui (0) =0, Upi(Lx) =0 (34)
U,,;(0) =0, Unji(Ly) =0 (35)
9%20,,;(0) O*Wni(Lx)
e (30
50,,;(0) Wy (Ly)
ar 0, o 0 (37)
Therefore
Am’ = O, an == O, an =0 and in = n;T (38)
Ay =08, =00 =0 md O =mr (1)
Similarly,
Ap’i = 07 Bpi = 07 Cpi = O, and Qpi = DT (40)
Apj =0,Bp; = 0,Cp; = 0 and ;= pjm (41)

Substituting equations (38),(39) , (40) and (41) into the trans-
formed equation (28) to obtain the transformed equation for a rect-
angular plate, resting on a variable Pasternak elastic foundation and
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having simple supports at all its edges, we have

A _ 2
Mg sin 2475 sinw - d Ta(t) + ai Ta(t)

,uP* Ly Lx dt?
2 2
mr\* | (mm
(52) + ()]

—Pl* Z{—Ro

d*T,(t Go | Fo . .
I () 1 (y) dtg( ) _ 70 [G—ETQA - TQB]

kms
—|—QZCOS Eha Ila +QZCOS—[ x)

XDa(y) +43° Y cos jmet @N (@ )Ifa(y))(42)

+
[\>]
™ s
3
SIS
(@)
n|
=
G
=
S]
s

<.
Il
-

_|_
N
(e
(e
|3
=13
(@]
h?a

Q
O
EIJ
h?r
73
N
&7
E
Q
S
N—
5
SN
=

<

Il
-
e

Il
-

|
Q
%)
/N
3
3
[ V)
e ~
-
)
—
8
N
~
-
)
—~
<
=

+
)
(]2
VRS
|3
=3
~—
2}
h??‘
< 1w
g
1
&
g
p??‘
s

e
Il
-

2 .
) cos L, @)hat)
Lx

+
[}
Ingk
~
3
3

Lx

Jj=1
SN A jmet k7rs &
¢ RTS 15
+4Zl; (LX) cos LX co L I ( )Ila(y)>
j=1k=
xTq(t)] }
where
o [14(x) = fOLX sin 02 sin O,z de,
Ly . .
b Il'a(?/) = fo ¥ sin 6,y sin 0,y dy
o Ij,(z) = fOLX cos JLﬂ sin 02 sin O,z dz,
L .
o If,(y) = [y cos ]j:—y sin 6,5y sin 0y dy
o If,(x)= fOLX x sin O sin O, dz,
o Ii;(x) = fOLX 2% sin 02 sin 02 da,
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L . .
I (@) = [ ® sinOpx sin Oz dir,

L .
= [ cos Opiz sin Oz da,
X

[ ]
o
S5

x cos Op;x sin Op;x dx,

[

oy

c/.‘\/—\
8 8 &

1

S

L .
) = Jo ¥ % cos Opix sin O d,

o T34 = 417, () — 3115 (2) + I (x)
mip = [—13Iy(x) + 1215 (x) — 315 (2)] On;
. + [-120a(2) + 1317, (x) — 6175 (x) + [15" ()]
(07 +67;)
Q .
o O =2 and O,; = 72

Further simplification and rearrangement of (42), taking into ac-
count (38), (39), (40) and (41), yields

Mg . pjms . pimet  d*Tu(t) 5
P sin = sin T = 2 + a5, Th(t)
1 i{—ROLXLwa (i+i) d*Ty(t)
P+ 2 1 % 12 ) a
GolLy | Fo . * LxLy d°T,
- 2 |:G_07-2A _7-2B:| Tq(t) =T { 4 di2 (43)
ap: KL gmet | dTy(t)
2y (pf - ¢ +j21 Lx 7(j) cos Lx ) dt
_(cq7r)2 Ly
o) Ly 7, o
where
M
I'= (44)
LxLyp
and s o
: 8pilp; — j* — ¢’
() : (45)

) = 20707 + 52+ 0}
Equation (43) is the fundamental equation of our problem when
the rectangular plate resting on variable Pasternak foundation has
simple support at all its edges. We shall now discuss two cases of

the equation.

CASE I: SIMPLY SUPPORTED PLATE TRAVERSED
BY MOVING FORCE

When I' = 0 in equation (43), an approximate model of the system
when the inertia effect of the moving mass M is neglected, we have
the moving force problem associated with the system. Thus the
differential equation (43) reduces to

dQTn(t) 9 1 < (—RoLxLy7? [ ¢* 7>
U 2 D e N V7 i 73

d*T,(t) GoLy [ Fy Mg . p;ms . piwct
- O s | T, Y = j bty
x dtQ Q,U GO T24 T2B ‘Z( ) P*M LY S LX ( 6)
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Evidently, exact analytical solution to the coupled differential equa-
tion above is impossible. Though it yields readily to numerical tech-
niques, an analytical solution is desirable as such solutions often
shed more light on vital information about the vibrating system.

In order to solve the coupled differential equation (46) we resort to
an approximate analytical method which is a modification of the
asymptotic method due to Struble [ 4, 6 | and seek the modified
frequency of the free system, first, due to the presence of the effect
of shear modulus neglecting the rotatory inertial term. An equiv-
alent free system operator defined by the modified frequency then
replaces equation (46). Thus, equation (46) is rearranged to take

the form
T, (t Ly [ F
*) + [ai LY <G—O7'2*A — T§B>] T, (t)
0

L 0 F piTS D mct
Y 0 * 1 ] 1 4
Y (g 5 ) T0) = Ksin 22 2P (4

2 Ly X
q=1
qF#n
where o u
g
=2 d K, = 48
Py Py (48)

Consider a parameter A < 1 for any arbitrary mass ratio ['*, defined
as

F*
N\ —
141
It can be shown that
=N+ 0()\2) (49)

Since A < 1, an asymptotic solution of the homogenous part of
equation (47) can be written in the form

T, (t) = A, (t) cos[ant — ¢n(t)] + AT1(t) + o(N?) (50)
where A, (t) and ¢,(t) are slowly varying functions of time.
Substituting (50) and its derivatives into (47), neglecting terms
higher than o(\) and terms which do not contribute to the varia-
tional equations describing the behaviour of A, (t) and ¢,(t), one
obtains
N (&erga = 75a) Ly

4oy,
as the modified frequency due to the effect of the shear modulus.
Thus, the homogeneous part of equation (47) can be replaced with

d*T,,(t)
dt?

Vrmp = O, + (51)

+ 72, Ta(t) =0 (52)
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Using (52), equation (46) can be written as

2Tn L+ 2 > 2 2 2T . ;
d (t)+'y,2inn(t)+)\O xLym Z(q q_) d*T,(t) :Kms'npﬂrssinpmjt

dt2 1 =\ T 1g) Tae T
(53)
where
Ry
The homogeneous part of equation (53) can be written as
PTo(t)  Vmp  AoLxLyn® [ n? n’
tmp ZOFATYE i 2\ T,
TR =t )T
ALy Lyn? o 2 2 2
q g\ d7T4(t)
n a <_ + _) =0 55
|4 dabxiye? (n? o n2 ; Lk L3 ar (55)
4 L% I3 ) a#n

Consider the parameter ¢y < 1 for any arbitrary mass ratio Ay

defined as
Ao

= 56
T TN (56)
which implies
Xo = €0 + o(c}) (57)
Following the same argument, (55) can be replaced with
d*T,,(t
y t2( ), Vo Tu(t) =0 (58)
where
SOLxLy’/TQ ( 7122 TL?
Yenpf = Yrm, {1—7 + = (59)
P b 8 L3 L%

is the modified frequency due to the presence of rotatory inertia.
Therefore, the moving force problem (46) for the simply supported
rectangular plate is reduced to the non-homogeneous ordinary dif-
ferential equation given as

d*T,,(t) 2 . Pj
72 + Yomps Tn(t) = Ky sin I sin I~
When equation (60) is solved in conjunction with the initial con-
ditions (10), one obtains expression for T,(t). Thus in view of
equation (11), one obtains

TS . pyTct

(60)

. 5SS
>© = K., sin pJY et

Wzyt) = >3 - B

Ympf SN
A2 5 s Doy — (Pime/Lx)?] [T Lx

_pﬂTC
Lx

. . T . Ty
SIN Ympft | sin Ix 1 Iy
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as the transverse-displacement response to a moving force of a sim-
ply supported rectangular plate on a variable Pasternak elastic
foundation.

CASE II: SIMPLY SUPPORTED RECTANGULAR PLATE
RESTING ON VARIABLE PASTERNAK FOUNDATION
AND TRAVERSED BY A MOVING MASS

In this section we seck the solution to the entire equation (43) when
no term of the equation is neglected. In order to solve this problem,
as in the previous case, an exact analytical solution to this equation

is impossible. Thus, we resort to the modified asymptotic method
of Struble discussed in the previous case. To this end, we rearrange
equation (43) to take the form

d2Tn(t) 2CLY770 ( ?ipn2 +Z;01 zﬂ- ( )COS ]Wd) dT ( )

- 62
dt? 1 -0 (%) dt (62)
72y + Talemm iy > LXLy T, (t)
+ —X—T(t) - — > i
) TR
q#n
+2cLy < qpl Z Wrd) dj;lt(t)
~ Lx
2
L LxL j i
B (cq;rzx Y1) ] = nogLx Ly gin PITS 4 Pt

PSR

where I' has been written as a function of the mass ratio 7.
Thus, considering the homogeneous part of the equation (62) and
going through the same arguments and analysis as in the previous
case, the modified frequency corresponding to the frequency of the
free system due to the presence of the moving mass is

2
Mo (cnim)
Bt = Ympr |1 ——= | 1+ (63)

retaining terms to o(n) only.

Therefore, to solve the non-homogeneous equation (62), the differ-
ential operator which acts on T, (t) and T,(t) is replaced by the
equivalent free system operator defined by the modified frequency
Bmg- That is

d*T,,(t) 5 . nyms . ngmct
a2 + B Tn(t) = Gy sin l]}y sin T

(64)

where
NogLx Ly

G, = 22

(65)
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Clearly, equation (64) is directly analogous to equation (60). Hence
when equation (64) is solved in conjunction with the initial condi-
tions, one obtains expression for T, (t). Thus in view of equation
(11), we have

W( t) >* X Gg sin p£;9 ﬁ . pimct (66)
z = E : E £ SIN
Y, e Bms B2 — (pime/Lx )?] f Ix

—p—LiZC sin 5mft] sin 2 i —nf;y

Equation (66) represents the transverse-displacement response to a
moving mass of a simply supported rectangular plate on a variable
Pasternak elastic foundation.

5. DISCUSSION OF THE ANALYTICAL SOLUTIONS

It is desirable to examine the phenomenon of resonance in studying
such undamped system as this.

Equation (61) clearly shows that the simply supported rectangular
plate on a variable Pasternak elastic foundation and traversed by a
moving force reaches a state of resonance whenever

piTC

while equation (66) shows that the same plate under the action of
a moving mass experiences resonance when

piTC
Bmg = Ix (68)
where
3 Loy (enm)” (69)
mf = Ym - a5 5 79
Equations (68) and (69) imply that
LY PR GG | (70)
T 5T VoI Ly

clearly |1- % (1+ £27 )| <1 for all n,

mpf X
Consequently, for the same natural frequency, the critical speed

(and the natural frequency) for the moving mass problem is smaller
than that of the moving force problem. Thus, resonance is reached
earlier in the moving mass system than in the moving force system.

6. NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS
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In this section, calculations of practical interests in dynamics of
structures are presented for all the illustrative examples. A rect-
angular plate of length Ly = 0.914m and breadth Lx = 0.457m
has been considered. The mass is assumed to travel at the con-
stant velocity 0.8123m/s. Furthermore, E, S and I" are chosen to
be 2.109x10%kg/m?, 0.4m and 0.2 respectively. The results are as
presented on the various graphs below for the various classes of
boundary conditions considered.

Figures 5.1 and 5.2 display the effect of Rotatory inertia (Rg) on
the transverse deflection of the simply supported rectangular plate
for both cases of moving force and moving mass respectively. The
graphs show that the response amplitudes decrease as the value of
the Rotatory inertia correction factor increases.

W L]

=1 00000001

Fig. 5.1. Deflection profile of simply supported rectangular plate on
variable Pasternak foundation and traversed by moving force for
Fy = 2000000, Gy = 900000 and various values of Ry
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Fig. 5.2. Deflection profile of simply supported rectangular plate
resting on variable Pasternak foundation and traversed by moving
force for Fy = 2000000, Go = 900000 and various values of R
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Fig. 5.3. Displacement profile of simply supported rectangular plate
on variable Pasternak foundation and traversed by moving force for
Fy =0, Ry = 0.4 and various values of Gy.
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Fig. 5.4. Displacement profile of simply supported rectangular plate
on variable Pasternak foundation and traversed by moving force for
Fy = 100000, Ry = 0.4 and various values of Gg.
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Fig. 5.5. Displacement profile of simply supported rectangular plate
on variable Pasternak foundation and traversed by moving force for
Fy = 1000000, Ry = 0.4 and various values of Gy.

Figures 5.3 — 5.5 show the deflection profile of the simply supported
rectangular plate traversed by moving force. The load speed consid-
ered is lower than the critical speed. Figure 5.3 depicts the response
curves of the plate for Fg = 0, Ry = 0.4 and with the subgrade’s
shear modulus Gy as a parameter. The corresponding curves for
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Fo = 100000 N/m? and 1000000N/m? are shown in figures 5.4 and
5.5 respectively. It is evident from the graphs that, the response
amplitudes decrease with an increase in the values of Gq for fixed
values of Fy and Ry. It is also remarked at this juncture that as
Fy increases, the response amplitudes decrease in similar manner.
However, the effect of Gy is more pronounced than that of Fy.
Figures 5.6 — 5.8 display the corresponding deflection profiles for
the same system under the action of moving mass. The dynamic
behaviour similar to that of the moving force is obtained.
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Fig. 5.6. Displacement profile of simply supported rectangular plate
on variable Pasternak foundation and traversed by moving mass for
Fy =0, Ry = 0.4 and various values of Gy.
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Fig. 5.7. Deflection of simply supported rectangular plate resting on
variable Pasternak foundation and traversed by moving mass for
Fy = 100000, Ry = 0.4 and various values of Gj.

e

Fig. 5.8. Deflection of simply supported rectangular plate on variable
Pasternak foundation and traversed by moving mass for Fy = 1000000,
Ry = 0.4 and various values of Gj.



VIBRATIONS OF A SIMPLY SUPPORTED PLATE ... 165
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Fig. 5.9. Comparison of deflection of moving force and moving mass
cases for simply supported rectangular plate on variable Pasternak
foundation and traversed by moving force for Fy = 1000000,

Gp = 100000 and Ry = 0.4.

Figure 5.9 compares the displacement curves of the moving force
and moving mass for a simply supported rectangular plate with
Fo = 1000000 N/m* Ry = 0.4 and Go= 100000 N/m. Clearly,
the response amplitude of a moving mass is greater than that of a
moving force problem. However, this result holds for other choices
of the values of Fy, Ry and Gy.

Figures 5.10, 5.11 and 5.12 present the effects of G,, F, and R,
respectively on the critical speed of the moving load. The graphs
show that as G,, F, and R, increase, the critical speed increases in
each case.
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Fig. 5.10. Graph of Critical Speed against Shear Modulus.
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Fig. 5.11. Graph of Critical Speed against Foundation Modulus.
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Fig. 5.12. Graph of Critical Speed against Rotatory Inertia.

7. CONCLUDING REMARKS

The objective of this work has been to study the problem of the
dynamic response to moving concentrated masses of rectangular
plates on variable Pasternak elastic foundations. In particular, the
closed form solutions of the fourth order partial differential equa-
tions with variable and singular coefficients of the rectangular plate
is obtained for both cases of moving force and moving mass. The
solution technique is based on the technique of Shadnam et al [14]
which was used to remove the singularity in the governing fourth
order partial differential equation and to reduce it to a sequence of
coupled second order differential equations. These coupled second
order differential equations were then simplified using the modified
Struble’s asymptotic technique. The methods of integral transfor-
mation and the convolution theory are then employed to obtain the
analytical solution of the two-dimensional dynamical problem.

These solutions are analyzed and resonance conditions are obtained
for the problem. The analyses carried out show that the moving
force solution is not an upper bound for the accurate solution of the
moving mass problem and that as the rotatory inertia correction
factor increases, the response amplitudes of the plates decrease for
both cases of moving force and moving mass problem. When the
rotatory inertia correction factor is fixed, the displacements of the
simply supported rectangular plates resting on variable Pasternak
elastic foundations decrease as the shear modulus increases. Also,
as the foundation modulus increases, the response amplitudes of
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the plates decrease, the effect of shear modulus is more noticeable
than that of the foundation modulus.

It is shown further from the results that, for fixed values of rotatory
inertia correction factor, foundation modulus and shear modulus,
the response amplitude for the moving mass problem is greater than
that of the moving force problem implying that resonance is reached
earlier in moving mass problem than in moving force problem of the
simply supported rectangular plate resting on variable Pasternak
elastic foundation. Also, an increase in the shear modulus results in
an increase in the critical speed of the moving load; this shows that
risk is reduced when the shear modulus increases. The same result
obtains for an increase in both foundation modulus and rotatory
inertial correction factor.

ACKNOWLEDGEMENTS

The authors would like to thank the referees whose comments had
improved the original version of this paper.

REFERENCES

[1] L. Fryba, Vibration of solids and structures under moving loads. Groningen:
Noordhoff, 1972.

[2] S. T. Oni, On the dynamic response of elastic structures to moving multi-mass
system. Ph.D. thesis. University of Ilorin, Nigeria, 1991.

[3] C. E. Inglis, A mathematical treatise on vibration in railway bridges. The Uni-
versity press, Cambridge, 1934.

[4] J. A Gbadeyan and Y. M. Aiyesimi, Response of an elastic beam resting on vis-
coelastic foundation to a load moving at non-uniform speed. Nigerian Journal of
Mathematics and Applications, Vol.3, pp 73-90, 1990.

[5] S. Sadiku and H. H. E. Leipholz, On the dynamics of elastic systems with moving
concentrated masses. Ing. Archiv. 57, 223-242, 1981.

[6] J. A. Gbadeyan and S. T. Oni, Dynamic behaviour of beams and rectangular
plates under moving loads. Journal of Sound and Vibration. 182(5), pp 677-695,
1995.

[7] J.N. Franklin and R. F. Scott, Beam equation with variable foundation coefficient.
ASCE. Eng. Mech. Div. Vol. 105, EMS, pp 811-827, 1979.

[8] M. Lentini, Numerical solution of the beam equation with non-uniform foundation
coefficient. ASME. Journal of Applied Mechanics.Vol.46.pp 901-902, 1979.

[9] S. T. Oni and T. O. Awodola, Dynamic response to moving concentrated masses
of uniform Rayleigh beams resting on variable Winkler elastic foundation. Journal
of the Nigerian Association of Mathematical Physics. Vol. 9. pp 151-162, 2005.

[10] S. T. Oni, and T. O. Awodola Dynamic response under a moving load of an elas-
tically supported non-prismatic Bernoulli-Euler beam on variable elastic founda-
tion. Latin American Journal of Solids and Structures. 7, pp 3 - 20, 2010.

[11] Moshe Eisenberger and Jose Clastornik, Beams on variable Two-Parameter elastic
foundation. Journal of Engineering Mechanics, Vol. 113, No. 10, pp 1454-1466,
1987.



(12]

(13]

(14]
(15]

(16]

VIBRATIONS OF A SIMPLY SUPPORTED PLATE ... 169

J. A. Gbadeyan and S. T. Oni, Dynamic response to a moving concentrated masses
of elastic plates on a non-Winkler elastic foundation. Journal of Sound and Vi-
bration, 154, pp 343-358, 1992.

J. Clastornic, M. Eisenberger, D. Z. Yankelevsky and M. A. Adin, M. A. Beams
on variable elastic foundation. Journal of Applied Mechanics, Vol. 53, pp 925-928,
1986.

M. R. Shadnam, M. Mofid and J. E. Akin, On the dynamic response of rectangular
plate, with moving mass. Thin-Walled Structures, 39(2001), pp 797-806, 2001.
H. P. Lee and T. Y. Ng, Transverse vibration of a plate moving over multiple
point supports. Applied Acoustics, Vol. 47, No. 4, pp 291-301, 1996.

S. T. Oni, and T. O. Awodola, Dynamic behaviour under moving concentrated
masses of simply supported rectangular plates resting on variable Winkler elastic
foundation. Latin American Journal of Solids and Structures (submitted), 2011.

DEPARTMENT OF MATHEMATICAL SCIENCES, FEDERAL UNIVERSITY OF
TECHNOLOGY, AKURE, NIGERIA.

E-mail address: sundayonil958@yahoo.ca

DEPARTMENT OF MATHEMATICAL SCIENCES, FEDERAL UNIVERSITY OF
TECHNOLOGY, AKURE, NIGERIA.
E-mail address: oluthomas71@yahoo.com



