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ITERATIVE APPROXIMATION OF SOLUTIONS OF
VARIATIONAL INEQUALITY PROBLEMS
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In this paper, we prove strong convergence of implicit and
explicit iterative method to solutions of variational inequality
problems on fixed point sets of finite family of nonexpansive
mappings in g-uniformly smooth real Banach spaces. As an
application, we obtain strong convergence of modifications of
these iterative methods to solutions of the variational inequality
problems on fixed point sets of finite family of strictly pseudo-
contractive mappings. Our theorems complement some recently
announced results.
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1. INTRODUCTION

Let (E, ||.||) be a real normed space. Let S := {z € E : ||z| = 1}.
The space E is said to have a Gdteauz differentiable norm if the
limit

et byl

t—0 t
exists for each z,y € S; and the space E is said to have a uniformly
Gateaux differentiable norm if for each y € S the limit is attained
uniformly for x € S. The space E is said to be uniformly smooth it
and only if for all € > 0, there exists 6 > 0 such that for all z,y € F
with ||z|| = 1 and ||y|| < 0, the inequality

[z +yll + |z — vl
2

holds. It is well known that every uniformly smooth real Banach
space is a reflexive real Banach space and has uniformly Gateaux

— 1<yl
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differentiable norm (see e.g., [13]).

Let E be a real normed linear space with dimension, dim(E) > 2.
The modulus of smoothness of E is the function pg : [0,00) —
[0, 00) defined by

lz+yll +llz—yll
2

pi(t) = sup] Lol = 1, lgll = ¢}
In terms of the modulus of smoothness (see e.g. [13]), the space £

pe(t)

is called uniformly smooth if and only if lim = 0. The space

t—0t
E is called q-uniformly smooth if and only if there exists a constant

¢ > 0 such that pg(t) < ct?, t > 0. It is easy to see that for
1 < g < 400, every g-uniformly smooth Banach space is uniformly
smooth; and thus has a uniformly Gateaux differentiable norm.

Let E be a real normed linear space with dual £*. We denote by
J, the generalized duality mapping from E to 25" defined by

Jow = {f" € B+ (x, f*) = [l=[|%, | £ = [l=]|*"},

where (.,.) denotes the generalized duality pairing between mem-
bers of £ and members of £*. For ¢ = 2, the mapping J = J; from
E to 27" is called the normalized duality mapping. It is well known
that if F is uniformly smooth or E* is strictly convex, then the
duality mapping is single-valued; and if £ has a uniformly Gateaux
differentiable norm then the duality mapping is norm-to-weak™ uni-
formly continuous on bounded subsets of E. If E = H is a Hilbert
space then the duality mapping becomes the identity map of H
(see e.g., [13, 48]). In the sequel, we shall denote the single-valued
generalized duality mapping by j, and the single valued normalized
duality mapping by j.

A real normed space E with strictly convex dual is said to have
a weakly sequentially continuous generalized duality mapping j, if
and only if for each sequence {z,},>1 in E such that {x,},>1 con-
verges weakly to z* in E, we have that {j,(x,)},>1 converges in
the weak™ topology to j,(z*). A real Banach space E is said to
satisfy Opial’s condition if for any sequence {x, },>1 in E such that
{y}n>1 converges weakly to z* in E, we have that

limsup ||x, — z*|| < limsup ||z, — y||
n—oo n— o0
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forall y € E, y # z*. By Theorem 1 of Gossez and Lami Dozo [15],
it is known that if ' admits weakly sequentially continuous duality
mapping, then E satisfies Opial’s condition (see [15] for more de-
tails). Aside from Hilbert spaces, it was noted in [5] that the most
significant class of Banach spaces having a weakly sequentially con-
tinuous generalized duality mapping are the sequence spaces ¢, for
1 < ¢ < 400 (see [6] and [7], where it is also shown that L,(R) has
no weakly sequentially continuous duality mapping for ¢ # 2).

A mapping f : E — F is said to be a strict contraction or simply
a contraction if and only if there exists 7o € [0, 1) such that for all
x,y €l
1 () = fFWI < ollz —yll.
A mapping T : F — FE is called nonexpansive if and only if for all
x,y € B,
[Te =Tyl <z -yl

A point x € FE is called a fized point of an operator T' if and only
if Tw = z. The set of fixed points of an operator T" is denoted by
F(T), that is, F(T) :={zx € E: Tx = x}.

A mapping A : £ — FE is said to be accretive if and if for all
z,y € E there exists j,(z —y) € J,(x — y) such that

(A = Ay, jo(z = y)) > 0.

A mapping A : F — FE is called strongly accretive if and only
if there exists a constant n > 0 and for all z,y € E there exist
Jo(x —y) € J (v — y) such that

(Az = Ay.j(x = y)) = nllz = y]|°.

When E = H is a Hilbert space, accretive and strongly accretive
mappings coincide with monotone and strongly monotone map-
pings, respectively.

A linear operator A : H — H is called a k—strongly positive oper-
ator if and only if there exists a constant k£ > 0 such that for all
r € H,

<Ax,x> > kl|z||2.

Thus, every strongly positive bounded linear operator on H is
strongly monotone.
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Iterative approximation of fixed points and zeros of nonlinear op-
erators has been studied extensively by many authors to solve non-
linear operator equations as well as variational inequality problems
(see e.g., [18], [23]-[28], [32]-[38]). In particular, iterative approxi-
mation of fixed points of nonexpansive mappings is an important
subject in nonlinear operator theory and its applications in image
recovery and signal processing is well known (see e.g., [12, 31, 47]).
Most published results on nonexpansive mappings centered on the
iterative approximation of fixed points of the nonexpansive map-
pings or approximation of a common fixed point of a given fam-
ily of nonexpansive mappings. Iterative methods for nonexpansive
mappings are now also applicable in solving convex minimization
problems (see, for example, [45] and references therein).

Let H be a real Hilbert space with inner product <., > Let C
be a closed convex nonempty subset of H, let T': C' — C be a
nonexpansive mapping such that F(T) # (). Given u € C and a real
sequence {a,},>1 in the interval (0,1), starting with an arbitrary
initial zg € C, let a sequence {z,},>1 be defined by

Tpi1 = Ot + (1 — apy1) Ty, n > 0. (1.1)

Under appropriate conditions on the iterative parameter {a, },>1,
it has been shown by Halpern [16], Lions [21], Wittmann [41] and
Bauschke [2] that {z,},>¢ converges strongly to Pp(ryu, the pro-
jection of u to the fixed point set, F(T) of T.

H. K. Xu [45] studied the following quadratic minimization prob-
lem: find z* € F(T') such that

b =) = i (1)~ (). 0

where v € H is fixed and A : H — H a bounded linear strongly
positive operator. Let C,Cs, ..., Cy be N closed convex subsets of
a real Hilbert space H having a nonempty intersection C'. Suppose
also that each Cj is a fixed point set of nonexpansive mappings
T,: H— H,i=1,2,..,N, Xu [45] proved strong convergence of
the iterative algorithm

29 € H, Tpi1 = (I — a1 ATy + apyqu, n>0 (1.3)

(where T,, = T}, moa v and the mod function takes values in {1,2, ...
,N}) to a unique solution of the quadratic minimization problem
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(1.2).

Marino and Xu [24], proved that the iteration scheme given by
xo € H, i1 = apyf(z,) + (I — ayA) Tz, n>0 (1.4)

converges strongly to a unique solution ' € F/(T') of the variational
inequality

<(fyf—A)a:’,y—x/> <0VyeF(T), (1.5)

which is the optimality condition for the minimization problem

min <1<Ax,a:> — h(c)),
zeF(T)\ 2

where h is a potential function for v f (that is, h'(z) = vf(x) for
all x € H); provided f : H — H is a contraction, T : H — H is
nonexpansive and the iterative parameter {a, },>o satisfies appro-
priate conditions.

In [46], Yamada introduced the following hybrid iterative method
xo € H, xpy1 = Tay — p\yA(Txy), n >0, (1.6)
where T' is nonexpansive, A is L-Lipschitzian and strongly mono-
tone operator with constant n > 0 and 0 < p < % He proved
that if {\,},>1 satisfied appropriate conditions, then (1.6) con-
verges strongly to a unique solution ' € F(T) of the varational
inequality
<Ax',y - x’>2 0Vye F(T).
Recently, M. Tian [40] studied the following iterative method:
xg € H, pi1 = apyf(x,) + (I — pa,A)Tx,, n > 0. (1.7)

Tian [40] proved that if f : H — H is a contraction, A : H — H
is an n-strongly monotone mapping, 7' : H — H a nonexpansive
mapping and the parameter {a,},>1 satisfies appropriate condi-
tions, then the sequence {z,},>1 converges strongly to a unique
solution o’ € F(T) of the variational inequality

<(vf — pA)',y — x> <0Vye F(T).

Motivated by the results of the authors mentioned above, it is
our aim in this paper to prove strong convergence of implicit and
explicit iterative method to solutions of variational inequality prob-
lems on fixed point sets of nonexpansive mappings in ¢-uniformly
smooth real Banach spaces. As an application, we obtain strong
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convergence of modifications of these iterative methods to solutions
of the variational inequality problems on fixed point sets of strictly
pseudocontractive mappings. Our theorems complement some re-
cently announced results.

2. PRELIMINARY

In what follows, we shall make use of the following Lemmas:

Lemma 2.1. Let E be a real normed linear space, then for1 < q <
400, the following inequality holds:

lz+yl|l? < |z|"+q{y, jo(z+y)) Yo,y € E, V j(z+y) € Jo(z+y).

Lemma 2.2. (See e.g., [4, 43, 45]) Let {\,}n>1 be a sequence of
nonnegative real numbers satisfying the condition

)\nJrl S (1 - Qn))\n + Op, N Z Oa

where {ay, tn>0 and {0y, }n>o are sequences of real numbers such that
oo

{an}tn>1 C [0,1], Zan = 4o00. Suppose that o, = o(a,), n >0

n=1
o
. . 0 . o
(i.e., lim — = 0) or g lon] < 400 or limsup — < 0, then
n—00 Uy, =1 n—oo Op

A — 0 asn — oo.

Lemma 2.3. (Compare with Lemma 3 pg. 257 of Bruck [11]) Let
C be a nonempty closed and convex subset of a real strictly convex
Banach space E. Let {T;};>1 be a sequence of nonself nonexpansive

mappings T; : C — E such that F := (F(T;) # 0. Let {0;} C
i=1

(0,1) be such that ZO’Z' = 1. Then the mapping T := ZO’Z'TZ' :

i=1 i=1

C' — FE is well defined, nonexpansive and F(T) = ﬂF(TZ)
i=1

Lemma 2.4. (See [49], p.202 Lemma 3). Let E be a strictly con-
vex Banach space and C be a closed convexr subset of E. Let Ty,
T,,.... T, be nonexpansive mappings of C into itself such that the
set of common fized points of Ty, T5,..., T, is nonempty. Let Sy,
Sa,...,S, be mappings of C into itself given by S; = (1 — ;)1 + v T;
forany 0 <y, <1,1=1,2,....,r, where I denotes the identity map-

ping on C. Then Sy, Ss,...,S, satisfies the following: (F(S;) =
i=1
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ﬂF(E) and ﬂF(SZ) = F(STSr_l...Sl) == F(Slsr_l...SQ) = ... =
i=1 i=1
F(S,-1...515;).

Lemma 2.5. (See e.g. [44]) Let E be a g-uniformly smooth real Ba-

nach space for some q > 1, then there exists some positive constant
d, such that

lz+yl1? < [l2]1? + a(y, jo(2)) + dylly]° (2.1)
Va,ye E, Vj,(z) € Jy(x).

If Eis L, (or £,) space, the constant d, in (2.1) has been calculated.
This is shown in the following lemma.

Lemma 2.6. (See e.g. [19]) Let E be L, (or {;) space (1 < q <
+o00) and x,y € F,

(1) if 1 < q <2, then
lz+ yll* < llzll? + ay. do(2)) + dally]l*

-1
Va,ye E, Vj,(x) € Jy(z), where d, = %, and by s

the unique solution of the equation
(=2 1+ (¢g—1)p"2-1=0,0<b< 1.
(2) if 2 < q < +o0, then

2 +ylI* < [l2]* + 2(y, j(x)) + (¢ = Dy]?
Va,ye E, Y j(x) € J(x).

Lemma 2.7. (Lemma 2.2 of [42], p. 1411) Let C be a closed
convex nonempty subset of a reflexive Banach space which satisfies
Opial’s condition and suppose T : C' — E is nonexpansive, then the
mapping I =T is demiclosed at zero, that is {x,, }n>1 is a sequence in
C such that x,, — x* and x,, — Tz, — 0 as n — oo, then v* = Tx*

Let u be a bounded linear functional defined on /¢, satisfying ||u|| =
1 = p(1). It is known that p is a mean on N if and only if

inf{a, : n € N} < p(a,) <sup{a,:n € N}

for every a = (aq, as, as, ...) € . In the sequel, we shall use u,(a,)
instead of p(a). A mean p on N is called a Banach limit if p,(ay,) =
fn(any1) for every a = (ay, as, as, ...) € ly. It is well known that if
i is a Banach limit, then

liminf a,, < ppa, < limsupa,
n—oo n—00
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for all a = (a1, a9,as,...) € y. It is now easy to see that for a =

(a1, a9,...), b= (b1,ba,...) € ls, if lim a, = a*, then p,(a,) = a*
n—oo

and if lim a, = lim b,, then pu,(a,) = pn(by).
n—oo

n—oo

3. MAIN RESULTS.

We start as follows.

Lemma 3.1. Let E be a real normed linear space. Let A : E — E
be a n—strongly accretive mapping. Let T' : E — E be a nonez-
pansive mapping such that F(T) # 0, A > 0 and u € E be a fived
vector. Suppose that the solution x' € F(T) of the variational in-

equality <u — MY, j,(p — ;1:’)> <0V pe F(T) exists, then x’ is
unique.

Proof. Suppose for contradiction that the variational inequality

has two solutions in F(T"), say 2’ # v, then we have, in particular,
that

<u — N g, (y — ;1:/)> <0
and

—(u =24y, gy’ — #)) <0.

Thus, adding these two inequalities and using strong accretivity of
A, we obtain that

Anlly” — 2'||9 < <)\Ay/ — N j,(y — ;1:/)> <0,

a contradiction. Hence, the variational inequality has a unique so-
lution, provided the solution exists. This completes the proof. O

Remark 3.2. If E is a g-uniformly smooth real Banach space; a
mapping A : EF — E an L-Lipschitzian n—strongly accretive and
T : E — E a nonexpansive mapping, then for the mapping (I —
tAA)T : E — E (where [ is the identity map of E, A > 0 and
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t € (0,1)), we obtain using Lemma 2.5 that
(I —tANA)Tx — (I —tAA)Ty||? = ||[Tz—Ty—tAN(ATz — ATy)|?
< Tz —Ty||? — gtA(ATz — ATy,
Jo(Tx = Ty)) + dg(tA)*
X||ATxz — ATyl
T2 — Tyl — qtnA|| Tz — Ty||
+d, (tLN)|| Tz — Ty||?
(1 — t\(qn — ququ*1)>
[Tz — Tyl

IN

IA

1

So that if A is such that 0 < A < < 40 )q_l, we have that

Lad,
0<1—t\gn—d, LN <1

and since T' is a nonexpansive mapping of F into F and 1 < ¢ <
400, we obtain

Q[

(I — tAA) Tz — (I — tAA)Ty|| < (1 — t\(qn — quqAH))
x| Tz — Tyl
1
< (1 — tA(qn — qu"XH)) '
x|z = yl|- (3.1)

Lemma 3.3. Let E be a g-uniformly smooth real Banach space. Let
A: FE — FE be an L-Lipschitzian n—strongly accretive mapping. Let
T : E — E be a nonexpansive mapping such that F(T) # 0. Letu €

1

a—1 .
E be fized, 0 < \ < <L?z7c7zq>q and t € (O,mm{l,W}),
then there exists a unique z; € E such that

Proof. For each t € <O,min{1, m}), define Sy : E — E
by Six = tu+ (I —tAA)Tz for all x € E. Then,

ISie = Syl = [I(I = tAA)Tw — (I = tAA)Ty]|

< (1 \an— (L) e — |
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Thus, for all ¢t € <0,min{1,m}), we have that S, is a

strict contraction on E. Hence, there exists a unique z; € £ which
satisfies (3.2). This completes the proof. O

Lemma 3.4. Let E, A, u € F and T be as in Lemma 3.3. Let
{z:} satisfy (3.2), then
(a) {z} is bounded;
(b) The mapping ¥ : <O,min{1,m}) — E given by
U(t) = z is continuous;
(c) lim ||z, — T'z|| = 0.
t—0

Proof.
(a) Let p € F(T). If 2, = p for all t € <O,min{1,m}>,

then we are done. Otherwise, let t* € (O, min{l, m}> be

such that z; # p V t € (0,¢*]; then using (3.1), (3.2) and Lemma
2.1, we have that for all ¢ € (0,¢*],

2t = pll* = (I —tAA)Tz — (I — tAA)p + t(u — AAp) |
< (1= tanh = do(LN) )12 = ]I
+qt<u — Mp, jo (21 — p)>

(1= tanA — dy(L2)7) ) 120 = p]I
+at|u — AApl|.[|z — p[* (3.3)

IN

Thus, we obtain from (3.3) that
Iz = pll < (1= tanA — dy(EN))) 1z = pll + atlju — Ap|. (3.4)
Inequality (3.4) therefore gives

qllu — pApl|
qnA — dg(LN)®

Ize = pll <

Hence, the path {z} is bounded; and so is {AT'z}.

(b) Let tg € <0, min{l be arbitrary. It is enough to

1
? qnA—dq (L)1 }
show that the mapping ¥ : <O, min{l, m}) — FE given by

U(t) = z is continuous at t5. Now, for some constant M; > 0 and
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using Lemma 2.1, we have that

o=z lf = (|t = to)u — (t — to)AAT 2 + (I — toAA) T2,
—(I — to)\A)TZtO Hq
(T = toAA)T 2 — (I — togAA)T 2, ||°

a((t = to)u — (£ — t)AAT 20, jo(2 — ) )
(1= tolanr = (LA 12 = 21

+|t — to| M|z — 25, || (3.5)
Thus, we obtain from (3.5) that

IN

IN

M,

(am — @y |~

() = wlto)ll = llz = 2u0ll < &

and the result follows.
(c) Using (3.2), we have that for some constant M, > 0,

|2t = Tz|| < tllu— ANATz|| <tMy — 0ast — 0.
This completes the proof. O

Theorem 3.5. Let E, A, u € E and T be as in Lemma 3.3. Let
{z:} satisfy (3.2), then {z;} converges strongly to some 2’ € F(T)
which is a solution of the variational inequality

<u—)\Aa:',j(p—x')> <0VpeF(T). (3.6)

Proof. By Lemma 3.1, if solution of (3.6) exists in F(T'), then it
is unique. Let p € F(T'), then using (3.2), we have that
z—p=t(u—AAp) + (I —tAA)Tz — (I —tAA)p. (3.7)
Thus, using (3.1), (3.7) and Lemma 2.1, we obtain that
lze = pll" < (I =tAA) Tz — (I = tAA)p|
+qt<u — Ap, Jo (2 — p)>

< (1 tlamd = dy(AL)") |22 )"

+qt{u = AAp, jo(z — ). (3.8)
So, (3.8) implies that
o= pll7 € e Ap Gz —p)). (39)
— g\ — d (L)1 T
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From Lemma 3.4 we know that {z;} is bounded. Let {¢,},>1 in
<0, min{l, m}) be such that lim ¢, = 0 and set z, = 2.

n—oo
Then, defining & : £ — RU {+o00} by ®(z) = ||z, — z[|? for
all z € E (for some Banach limit, u, on {), we have that & is

continuous, convex and lim  ®(z) = +oo. Thus, setting
[[ ]| —+o00

K = {y €E:d(y) = min<1>(9:)},

zelR

then K is bounded closed convex and nonempty subset of £ and
since by Lemma 3.4, lim ||z, — T'z,|| = 0, we obtain using Lemma
n— oo

2.1 that for some constant My > 0 and for all y € K,

O(Ty) = pallzn =Tyl = palT2n — Ty + 21 — Tzp|*
< (12 = Tyl + a{zn = TosGo(0 — T9) ))
< i (IT20 = Tyl + 2 = Tzl Mo)
< pnllze = yll? + pallze — Tzl Mo

= pinll2n — y||? = O(y). (3.10)

Thus, T(K) C K; that is, K is invariant under 7. Since E
is uniformly smooth real Banach space and thus every bounded
closed convex nonempty subset of E has the fixed point property
for nonexpansive mappings, then there exists 2/ € K such that
Tx' = a'. Since 2’ is also a minimizer of ® over E, it follows that
for arbitrary « € E and for all £ € (0,1), ®(2') < @ (2 +&(z — ).
Lemma 2.1 gives

|20 — 2" = &(z = 2")[|T < 2 — 2| (3.11)
— q§<x—x’,jq(zn—x’—f(x—x/))>.

Inequality (3.11) implies that

un<x — ', jg (20 — 2’ — E(z — x’))> <0. (3.12)

Furthermore, since F is uniformly smooth, the duality mapping j,
is norm-to-weak* uniformly continuous on bounded subsets of F;
and hence

1im<<x—x’,jq(zn —x’)> — <x—x’,jq(zn —a —f(x—x/))>) =0.

£—0
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So, for all € > 0, there exists d. > 0 such that for all £ € (0,6,) and
for all n € N, we have that

<a: — &', Jg(zn — x’)> — <x — x',jq(zn —1' —&(x— x'))> < €.
This implies that for all £ € (0,4,),
un<x—x’,jq(zn —x’)> < 6+,un<x—x’,jq(zn —a —f(x—x/))> <e
and since € > 0 is arbitrary, we obtain that
,un<x — &, jg(zn — ;1:/)> <0VzekE.

Hence, we have in particular, that for the vectors v € E and 22" —
Mo e B

un<u — &, jy(zn — ;1:/)> <0 (3.13)

and
,un<(2x/ — Nz =2, j (2 — x’)> = ,un<x’ — MNAZ (20 — ;1:/)>
< 0. (3.14)

Moreover, since {t,},>1 is in <O,min{1,m}) and 2/ €
F(T), we obtain from (3.9) that

i =1 < — ilq(mq (u= A Gy — )
- L((o—atnme)
(' = A ol = 7)) ) (3.15)

where w = gn\ — d,(AL)%. So, from (3.15) (using (3.13), (3.14) and
the linearity of Banach limit) we obtain that

1
nllza =1 < =pu—a’ iz — ') +

]' / /. /
—i—a,un<x — MY jo(zn — @ )> < 0. (3.16)

S0, fin|lzn — 2’| = 0 and this implies that there exists a subse-
quence {zy,, }i>1 of {2z, }n>1 such that z,, — 2’ as i — oo.

We now show that 2’ is a solution of the variational inequality (3.6).
From (3.2), we obtain that

Zn, =t u+ (I =, NA)T 2,
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This gives

1
ANz, —u= —t—(zm —Tzp,) + MAz,, — ATx,,,). (3.17)

n;

Thus, for all p € F(T'), we obtain from (3.17) that

</\Azni — U, Jo(2n, —p)> = —ti<2nl — T2y, jq(2n, —p)>

+)\<Azm. — ATz, 5 (20, — p)> (3.18)
Since T' is nonexpansive, we have that (I — T') is accretive. Thus,
(2 = T ol =) ) = (I =T)z0, = (1 = T)p, jg(za, = 1) ) 2 0.
So, (3.18) gives

</\Azni — U, Jq(2n, —p)> < )\<Azni — AT %y, jo(2n, —p)> (3.19)
Using (3.19), we obtain (for some constant M, > 0) that
<)\Ax/ — u, oo’ — p)> = <)\Azni — U, Jq(2n, — p)>
—</\Azni — N2, gy (20, — p)>
(= AT, jolz, = D) = jol@’ ~ D))
My(||Azy, — ATz, || + [|AAz,, — )\A:zc’H)
(= AT, gz, = B) = ala’ — )

(3.20)

Hence, since A, T are continuous, z,, — 2’ € F(T) as i — oo
and the duality mapping is norm-to-weak* uniformly continuous
on bounded subsets of E, we obtain from (3.20) that (as i — o0)

IN

<)\Ax’ —u, jo (2 —p)> <0VpeF(T).
So, 2/ € F(T) is a solution (3.6).

Finally, we show that {z,},>1 converges to z’. Suppose that there
is another subsequence {z,, };>1 of {z,},>1 such that z,, — 2 € £
as | — oo. Then by (c¢) of Lemma 3.4, we have that 2/ € F(T).
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Similar argument (from (3.17) to (3.20) with z,, replaced by z,,)
shows that

</\Az' —u, jq (2 —p)> <0Vpe F().

Uniqueness of solution of (3.6) shows that 2/ = 2/. Hence, z, =
2z, — @' and n — oo. Consequently, we obtain that the path {z}
given by (3.2) converges strongly (as ¢ — 0) to unique 2’ € F(T)
which solves the variational inequality (3.6). This completes the
proof. O

The following corollaries follow from our discussion so far.

Corollary 3.6. Let E be a real L, or (£,) space. Let A and T be
as in Lemma 3.3 and {z} satisfy (3.2), then we obtain the same
conclusion as in Theorem 3.5.

Remark 3.7. Since every Hilbert space is a 2-uniformly smooth Ba-
nach space, it follows from Lemma 2.6 that if £ = H is a Hilbert
space, then d, = dy = 1. Furthermore, we recall that in a Hilbert
space H, the duality mapping coincide with the identity mapping
on H. Thus, we have the following corollary.

Corollary 3.8. Let H be a real Hilbert space, T : H — H a
nonexpansive mapping such that F(T) # (§ and A : H — H
be an L-Lipschitzian strongly accretive mapping with a constant
n > 0. Let w € H be fired. Suppose that 0 < \ < % and t €

<O,min{1, m}>, then there exists a unique z, € H satisfy-
ing (3.2). Moreover, {z:} converges strongly (ast — 0) to a unique
solution ' € F(T) of the variational inequality <u—/\Ax/,p—x/> <
0VpeF(T).

Corollary 3.9. Let E be a strictly convex q-uniformly smooth real
Banach space, let A . E — E be an L-Lipschitzian strongly accre-

tive mapping with a constant n > 0. Let'T; : E — FE,i = 1,2, ...
be a countable family of nonexpansive mappings such that F :=

NF(T;) # 0. Let T := ZaiTi, where {o;};>1 C (0,1) is such
i=1

=1

that Zai = 1. Let u € E be fized. Suppose that the conditions of
i=1

Lemma 3.3 are satisfied, then there exist a unique z; € E satisfy-

ing zy = tu+ (I — tAA)Tz;. Moreover, {z} converges strongly (as
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t — 0) to a unique solution x’ € F(T) of the variational inequality
<(u — N2 j(p — x/)> <0VpeF.

Proof. By Lemma 2.3, T := Z o,;T; is well defined, nonexpansive
i=1

and F(T) = F. The rest follows as in the proof of Theorem 3.5. O

Corollary 3.10. Let E be a strictly convex g-uniformly smooth

real Banach space, let A : E — E be an L-Lipschitzian strongly

accretive mapping with a constant n > 0. Letl; : EE — E,i =

1,2,...,m be a finite family of nonexpansive mappings such that

F:=NF(T;)#0. Let T := ZaiTi, where {o;}™, C (0,1) is such

=1 i=1

that Zai = 1. Let u € E be fized. Suppose that the conditions of
i=1

Lemma 3.3 are satisfied, then there exist a unique z; € F satisfying

2y = tu+(I—t\NA)T z,. Moreover, {z} converges strongly to a unique

solution o' € F(T) of the variational inequality <u — N2 j(p —
x’)> <0VpekF.

4. STRONG CONVERGENCE OF EXPLICIT ITERATION SCHEME
FOR FINITE FAMILY OF NONEXPANSIVE MAPPINGS.
1

In the sequel, we shall assume that 0 < A < < 71 )qil, o, €

Ladg
. 1 .
<O,m1n{1,m}> Vne N, 71114{101006” = 0, Z()én = o0 and
n=1
lim 20 g e fim = 1

n—oo an+r n—oo a{n+,r.

Theorem 4.1. Let E be a g-uniformly smooth real Banach space
which admits weakly sequentially continuous generalized duality map-
ping, let A : E — E be an L-Lipschitzian strongly accretive map-
ping with a constantn > 0. LetT;, : B — E,i=1,2,....r be a finite

family of nonexpansive mappings such that Q := (F(T;) # 0. Let
i=1
u € E be fivred and {x,}n>1 be a sequence in E generated iteratively
by
29 € E,xpi1 = appiu+ (I — a1t ANA) T, n >0, (4.1)

where T,, = T}y mod» and mod function takes values in {1,2,...,7}.
Suppose that Q = F(T,T,_1..T1) = F(T1T,_1..T,) = ...
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= F(T,-1.. hT,), then, {x,}n>0 converges strongly to a solution of
the variational inequality

<u—)\Ax’,jq(p—x’)> <0VpeQ. (4.2)

Proof. Since the mapping G = T115... T, : E — FE is nonexpansive,
then following the method of proof of Theorem 3.5, we have that
for all t € <O,min{1,m}), there exists unique z; € F
which satisfies z; = tu + (I — tAA)Gz;, moreover, {z;} converges to
a unique solution 2’ € F(G) = Q of (4.2). We now show that the
explicit scheme (4.1) converges strongly to z’. We start by showing
first that {z,},>0 is bounded. Now, let p € 2 and set

qllu — AAp|| }
qnA — dg(LA)e )

ri= maX{H;EO — |

We show by induction that
|z, —pl| <rVn>0. (4.3)
Observe that for n = 0 (4.3) clearly holds. Assume for n > 0 that
(4.3) is true. We show that (4.3) is also true for n 4 1. Suppose for
contradiction that this does not hold, then
[ns1 = pll > r = |z — pl|-
Thus, using (3.1), (4.1) and Lemma 2.1, we obtain that
[Zni1 = oY = [lanu+ (I = anpi AA) Tz, — pl|f
= (I = anp1AA) Ty,
—(I = ant1AA)p + ani1(u — AAp)|[|?

< H(I - O‘n-i-l/\A)Tn—I—lxn - (I - O‘n—l—l/\A)qu
+qan+1<u - )\Ap, jq(anrl - p)>
< (1= ansalanr = do(LN") ) 2 = 1

+qan i llu — AAp||. |z, —p[ "
< (1= anaalamd = dy (LN ) 201 = p]*
+qaniallu — AAp||lzn s — pll 7 (4.4)
Inequality (4.4) implies that

qllu — A\Ap||
g\ — d (LN)?’

lzn1 = pll <
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a contradiction. Hence, the sequence {z,},>1 is bounded. Conse-
quently,
{Thi17n}n>1 and { AT, 112, }n>1 are also both bounded.

Furthermore, using (4.1),

Tpgr — T = (Qpyr — o)+ (I — b AA) Ty T (4.5)
—(I — ap o ATy 1 — (e — ) )ANAT Ty 1.

Thus, using the fact that T,,, = T,,, we obtain from (4.5) using
Lemma 2.1 that for some constant M5 > 0,

[2nsr =zl < (1= aner(gnA = dy(ZN)) [0sr-1 = 70 |

_HanJrr - Oén‘MS

= (1= Qe amr = oL )1 = @

Opyyr — O,
+M5an+r@ (4.6)
Qptr
So, using (4.6), we obtain from Lemma 2.2 that
lim ||zp4r — 20| =0 (4.7)
— 00

Furthermore, from the recursion formula (4.1) and for some con-
stant Mg > 0, we obtain

Hanrl - Tn+1an = OénJrlHu - )\ATnJrlan < an+1M6-
Thus,

lim ||zp41 — Thi1zn| = 0.
n—oo

Similar argument shows that
Tonar — TnirTpir—1 — 0 asn — oo. (4.8)

Thus, we obtain using (4.8) and the fact that 7,, is nonexpansive
that

Tnar — TnirTpyr—1 — 0asn — 0o
TnJrranrrfl - TnJrrTnJrrflanrer —0asn — oo

Tn—l—’rTn-l—r—lxn—i—’r—Q - Tn+rTn+7‘—1Tn+r—2xn+7‘—3 —0asn — o0

Tn+7‘...Tn+2xn+1 — Tn+r...Tn+2Tn+1xn — 0asn — oo.
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Adding up these yields
Toar — Tnare Do T, — 0 as n — oo. (4.9)
But,

|20 — Togre TngoTna1®n || < |20 — Tngr|
+Hxn+r — Tn+7’"‘Tn+2Tn+1an (4].0)

Thus, using (4.7), (4.9) and (4.10), we get that

lim ||l‘n - Tn_,_rTn_,_ng_,_lan = 0. (4].1)

n— o0

Next, we show that

lim sup<u — Ny (x, — ;1:/)> <0.

n—oo

Let {z,, }x>1 be a subsequence of {x,},>1 such that

lim sup<u — N Gy (x, — x')> = lim <u — N, (2, — x')>

n—00 k—o0

Since {,},>1 is bounded and since E is a reflexive real Banach
space, there exists a subsequence {x,, }m>1 of {z,, }x>1 such that
{2n,, }m>1 converges weakly to some p* € . Without loss of gen-
erality, we may assume that ny,, is such that T,,, = T; for some
i€{l1,2,...,r}, for all m > 1. It therefore follows from (4.11) that

nlgréo |2, = TivreTiv2Ti12n,,, || = 0.

So, by Lemma 2.7, p* € F(T;1,.. Ti12T;41) = Q. Thus, since E has
weakly sequential continuous generalized duality mapping, we have
that

lim sup<u — NAZ gy (zn — x’)> = lim <u — N, o (2, — I/)>

n—00 k—o00

. . B /- o
= 7711_r>noo<u ML jo (2, x)>

= <u — N2 j,(p" — x’)> <0
(4.12)

Thus, setting

0, = maX{O, <u — N Gy (, — x')>},
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then it is easy to see that lim 6, = 0. Furthermore, we obtain from
n—o0

the recursion formula (4.1) using Lemma 2.1 that
lzn =27 < <1 — anga(gnA — dq(AL)q)) lzn — 2"
+q04n+1<u — AL, jo(Tni1 — 95/)>
< (1= anaaland — d,(A0) ) — |17 + 6,
V n > 0, where 0, = an1q(qnA — dy(AL)?) [qn/\_g(’;%], which is
clear o(ay41). Hence, by Lemma 2.2, {x,},>; converges strongly

to o’ € Q which is a unique solution of (4.2). This completes the
Proof. O

Remark 4.2. We note that some authors (see e.g., Xu [45]) had
made the assumption that

Q=F(T,T,,..T)=F(TT 41..T) =..=F(T_1.1TT,).
We now consider a situation where this condition is dispensed with.

Example 4.3. Let E be a strictly convex g-uniformly smooth real
Banach space which admits weakly sequentially continuous gen-
eralized duality mapping, let A : £ — FE be an L-Lipschitzian
strongly accretive mapping with a constant n > 0. Let T; : £ —
E.i =1,2,....r be a finite family of nonexpansive mappings such

that Q .= NF(T;) # 0 and S; = (1 — wi)l + w T30 = 1,2,...,7.
i=1

Let u € F be fixed and let {z,},>1 be a sequence in E generated
iteratively by

2o € B, = apiu+ (I — a1 AA) Sy, n >0, (4.13)
where S,, = S, mod » and mod function takes values in {1,2,...,7},
then {z,}n>0 converges strongly to a solution of the variational
inequality (4.2)

Proof. By Lemma 2.4, (" F(S;) = (F(T;) and () F(S;)
i=1 =1 i=1

= F(STSr,l...Sl) = F( 157«,1...5'2) = .. = F(Srfl-'-SlSr)' The
rest follows as in the proof of Theorem 4.1. O

Corollary 4.4. Let E be a g-uniformly smooth real Banach space
which admits weakly sequentially continuous generalized duality map-
ping, let A : E — E be an L-Lipschitzian strongly accretive map-
ping with a constant n > 0. Let T : E — E, be a nonexpansive
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mapping such that F(T) # 0. Let u € E be fized and let {x,}n>1 be
a sequence i E generated iteratively by

9 € B 21 = apriu+ (I — a1 AA) Tz, n >0, (4.14)

then {x,}n>0 converges strongly to a unique x' € F(T) which is a
solution of the variational inequality (3.6)

Proof. Follows as in the proof of Theorem 4.1 using Theorem 3.5.
O

Remark 4.5. We remark that corollaries synonymous to Corollar-
ies 3.6, 3.8, 3.9 and 3.10 are obtainable in this section. But we
must note, however, that though Theorem 4.1, Corollary 4.3 and
Corollary 4.4 hold in the real sequence space (%, they do not hold
in L4(R) for 1 < ¢ < 400, q # 2 since LY(R), ¢ # 2 do not possess
weakly sequentially continuous duality mapping. All our theorems
thus hold in real Hilbert space.

5. APPLICATIONS
CONVERGENCE THEOREM FOR FAMILIES OF STRICTLY
PSEUDOCONTRACTIVE MAPPINGS.

Let E be a normed space. A mapping 7' : F — F is called k-strictly
pseudocontractive if and only if there exists a real constant & > 0
such that for all z,y € D(T) there exists j(z —y) € J(z — y) such
that

(Tx — Ty, j(x —y)) < |lz —y|* = kllz —y — (Tx — Ty)||*. (5.1)

Without loss of generality we may assume that £ € (0,1). If 1
denotes the identity operator, then (5.1) can be re-written as

(I-T)x—=I-T)y,jx—y)=k|(I-T)x—I—-T)y)|*(52)
In Hilbert spaces, (5.1) (or equivalently (5.2)) is equivalent to the
inequality

1Tz = Ty|* < |l = ylI* + BI(I = T)z — (I = Ty,
where § = (1 — k) < 1. It was shown in [30] that if 7" is k-strictly
pseudocontractive, then the following inequality holds

(I =T)z = (I =Ty, jglx —y))

> k(= T)z — (I =T)y)||" (5-3)

Thus, if E is a g-uniformly smooth real Banach space; and T :
E — FE is a k-strictly pseudocontractive mapping, then for the
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map T, := (1 —a)l +aT) : E — E (where I is the identity map of
E and a > 0), we obtain by Lemma 2.5 using (5.3) that:

ITor = Tyl* = Jlz—y—a((I=T)a - (I=T)y)]"

< o —yll* = qa((I = T)z = (I = Ty, jo(z — )
+dya|[(I = T)x — (I =Tyl
lz =yl — a(k*q — dga®") || Az — Ay]|*,

IN

_1
where A = (I —T'). If a is such that 0 < a < (%) “", we have

that the mapping 7, is nonexpansive. It is also easy to see that the
fixed point set of T, and that of T" coincide.

Thus, we have the following theorem

Theorem 5.1. Let E be a g-uniformly smooth real Banach space
which admits weakly sequential continuous generalized duality map-
ping, let A : E — E be an L-Lipschitzian strongly accretive map-
ping with a constantn > 0. LetT; : B — E, i =1,2,....r be a finite
family of k-striclty pseudocontractive mappings such that Q0* =

r .
N F(T;) # 0. Let {a;}/_; be such that 0 < a; < (qkq ) L=
i=1
1,2,...,r and define T,, = (1 — a;)I + a;T;. Let uw € E be fized and
{Zp}n>1 be a sequence in E generated iteratively by

o € B, xp1 = appiv + (I — ani AT, 2n, n >0,  (5.4)

where T, =T, . and mod function takes values in {1,2,...,r}.
Suppose that QO = F(T,,Ts, .. To,) = F(To,T,, ,..T,,) = ... =
F(T,. ,..Ty,T,,), then, {z,}n>0 converges strongly to a solution of

the variational inequality

<u — N j,(p — x’)> <0Vpe Q. (5.5)

Corollary 5.2. Let E be a strictly convex q-uniformly smooth real
Banach space which admits weakly sequentially continuous general-
ized duality mapping, let A : E — E be an L-Lipschitzian strongly
accretive mapping with a constant n > 0. LetT; : E — FE,i =
1,2,...,r be a finite family of k-striclty pseudocontractive mappings

such that Q == (F(T;) # 0. Let {a;}/_, be such that 0 < a; <
i=1

(qk;:)ﬁ,i = 1,2,...,r and define T,, = (1 — a;)I + a;T; and
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Se; = (1 —w)I +wT,,,i = 1,2,....,r. Let u € E be fizred and let
{Zn}n>1 be a sequence in E generated iteratively by

o € B, xpi1 = apiu+ (I — an1AA)S,, T, >0,  (5.6)

where Sg, = Sy mod » and mod function takes values in {1,2,...,1}.
Then, {x,}n>0 converges strongly to a solution of the variational
inequality (5.5).

Corollary 5.3. Let E be a q-uniformly smooth real Banach space
which admits weakly sequentially continuous generalized duality map-
ping, let A E — E be an L-Lipschitzian strongly accretive map-
ping with a constant n > 0. Let T : E — FE, be a k-striclty pseu-
docontractive mapping such that F(T) # 0. For some 0 < a <

_1
%I;) " and define T, = (1 —a)l + aT. Let u € E be fized and

q
let {zp}n>1 be a sequence in E generated iteratively by
20 € B, 21 = apiu+ (I — a1 NA)Tyx,, n >0, (5.7)

then, {x, }n>0 converges strongly to a unique x' € F(T') which is a
solution of the variational inequality (3.6)

Remark 5.4. Prototype for our iteration parameter {a,},>1 (see
e.g. [45]) is given by
ﬁ if m is odd,
ay, =

1 . .
T if n is even.

If we assume that r is odd, since the case r being even is similar,
it is not difficult to see that

nir-l i f nis odd,

Q, Vn
Qptr vn+r

o 1f n is even.

Remark 5.5. Tt is easy to see that Corollary 4.3 is an obvious im-
provement on the corresponding results of [45] in the sense that the
condition

Q - F(TrTrfl---Tl) - F(TlTrfl...Tg) = ... = F(Trfl'--TlTr)
imposed in [45] is dispensed with.
Remark 5.6. When E = H, a Hilbert space, A\ = 1 and A is a
bounded linear strongly positive operator, our iteration process

(4.1) reduces to the iteration scheme studied by Xu [45]. If the
fixed vector u € E is identically equal to the zero vector of H; if
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the mapping A a strongly monotone operator; and we consider a
single nonexpansive mapping, (4.1) reduces to the scheme studied
by Yamada [46]. We recall that the results of Xu [45] and Yamada
[46] remain in Hilbert spaces. Our theorems, therefore, complement
the results of these authors.

Remark 5.7. It is well known that in a uniformly convex and uni-
formly smooth real Banach space, 2’ € F(T') is a solution of varia-
tional inequality {(vf — pA)z’,y —2’) <0V y € F(T) if and only
if Prery(I — (vf — pA))a’ = 2/, where Pp(r) is the metric projec-
tion of E onto F(T). Furthermore, if E = H is a Hilbert space,
we can easily show that if 0 < p < % (where L is the Lipschitz
constant of the strongly accretive operator A), then the mapping
Prry(I — (vf — pA) is a strict contraction on H (using the fact
that the metric projection Pp(7) is nonexpansive in this case). Thus,
Banach contraction mapping principle gives existence of a unique
x* € H such that Ppp ([ — (vf — pA)x* = z*. One may therefore
wonder why the Picard’s iterative method given by

(%) w0 € H, Tpyy = Pr(r) (I - (vf—pnA)zr,, n>0

was not employed for this problem in Hilbert space. It happens
that theoretically, the Picard’s iteration method (#x*) works, but in
application, it seems difficult to be used since the projection op-
erator Pp(r) is not readily handy. Besides, we must not that the
projection operator is not necessarily nonexpansive in spaces more
general than Hilbert space. Hence, construction of iterative meth-
ods which do not involve metric projections become a necessity.
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