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ABSTRACT. In this study, some linear-bivariate polynomials
p(x, y) = a+ bx+ cy that generate quasigroups over the ring Zn

and which forms a group Pp(Zn) which is a subgroup of a monoid
Hp(Zn) are studied. Their isotopy structure (isotopism, auto-
topism, isomorphism, automorphism) are also studied. Some
sufficient conditions based on a, b, c, for the isomorphism, iso-
topism and equivalence of the generated quasigroups are also
deduced.
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1. INTRODUCTION

Let G be a non-empty set. Define a binary operation (·) on G.
(G, ·) is called a groupoid if G is closed under the binary operation
(·). A groupoid (G, ·) is called a quasigroup if the equations a·x = b
and y · c = d have unique solutions for x and y for all a, b, c, d ∈ G.
A quasigroup (G, ·) is called a loop if there exists a unique element
e ∈ G called the identity element such that x · e = e · x = x for all
x ∈ G.
A function f : S × S → S on a finite set S of size n > 0 is

said to be a Latin square (of order n) if for any value a ∈ S both
functions f(a, ·) and f(·, a) are permutations of S. That is, a Latin
square is a square matrix with n2 entries of n different elements,
none of them occurring more than once within any row or column
of the matrix.
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Definition 1: A pair of Latin squares f1(·, ·) and f2(·, ·) is said to
be orthogonal if the pairs

(
f1(x, y), f2(x, y)

)
are all distinct, as x

and y vary.
For every quasigroup (G, ·), there exists five other corresponding
quasigroups.
Definition 2: (Parastrophes) Let (G, θ) be a quasigroup. The five

parastrophes of (G, θ) are (G, θ∗), (G, θ−1), (G,−1 θ),
(
G, (θ−1)∗

)
and

(
G, (−1θ)∗

)
whose binary operations θ∗, θ−1, −1θ, (θ−1)∗ and

(−1θ)∗ defined on G satisfy the conditions :

(a): yθ∗x = z ⇔ xθy = z ∀ x, y, z ∈ G;
(b): xθ−1z = y ⇔ xθy = z ∀x, y, z ∈ G;,
(c): z −1θy = x ⇔ xθy = z ∀x, y, z ∈ G;
(d): z(θ−1)∗x = y ⇔ xθy = z ∀x, y, z ∈ G; and
(e): y(−1θ)∗z = x ⇔ xθy = z ∀ x, y, z ∈ G.

A quasigroup which is equivalent to all its parastrophes is called a
totally symmetric quasigroup while its loop is called a Steiner loop.
Definition 3: Let (G, ·) be a groupoid or quasigroup. The triple
(A,B,C) where A,B,C : G −→ G are bijections is called an
autotopism of (G, ·) if

xA · yB = (x · y)C for all x, y ∈ G.

The group of all autotopisms of (G, ·) is denoted by AUT (G, ·).
Definition 4: Let (G, ·) be a groupoid or quasigroup. A triple
(A,A,A) ∈ AUT (G, ·) is called an automorphism of (G, ·) and is
written simply as A. The group of all automorphisms of (G, ·) is
denoted by AUM(G, ·).
Remark 1: Note that AUM(G, ·) ≤ AUT (G, ·).
Definition 5: Let (G, ·) and (H, ◦) be two groupoids. let α, β, γ : G
−→ H be bijections. The triple (α, β, γ) is called an isotopism from
(G, ·) onto (H, ◦) if

xα ◦ yβ = (x · y)γ for all x, y ∈ G.

This will be expressed in the form (G, ·) (α,β,γ)−−−−−→
Isotopism

(H, ◦). (G, ·) and
(H, ◦) are said to be isotopic and are referred to as isotopes of each
other.

Definition 6: Let (G, ·) (α,β,I)−−−−−→
Isotopism

(G, ◦). Then, the triple (α, β, I)

is called a principal isotopism from (G, ·) onto (G, ◦). (G, ·) and
(G, ◦) are called principal isotopes.
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Definition 7: Let (G, ·) (α,α,α)−−−−−→
Isotopism

(H, ◦). Then, the triple (α, α, α)

is called an isomorphism from (G, ·) onto (G, ◦). (G, ·) and (G, ◦)
are called isomorphes and are said to be isomorphic under α which

will be expressed as (G, ·) α∼= (G, ◦).
The basic text books on quasigroups, loops are Pflugfelder [10],
Bruck [1], Chein, Pflugfelder and Smith [2], Dene and Keedwell [3],
Goodaire, Jespers and Milies [4], Sabinin [14], Smith [15], Jáıyéo. lá
[6] and Vasantha Kandasamy [17].
Definition 8: (Bivariate Polynomial) A bivariate polynomial is
a polynomial in two variables, x and y of the form P (x, y) =
Σi,jaijx

iyj.
Definition 9: (Bivariate Polynomial Representing a Latin Square)
A bivariate polynomial P (x, y) over Zn is said to represent (or gen-
erate) a Latin square if (Zn, ∗) is a quasigroup where ∗ : Zn×Zn →
Zn is defined by x ∗ y = P (x, y) for all x, y ∈ Zn.
In 2001, Rivest [11] studied permutation polynomials over the ring
(Zn,+, ·) where n is a power of 2: n = 2w. This is based on the fact
that modern computers perform computations modulo 2w efficiently
(where w = 2, 8, 16, 32 or 64 is the word size of the machine), and
so it was of interest to study PPs modulo a power of 2. Below are
some important results from his work.
Theorem 1: (Rivest [11]) A bivariate polynomial P (x, y) =
Σi,jaijx

iyj represents a Latin square modulo n = 2w, where w ≥
2, if and only if the four univariate polynomials P (x, 0), P (x, 1),
P (0, y), and P (1, y) are all permutation polynomial modulo n.
Theorem 2: (Rivest [11]) There are no two polynomials P1(x, y),
P2(x, y) modulo 2w for w ≥ 1 that form a pair of orthogonal Latin
squares.
In 2009, Vadiraja and Shankar [16] motivated by the work of Rivest
continued the study of permutation polynomials over the ring
(Zn,+, ·) by studying Latin squares represented by linear and

quadratic bivariate polynomials over Zn when n �= 2w with the
characterization of some PPs. Some of the main results they got
are stated below.
Theorem 3: (Vadiraja and Shankar [16]) A bivariate linear poly-
nomial a+ bx+ cy represents a Latin square over Zn, n �= 2w if and
only if one of the following equivalent conditions is satisfied:

(i): both b and c are coprime with n.
(ii): a+ bx, a+ cy, (a+ c)+ bx and (a+ b)+ cy are all permutation

polynomials modulo n.
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(iii): b and c are invertible in (Z,×).

Theorem 4: (Vadiraja and Shankar [16]) If P (x, y) is a bivariate
polynomial having no cross term, then P (x, y) gives a Latin square
if and only if P (x, 0) and P (0, y) are permutation polynomials.
Theorem 5: (Vadiraja and Shankar [16]) Let n be even and
P (x, y) = f(x) + g(y) + xy be a bivariate quadratic polynomial,
where f(x) and g(y) are permutation polynomials modulo n. Then
P (x, y) does not give a Latin square.
The authors were able to establish the fact that Rivest’s result for
a bivariate polynomial over Zn when n = 2w is true for a linear-
bivariate polynomial over Zn when n �= 2w. Although the result
of Rivest was found not to be true for quadratic-bivariate polyno-
mials over Zn when n �= 2w with the help of counter examples,
nevertheless some of such squares can be forced to be Latin squares
by deleting some equal numbers of rows and columns.
Furthermore, Vadiraja and Shanhar [16] were able to find examples
of pairs of orthogonal Latin squares generated by bivariate polyno-
mials over Zn when n �= 2w which was found impossible by Rivest
for bivariate polynomials over Zn when n = 2w.
Theorem 6: (Jaiyéo. lá and Ilojide [7]) Let P1(x, y) = P (x, y) =
a + bx + cy represent a quasigroup over Zn such that b and c are
invertible in Zn. Let Pi(x, y), i = 2, 3, 4, 5, 6 denote the linear-
bivariate polynomials that represent the parastrophes of (G, θ) =
(G,P1): (G, θ∗) = (G,P2), (G, θ−1) = (G,P3), (G,−1 θ) = (G,P5),(
G, (θ−1)∗

)
= (G,P4) and

(
G, (−1θ)∗

)
= (G,P6). Then,

(i): P2(x, y) = a + cx+ by;
(ii): P3(x, y) = −ac−1 − bc−1x+ c−1y;
(iii): P4(x, y) = −ac−1 + c−1x− bc−1y;
(iv): P5(x, y) = −ab−1 + b−1x− cb−1y;
(v): P6(x, y) = −ab−1 − cb−1x+ b−1y.

Theorem 7: (Jaiyéo. lá and Ilojide [7]) Let P1(x, y) = P (x, y) =
a+ bx+ cy represent a quasigroup over Zn and let

HP (Zn) = {Pf(x, y) = f1(a, b, c) + f2(a, b, c)x+ f3(a, b, c)y |

f1, f2, f3 : Zn × Zn × Zn → Zn}.

For all Pf , Pg ∈ HP (Zn), where Pf(x, y) = f1(a, b, c)+ f2(a, b, c)x+
f3(a, b, c)y and Pg(x, y) = g1(a, b, c)+g2(a, b, c)x+g3(a, b, c)y, define
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∗ on HP (Zn) as follows:

Pf ∗ Pg = (Pf)g = g1

(
f1(a, b, c), f2(a, b, c), f3(a, b, c)

)

+ g2

(
f1(a, b, c), f2(a, b, c), f3(a, b, c)

)
x

+ g3

(
f1(a, b, c), f2(a, b, c), f3(a, b, c)

)
y.

(
HP (Zn), ∗

)
is a monoid.

Theorem 8: (Jaiyéo. lá and Ilojide [7]) Let P1(x, y) = P (x, y) =
a + bx + cy represent a quasigroup over Zn and let PP (Zn) =

{P1, P2, P3, P4, P5, P6}. Then,
(
PP (Zn), ∗

)
is a subgroup of(

HP (Zn), ∗
)
.

The objective of the present work is to study the isotopic struc-
ture of elements of the group PP (Zn) ≤ HP (Zn). Some linear-
bivariate polynomials P (x, y) = a + bx + cy that generate quasi-
groups over the ring Zn and which forms a group PP (Zn) which
is a subgroup of a monoid HP (Zn) are investigated. Their isotopy
structure (isotopism, autotopism, isomorphism, automorphism) are
studied. Some sufficient conditions based on a, b, c, for the isomor-
phism, isotopism and equivalence of the generated quasigroups are
also deduced.

2. MAIN RESULTS

Theorem 9: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn. Let Pf(x, y) = f1(a, b, c) +
f2(a, b, c)x+ f3(a, b, c)y = f1+ f2x+ f3y ∈ HP (Zn) such that f1, f2
and f3 are invertible. Then

(a): (Zn, P )

(
R×

ba−1f1f
−1
2

,R×
ca−1f1f

−1
3

,R×
a−1f1

)
−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, Pf).

(b): (Zn, P )
R×

a−1R
×
f1∼= (Zn, Pf) ⇐⇒ (Zn, Pf)

(
R×

bf−1
2

,R×
cf−1

3

,I
)

−−−−−−−−−−→
autotopism

(Zn, Pf).

(c): R×
a−1R

×
f1

∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(
R×

bf−1
2

,R×
cf−1

3

,I

)
−−−−−−−−−−−→

Isotopism
(Zn, Pf).
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Proof:

Now, Pf(x, y) = f1(a, b, c) + f2(a, b, c)x+ f3(a, b, c)y = f1 + f2x+

f3y = (a+ af−1
1 f2x+ af−1

1 f3y)a
−1f1 = [a+ b(b−1af−1

1 f2x)+

c(c−1af−1
1 f3y)]a

−1f1.

This implies, Pf(x, y) =
(
P (b−1af−1

1 f2x, c
−1af−1

1 f3y)
)
a−1f1 =⇒

Pf(ba
−1f1f

−1
2 x, ca−1f1f

−1
3 y) = [P (x, y)]a−1f1

=⇒ Pf(xR
×
ba−1f1f

−1
2

, yR×
ca−1f1f

−1
3

) = P (x, y)R×
a−1f1

.

The conclusions of the theorem can be deduced from this.
Remark 2: Let P (x, y) = a+ bx+ cy represent a quasigroup over
Zn such that a is invertible in Zn. Then

(a): (Zn, P )

(
R×

b R×
a−1R

×
a R×

c−1 ,R
×
c R×

a−1R
×
a R×

b−1 ,R
×
a−1R

×
a

)
−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, P2).

(b): (Zn, P )
R

×
a−1R

×
a∼= (Zn, P2) ⇐⇒ (R×

bc−1 , R
×
cb−1, I) ∈ AUT (Zn, P2) ⇐⇒

b = c.

(c): (Zn, P )
R

×
a∼= (Zn, P2) ⇔ (R×

a−1R
×
bc−1, R

×
a−1R

×
cb−1, R

×
a−1) ∈ AUT (Zn, P2).

(d): R×
a−1R×

a ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )
(R×

bc−1 ,R
×
cb−1 ,I)−−−−−−−−−→

Isotopism
(Zn, P2).

(e): R×
a ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(
R×

b R×
a−1R

×
c−1 ,R

×
c R×

a−1R
×
b−1 ,R

×
a−1

)
−−−−−−−−−−−−−−−−−−−−−→

Isotopism

(Zn, P2

)
.

Proof: These follow from Theorem 9 with the following substitu-
tions:
P2(x, y) = a+ cx+ by. So, f1 = a, f2 = c, f3 = b.

Remark 3: Let P (x, y) = a+ bx+ cy represent a quasigroup over
Zn such that a is invertible in Zn. Then

(a): (Zn, P )

(
R×

b R×
a−1R

×
−ac−1R

×
−cb−1 ,R

×
c R×

a−1R
×
−ac−1R

×
c ,R×

a−1R
×
−ac−1

)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, P3).

(b): (Zn, P )
R

×
−c−1∼= (Zn, P3) ⇐⇒ (R×

−c, R
×
c2 , I) ∈ AUT (Zn, P3).

(c): (Zn, P )
R

×
a

−1

∼= (Zn, P3) ⇔ (R×
a , R

×
−ac, R

×
−ac−1) ∈ AUT (Zn, P3).

(d): R×
−c−1 ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(R×
−c,R

×
c2

,I)−−−−−−−→
Isotopism

(Zn, P3).

(e): R×
a
−1 ∈ AUM(Zn, P ) ⇔ (Zn, P )

(
R×

a ,R×
−ac,R

×
−ac−1

)
−−−−−−−−−−−→

Isotopism

(
Zn, P3

)
.
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Proof: These follow from Theorem 9 with the following substitu-
tions:
P3(x, y) = −ac−1−bc−1x+c−1y. So, f1 = −ac−1, f2 = −bc−1, f3 =

c−1.
Remark 4: Let P (x, y) = a+ bx+ cy represent a quasigroup over
Zn such that a is invertible in Zn. Then

(a): (Zn, P )

(
R×

b R×
a−1R

×
−ac−1R

×
c ,R×

c R×
a−1R

×
−ac−1R

×
−cb−1 ,R

×
a−1R

×
−ac−1

)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, P4).

(b): (Zn, P )
R

×
−c−1∼= (Zn, P4) ⇐⇒ (R×

bc, R
×
−c2b−1 , I) ∈ AUT (Zn, P4).

(c): (Zn, P )
R

×
a

−1

∼= (Zn, P4) ⇐⇒ (R×
−ab, R

×
acb−1 , R

×
−ac−1) ∈ AUT (Zn, P4).

(d): R×
−c−1 ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(R×
bc,R

×
c2b−1 ,I)−−−−−−−−→

Isotopism
(Zn, P4).

(e): R×
a
−1 ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(
R×

−ab,R
×
−acb−1 ,R

×
−ac−1

)
−−−−−−−−−−−−−−−→

Isotopism
(Zn, P4

)
.

Proof: These follow from Theorem 9 with the following substitu-
tion:
P4(x, y) = −ac−1 + c−1x− bc−1y. So, f1 = −ac−1, f2 = c−1, f3 =

−bc−1.
Remark 5: Let P (x, y) = a+ bx+ cy represent a quasigroup over
Zn such that a is invertible in Zn. Then

(a): (Zn, P )

(
R×

ba−1R
×
−ab−1R

×
b ,R×

ca−1R
×
−ab−1R

×
−bc−1 ,R

×
a−1R

×
−ab−1

)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, P5).

(b): (Zn, P )
R

×
−b−1∼= (Zn, P5) ⇐⇒ (R×

b2 , R
×
−b, I) ∈ AUT (Zn, P5).

(c): (Zn, P )
R

×
a

−1

∼= (Zn, P5) ⇐⇒ (R×
−ab, R

×
a , R

×
−ab−1) ∈ AUT (Zn, P5).

(d): R×
−b−1 ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(R×
b2

,R×
−b,I)−−−−−−−→

Isotopism
(Zn, P5).

(e): R×
a
−1 ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(
R×

−ab,R
×
a ,R×

−ab−1

)
−−−−−−−−−−−→

Isotopism
(Zn, P5

)
.

Proof: These follow from Theorem 9 with the following substitu-
tions:
P5(x, y) = −ab−1 + b−1x− cb−1y. So, f1 = −ab−1, f2 = b−1, f3 =

−cb−1.
Remark 6: Let P (x, y) = a+ bx+ cy represent a quasigroup over
Zn such that a is invertible in Zn. Then
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(a): (Zn, P )

(
R×

ba−1R
×
−ab−1R

×
−bc−1 ,R

×
ca−1R

×
−ab−1R

×
b ,R×

a−1R
×
−ab−1

)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, P6).

(b): (Zn, P )
R

×
−b−1∼= (Zn, P6) ⇐⇒ (R×

b2c−1, R
×
cb, I) ∈ AUT (Zn, P6).

(c): (Zn, P )
R

×
a

−1

∼= (Zn, P6) ⇔ (R×
−abc−1 , R

×
−ac, R

×
−ab−1) ∈ AUT (Zn, P6).

(d): R×
−b−1 ∈ AUM(Zn, P ) ⇐⇒ (Zn, P )

(R×
b2c−1 ,R

×
cb,I)−−−−−−−−→

Isotopism
(Zn, P6).

(e): R×
a
−1 ∈ AUM(Zn, P ) ⇔ (Zn, P )

(
R×

−abc−1 ,R
×
−ac,R

×
−ab−1

)
−−−−−−−−−−−−−−−→

Isotopism
(Zn, P6

)
.

Proof: These follow from Theorem 9 with the following substitu-
tions:
P6(x, y) = −ab−1−b−1cx+b−1y. So, f1 = −ab−1, f2 = −b−1c, f3 =

b−1.
Corollary 1: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn. Then

(a): (R×
bc−1 , R

×
cb−1, I) ∈ AUT (Zn, P2) ⇐⇒ (Zn, P ) ∼= (Zn, P2) ⇐⇒

P2(bx, cy) = P2(cx, by) ⇐⇒ (b − c)[cx − by] = 0 ⇐⇒ b =
c ⇐⇒ P1(x, y) = P2(x, y).

(b): (R×
a−1R

×
bc−1 , R

×
a−1R

×
cb−1 , R

×
a−1) ∈ AUT (Zn, P2) ⇐⇒ aP2(bx, cy) =

P2(acx, aby) ⇐⇒ a[(a − 1) + (b − c)(cx − by)] = 0 ⇐⇒
aP (x, y) = P2(ax, ay).

(c): (Zn, P )

(
R×

bc−1 ,R
×
cb−1 ,I

)
−−−−−−−−−−→

Isotopism
(Zn, P2

)
.

(d): (Zn, P )

(
R×

b R×
a−1R

×
c−1 ,R

×
c R×

a−1R
×
b−1 ,R

×
a−1)−−−−−−−−−−−−−−−−−−−−−→

Isotopism
(Zn, P2

) ⇐⇒ P (x, y)a =

P (ax, ay) ⇐⇒ a = 1.

Proof: These follow from Remark 2.

(a): This is obtained from (b) of Remark 2.
(b): This is obtained from (c) of Remark 2.
(c): This is obtained from (d) of Remark 2.
(d): This is obtained from (e) of Remark 2.

Corollary 2: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in (Zn,×). Then

(a): b = c ⇐⇒ (Zn, P2) ≡ (Zn, P1).
(b): aP1(x, y) = P2(ax, ay) ⇐⇒ aP2(bx, cy) = P2(acx, aby).

Proof: These are gotten from (a) of Corollary 1.
Corollary 3: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn. Then
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(a): (R×
−c, R

×
c2, I) ∈ AUT (Zn, P3) ⇐⇒ P3(−cx, c2y) = P3(x, y) ⇐⇒

−cP3(x, y) = P (−cx,−cy).
(b): (R×

a , R
×
−ac, R

×
−ac−1) ∈ AUT (Zn, P3) ⇐⇒ cP3(ax,−acy) =

−aP3(x, y) ⇐⇒ P (ax, ay) = aP3(x, y).

(c): (Zn, P )

(
R×

−c,R
×
c2
,I
)

−−−−−−−→
Isotopism

(Zn, P3

) ⇐⇒ P3(−cx, c2y) = P3(x, y) ⇐⇒
−P (cx, cy) = cP (−x,−y) ⇐⇒ c = −1 ⇐⇒ (Zn, P1) ≡
(Zn, P3).

(d): (Zn, P )

(
R×

a ,R×
−ac,R

×
−ac−1

)
−−−−−−−−−−−→

Isotopism
(Zn, P3

) ⇐⇒ cP3(ax,−acy) =

−aP (x, y) ⇐⇒ P (ax, ay) = aP (x, y).

Proof: These follow from Remark 3.

(a): This is obtained from (b) of Remark 3.
(b): This is obtained from (c) of Remark 3.
(c): This is obtained from (d) of Remark 3.
(d): This is obtained from (e) of Remark 3.

Corollary 4: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in (Zn,×). Then c = −1 ⇐⇒
(Zn, P3) ≡ (Zn, P1).
Proof: This is obtained from (a) of Corollary 3.
Corollary 5: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn. Then

(a): (R×
bc, R

×
−c2b−1 , I) ∈ AUT (Zn, P4) ⇐⇒ P4(bcx,−c2y) = P4(x, by)

⇐⇒ −P (cx, cy) = cP4(−x,−y).
(b): (R×

−ab, R
×
acb−1 , R

×
−ac−1) ∈ AUT (Zn, P4) ⇐⇒ P (ax, ay) =

aP4(x, y) ⇐⇒ cP4(−abx, acy) = −aP4(x, by).

(c): (Zn, P )

(
R×

bc,R
×
−c2b−1 ,I

)
−−−−−−−−−−→

Isotopism
(Zn, P4

) ⇐⇒ P4(bcx,−c2y) = P (x, by)

⇐⇒ −P (cx, cy) = cP (−x,−y) ⇐⇒ c = −1.

(d): (Zn, P )

(
R×

−ab,R
×
acb−1 ,R

×
−ac−1

)
−−−−−−−−−−−−−−→

Isotopism
(Zn, P4

) ⇐⇒ cP4(−abx, acy) =

−aP (x, by) ⇐⇒ P (ax, ay) = aP (x, y) ⇐⇒ a = 1.

Proof: These follow from Remark 4.

(a): This is obtained from (b) of Remark 4.
(b): This is obtained from (c) of Remark 4.
(c): This is obtained from (d) of Remark 4.
(d): This is obtained from (e) of Remark 4.

Corollary 6: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in (Zn,×). Then
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(a): if bc = 1 and c3 = −1, then −P (cx, cy) = cP4(−x,−y);
(b): if bc = 1, c3 = −1 and a + c = 0, then P (ax, ay) = aP4(x, y);
(c): if bc = 1 and c3 = −1, then b = −1 and (Zn, P4) ≡ (Zn, P );
(d): if bc = 1, c3 = −1 and a + c = 0, then b = c = −1 and

(Zn, P4) ≡ (Zn, P ).

Proof: These follow from Corollary 5.

(a): This is obtained from (a) of Corollary 5.
(b): This is obtained from (b) of Corollary 5.
(c): This is obtained from (c) of Corollary 5.
(d): This is obtained from (d) of Corollary 5.

Corollary 7: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn. Then

(a): (R×
b2 , R

×
−b, I) ∈ AUT (Zn, P5) ⇐⇒ −P (bx, by) = bP5(−x,−y).

(b): (R×
−ab, R

×
a , R

×
−ab−1) ∈ AUT (Zn, P5) ⇐⇒ P (ax, ay) = aP5(x, y).

(c): (Zn, P )

(
R×

b2
,R×

−b,I
)

−−−−−−−→
Isotopism

(Zn, P5

) ⇐⇒ −P (bx, by) = bP (−x,−y).

(d): (Zn, P )

(
R×

−ab,R
×
a ,R×

−ab−1

)
−−−−−−−−−−−→

Isotopism
(Zn, P5

) ⇐⇒ P (ax, ay) = aP (x, y).

Proof: These follow from Remark 5.

(a): This is obtained from (b) of Remark 5.
(b): This is obtained from (c) of Remark 5.
(c): This is obtained from (d) of Remark 5.
(d): This is obtained from (e) of Remark 5.

Corollary 8: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in (Zn,×). Then

(a): if b = −1, then (Zn, P5) ≡ (Zn, P );
(b): if a = 1, then (Zn, P5) ≡ (Zn, P ).

Proof: These follow from Corollary 7.

(a): This gotten from (a) of Corollary 7.
(b): This is obtained from (b) of Corollary 7.

Corollary 9: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn. Then

(a): (R×
b2c−1, R

×
cb, I) ∈ AUT (Zn, P6) ⇐⇒ −P (bx, by) = bP6(−x,−y).

(b): (R×
−abc−1 , R

×
−ac, R

×
−ab−1) ∈ AUT (Zn, P6) ⇐⇒ P (ax, ay) =

aP6(x, y).

(c): (Zn, P )

(
R×

b2c−1 ,R
×
cb,I

)
−−−−−−−−−→

Isotopism
(Zn, P6

) ⇐⇒ −P (bx, by) = bP (−x,−y).
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(d): (Zn, P )

(
R×

−abc−1 ,R
×
−ac,R

×
−ab−1

)
−−−−−−−−−−−−−−−→

Isotopism
(Zn, P6

) ⇐⇒ P (ax, ay) =

aP (x, y).

Proof: These follow from Remark 6.

(a): This is obtained from (b) of Remark 6.
(b): This is obtained from (c) of Remark 6.
(c): This is obtained from (d) of Remark 6.
(d): This is obtained from (e) of Remark 6.

Corollary 10: Let P (x, y) = a + bx + cy represent a quasigroup
over Zn such that a is invertible in Zn,×. Then

(a): if b = −1, then (Zn, P6) ≡ (Zn, P );
(b): if a = 1, then (Zn, P6) ≡ (Zn, P ).

Proof: These follow from Corollary 9.

(a): This is obtained from (a) of Corollary 9.
(b): This is obtained from (b) of Corollary 9.

Remark 7: Let P (x, y) = a+ bx+ cy represent a quasigroup over
Zn such that a is invertible in (Zn,×). Then

(a): (Zn, P2)
(R×

cb−1 ,R
×
−b,R

×
−c−1 )−−−−−−−−−−−→

Isotopism
(Zn, P3).

(b): (Zn, P2)
(R×

−c,I,R
×
−c−1)−−−−−−−−→

Isotopism
(Zn, P4).

(c): (Zn, P2)
(R×

−c,R
×
bc−1 ,R

×
−b−1 )−−−−−−−−−−−→

Isotopism
(Zn, P5).

(d): (Zn, P2)
(I,R×

−b,R
×
−b−1 )−−−−−−−−→

Isotopism
(Zn, P6).

(e): (Zn, P3)
(R×

−b,R
×
−b−1 ,I)−−−−−−−−→

Isotopism
(Zn, P4).

(f): (Zn, P3)
(R×

−b,R
×
−c−1 ,R

×
cb−1)−−−−−−−−−−−→

Isotopism
(Zn, P5).

(g): (Zn, P3)
(R×

bc−1 ,I,R
×
cb−1)−−−−−−−−−→

Isotopism
(Zn, P6).

(h): (Zn, P4)
(I,R×

bc−1 ,R
×
cb−1 )−−−−−−−−−→

Isotopism
(Zn, P5).

(i): (Zn, P4)
(R×

−c−1 ,R
×
−b,R

×
cb−1)−−−−−−−−−−−→

Isotopism
(Zn, P6).

(j): (Zn, P5)
(R×

−c−1 ,R
×
−c,I)−−−−−−−−→

Isotopism
(Zn, P6).
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Proof: These follow from Remark 2, Remark 3, Remark 4, Re-
mark 5 and Remark 6 by multiplying the isotopisms appropriately.

3. CONCLUSION

Some results in Ilojide et. al. [5] on the characterization of groupoids
and quasigroups generated by linear-bivariate polynomials P (x, y) =
a+bx+cy over Zn in conjunction with the isotopic characterization
of P (x, y) and some other elements group PP (Zn) in this present
work are applicable to cryptography. This will be of double advan-
tage since the theory of numbers and quasigroups have been found
useful for cryptography.
n-T-quasigroups have been found applicable in coding theory ac-
cording to Mullen and Scherbakov [9]. Hence some of the results
of this work will be found useful for the determination of error de-
tection capabilities of the quasigroups generated by linear bivariate
polynomials.
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