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IN BANACH SPACES

BASHIR ALI! AND G.C. UGWUNNADI

ABSTRACT. In this paper we introduce a new modified itera-
tive scheme for approximation of common fixed points of count-
ably infinite family of asymptotically nonexpansive mappings
and solutions of some variational inequality problems. We prove
strong convergence theorem that extend and generalize some re-
cent results. Our Theorem particularly, is applicable in [, spaces
(1 <p< o).
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1. INTRODUCTION

Let E be a real Banach space and E* be the dual space of F.
A mapping ¢ : [0,00) — [0,00) is called a guage function if it
is strictly increasing, continuous and ¢(0) = 0. Let ¢ be a gauge
function, a generalized duality mapping with respect to ¢, J, : £ —
2F" is defined by, = € F,

Jow = {a* € E™: (x, a%) = ||z[le(l[]]), [|2"]] = ()},

where (.,.) denotes the duality pairing between element of £ and
that of E*. If p(t) = t, then J, is simply called the normalized
duality mapping and is denoted by J. For any z € E, an element
of J,x is denoted by j,x.

The space F is said to have weakly (sequentially) continuous duality
map if there exists a gauge function ¢ such that J, is single valued
and (sequentially) continuous from FE with weak topology to E*
with weak* topology.

A Banach space E is said to satisfy Opial’s condition [11] if for any
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sequence {z,} C E, x,, = x as n — oo implies that
liminf ||z, — z|| <liminf ||z, —y|, Yy € E,y # =.
n—o0o n—oo

All Hilbert spaces and [, spaces, 1 < p < oo satisfy Opial’s condi-
tion.

The space E is said to have uniform Opial’s condition [13], if for
each ¢ > 0, there exists an r > 0 such that
1+ < liminf||z + z,|
n—oo
for each € E with ||z|| > ¢ and each sequence {z,,} C E satisfying

z, = 0 as n — oo, and liminf||x,| > 1.
n—o0
E is said to satisfy local uniform Opial’s condition [6] if for any

weak null sequence {z,,} in F with liminf||z,| > 1 and any ¢ > 0,
n—oo

there exists » > 0 such that
1+ r < liminf||x + x,||

n—oo

for all z € E with ||z]| > c.

Remark 1.1 Observe that uniform Opial’s condition implies local
uniform Opial’s condition which in turn implies Opial’s condition.
It is also known that every Banach space with weakly sequentially
continuous duality mapping satisfies uniform Opial’s condition (see
[6]). Every [, space, (1 < p < 00) has a weakly sequentially contin-
uous duality map.

A mapping T : £ — FE is L — Lipschitzian if for some L >
0,||Tz —Ty|| < L|jz —y|| ¥V 2,y € E. If L € [0,1), then T is
called contraction, and if L. = 1, then T is called nonexpansive.
A mapping T : F — FE is called asymptotically nonexpansive if
there exists a sequence {v,} C [0, 00), nh_}lrgo v, = 0 such that for all

r,ye l
1Tz — T y|| < (14 wv,)||lx —y|| forall neN. (1)

A point x € E is called a fized point of T provided Tz = x. We
denote by F(T') the set of all fixed point of T' (i.e., F(T) = {z €
E:Tx=ux}).

The class of asymptotically nonexpansive mappings was introduced
by Goebel and Kirk [4] as an important generalization of the class
of nonexpansive mappings. They (Goebel and Kirk [4]) proved
that if K is a nonempty, bounded, closed and convex subset of a
real uniformly convex Banach space and T is a self asymptotically
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nonexpansive mapping of K, then 7" has a fixed point in K.
The mapping 7' is said to be asymptotically regular if

lim ||[T"2 — T || = 0

n—o0o

for all z € K. It is said to be uniformly asymptotically regular if
for any bounded subset C' of K,

lim sup||T""'x — T"z|| = 0.

n—)ooxec
A mapping T is said to be demiclosed at a point p if whenever {xz,, }
is a sequence in E such that z, — 2* € E and Tz, — p then
Tz* =p.

A mapping G : D(G) C E — FE is said to be accretive if for all
z,y € D(G), there exists j(z —y) € J(z — y) such that

(Gz — Gy, j(z —y)) >0, (2)
where D(G) denote the domain of G. For some n,u € (0,1), G

is called 1 — strongly accretive if for all z,y € D(G), there exists
j(z —y) € J(x — y) such that

(Gz — Gy, j(x —y)) = nllv — yl*, (3)

and p-strictly pseudocontractive if
(Gz — Gy, j(x =) < llo —ylI* = ull(I - Gz — (I = Gyl
holds Vz,y € E. It is known that if G is p-strictly pseudocontrac-
tive then it is (1 + %)—Lipschitzian.
Let K be a nonempty, closed and convex subset of ¥ and G : K —
E be a nonlinear mapping. The variational inequality problem is
to:
find v € K such that (Gu,j(v —u)) >0, Yv € K,

for some j(v —u) € J(v — u). The set of solution of variational
inequality problem is denoted by VI(K,G). In Hilbert spaces H,
accretive operators are called monotone where inequality (2) and
(3) hold with j replaced by the identity map on H, in that case the
variational inequality problem reduces to:

find u € K such that (Gu,v —u) >0, Yv € K,
which was first studied by Stampacchia [14].

Variational inequality theory has emerged as an important tool in
studying a wide class of related problems in Mathematical, Physi-

cal, Engineering and Nonlinear Optimization sciences (see, for ex-
ample, [5, 7, 10],[19]-[21]).
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In 2000, Moudafi [9] introduced the viscosity approximation method
for nonexpansive mappings. Let f be a contraction on H, starting
with an arbitrary xy € H, define a sequence {z,} recursively by

Tot1 = anf(z,) + (1 — ay)Tx,, n>0, (4)

where {a,} is a sequence in (0,1). He proved that under certain
appropriate conditions on {«,, }, the sequence {z, } generated by (4)
strongly converges to the unique solution z* in F' of the variational
inequality

(I = fla*,x —a*) >0, forall z € F.

Xu [17] in 2003, proved, under some condition on the real sequence
{a,}, that the sequence {x,} defined by xy € H chosen arbitrarily,

Tpr1 = apb+ (I — a0, A)Tx,, n >0, (5)

converges strongly to x* € F which is the unique solution of the
minimization problem

min1 (Azx, x) — (z,b),

z€EF 2

where A is a strongly positive bounded linear operator (i.e. 35 > 0
such that (Ax, x) > 7||z||?, Vo € H).

Combining the iterative method (4) and (5), Marino and Xu [§]
studied the following general iterative method:

Tpi1 = anf(zn) + (I — yA) Ty, n >0, (6)

they proved that if the sequence {«,} of parameters satisfies ap-
propriate conditions, then the sequence {z, } generated by (6) con-
verges strongly to z* € F which solves the variational inequality
problem

(vf = A)z*,xz—2*) <0Vz € F,

which is the optimality condition for the minimization problem

1
I:?€1§1§<AI,ZE> - h(l’),

where h is a potential function for v f (i.e. h'(x) = vf(x) forx € H).

On the other hand, Yamada [19] in 2001 introduced the following
hybrid iterative method:

Tpy1 = T, — \uGTx,, n >0, (7)
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where G is a k-Lipschitzian and n-strongly monotone operator with
k> 0,7>0and 0 < u < 2n/k? Under some appropriate condi-
tions, he proved that the sequence {z,} generated by (7) converges
strongly to the unique solution of the variational inequality problem

(Gx®,x —x*) >0, Vo € F.

Recently, combining (6) and (7), Tian [16] considered the following
general iterative method:

Ty = Y f(Tn) + (I — O‘nMG)T('xn)? (8)

and proved that the sequence {z,} generated by (8) converges
strongly to the unique solution z* € F' of the variational inequality
problem

(vf — pG)z*,x — %) <0, Vo € F.

Ali [1] studied a modified scheme for approximation of a common
fixed point of family of nonexpansive mappings in a real g-uniformly
smooth Banach space which is also uniformly convex. He proved
the following theorem.

Theorem 1.1 (Ali [1]) Let E be a real g-uniformly smooth Banach
space which is also uniformly convex. Let K be a closed, convex
and nonempty subset of £. For « > 0, let T; : K — K 1 € N
and A : K — E be a family of nonexpansive maps and a-inverse
strongly accretive map, respectively. Let Py be a nonexpansive
projection of E onto K. For some real numbers 6 € (0,1) and

Ae (0, (%)ﬁ) define a sequence {z,} iteratively by z1,u € K,

Tpr1 = auu+ (1= 0)(1 — ay)x, + 62 OinTi Px (x,, — NAx,), (9)
i>1
n>1

where {a,} and {0y, } are real sequences in (0, 1) satisfying the fol-

lowing conditions: (i) lima,, = 0, (ii) > a,, = oo, (iii) D ;5 oin =

1 —a,and lim Y .o |01 — om| = 0. Let F' == [N2,F(T;)] N
n— oo -

VI(K,A) # (. If either the duality map j of E admits weak se-
quentially continuity or for at least one i € N, T;Px(I — MA) is
demicompact, then {z,} converges strongly to some element in F'.
Most recently, Ali et al. [3], extended the result of Tian [16] to g¢-
uniformly smooth Banach space whose duality mapping is weakly
sequentially continuous. Under some assumption on {«,}, v, p and
G, they proved that the sequence {z,} generated by (8) converges
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strongly to the unique solution z* € F' of the variational inequality
problem

(vf = nG)a*, j(x —a*)) < 0, Vi € F.

Motivated by these result, it is our purpose in this paper to intro-
duce a new modified iterative scheme for approximation of common
fixed points of family of asymptotically nonexpansive mappings
and solution of some variational inequality problem. We prove
strong convergence theorem that extend and generalize some re-

cent results. Our Theorem particularly, is applicable in [, spaces
(1 <p<o0).

2. PRELIMINARY

The following lemmas and Theorem are used for our main result.

Lemma 2.1 Let E be a real normed space. Then
Iz +yl1* < flzl|* + 2{y, j(z + y)),

for all z,y € F and for all j(z +vy) € J(x + y).
Lemma 2.2 (Xu [18]) Let {a,} be a sequence of nonegative real
numbers satisfying the following relation:

An41 S (1 - Qn)@n + QnOp + Tn, T 2 0
where, (i) {a,} C [0,1], > a, = oo; (ii) limsupe, < 0;; (iii)
Yo > 0; (n>0), > v, < oco. Then, a, — 0 as n — oo.

Lemma 2.3 (Suzuki [15]) Let {z,} and {y,,} be bounded sequences
in a Banach space F and let {f,} be a sequence in [0, 1] with 0 <
liminf 3, < limsup 3, < 1. Suppose that z,+1 = Bpyn + (1 — Bn) Ty

for all integer n > 1 and lim sup(||yn+1 — Ynl| — |[|Tns1 — znl]) < 0.
Then, lim ||y, — z,|| = 0.
n—oo

Lemma 2.4 (Piri and Vaezi [12] see also [2]) Let E be a real Ba-
nach space and G : F — E be a mapping.
(i) If G is n—strongly accretive and p— strictly pseudo-contractive

with 7 4+ ¢ > 1, then I — G is contractive with constant 1_777

(ii) If G is n—strongly accretive and p— strictly pseudo-contractive
with 7 + p > 1, then for any fixed number « € (0,1), I — kG is

contractive with constant 1 — n(l — I_T">
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Theorem 2.5 (Lin et al. [6]) Suppose E is a Banach space satis-
fying the locally uniform Opial condition, C' is a nonempty weakly
compact convex subset of F/, and T : C' — C is an asymptotically
nonexpansive mapping. Then (I-T) is demiclosed at zero.

3. THE MAIN RESULTS

In the sequel we assume for the sequences {a, }, {0} C (0,1), that
> 0in =1 — a, for each n € N.

i>1

Theorem 3.1 Let E be a real Banach space whose duality map is
weakly sequentially continuous. Let G : EE — E be an n-strongly
accretive and p-strictly pseudocontractive with n + 4 > 1 and
let f: E — E be a contraction with coefficient « € (0,1). Let
{T;}32, be a family of uniformly asymptotically regular asymptot-
ically nonexpansive self mappings of F with sequences {v;,} such
that v, — 0 as n — oo for each ¢ > 1 and F = (2, F(T;) # 0.

Assume that v € <O,min{i,n}), where 7 := (1 — ,/1;“’7). Let

{a,}5°, and {B,}22, be sequences in (0, 1), and suppose that the
following conditions are satisfied:

(C1) llm Bn =0 and lim * = 0, where v, := sup{v, }

n—oo i>1
( ) n= 0671 -
(C3) lima, = 0
n—o0
(C4) lzm Zz>1 |Cins1 — Tin| =0

For some fixed ¢ € (0,1), let {,}5°, be a sequence defined itera-
tively by xg € E chosen arbitrarily,

Y = Buvf (@) + (I = BuG)za, 120, (10)

{ Tny1 = [1 =01 —an)]zn + 0351 0T Yn,
Then, {z,}>°, converges strongly to p € F', where p is the unique
solution of the variational inequality problem

(vf(p) —Gp,j(g—p)) <0, Vg e F. (11)

Proof: From the choice of v, (G — vf) is strongly accretive, then
the variational inequality (11) has a unique solution in '. Now we
show that {z,} is bounded. Let p € F) since 2= — 0 as n — o0, it

implies that W — 0 as n — oo, then there exists nyg € N such
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that

(1+Z:)ﬁn < =2, for all n > ny.

lyn —pll = IBn(vf(@n) = Gp) + (I = BuG)(zn — )|
/3n|‘7f(xn) - Gp” + (1 - 5717_)”:671 _pH

(1= Bu(r =) )l = pll + Bullvf () = Gpl. (12)

IA

IN

Using (12), we obtain

lenss =2l = 111 =80~ @]z —p) + 53 0un(Tvn ~ D)l
< [ 50— an)lllzn — pll + (L — an)(1+ ) [yn — 1]
< 1801 - ) 4601 — @)1 + 01~ Bl — 70)] 1 )

+6(1 = an) (1 + vn)Bullvf(p) — Gpl|
(1481 = an)on = Brd(1 = @n)(1+ va)(r = 70)]] llen —
+6(1 = an) (1 + vn)Bullvf(p) — Gpl|

< [1—5n5(1—an)(1+vn)((T—7a)—Mﬁ)]nxn_pn
+8a6(1 — an)(1 + va) ((T 90~ +U;n)6n) 2||7J;(fi);aGp||
_ 1. 2 f(p) = Gpll
< max {[lza - pll, — !

By induction, we obtain

2llvf(p) — Gp
e = ol < wax {J, =il L= v >

Hence {z,} is bounded. Also {f(x,)},{G(zn)},{yn}, {1z} and
{T]"y,} are all bounded.

Define two sequences by 7, :

= (1—6)a,+6 and z, = Tl =ZntInTn,
From the recursion formula (10), observe that

Tn

4 ZiZI O-infrz'nyn + anTp
Tn

Zn
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which implies

n+1
0 2121 Cint1 1" Yng1 + Qg 1Tngt

“nt+l — An =
Tn+1
0 Zi21 Oznﬂnyn + Ty
Tn
0 Zizl Oin+1 <Tin+1yn+1 - Tf“%)
B Yn+1
0 Zizl Oint1 <Tin+lyn - Ti"?Jn)
+
TYn+1
+ <6 Zz‘Zl 0in+1ﬂnyn _ ) ZZZI Uznﬂnyn)
Tn+1 Tn
Oy, Qanp
+ = Tpy1 — —Tp
Fn+1 Tn
therefore,
0 Zizl Oin+1 T;nJrlynJrl - T;nJrlyn
|zns1 — zal] <
TYn+1
0 Zizl Oin+1 T;nJrlyn - T'Znyn
+
TYn+1
+H o Zizl O—inJrlT‘inyn _ o Zizl O—znT'Znyn H
Yn+1 Tn
Opy1 (079
+——|znsl| + — |zl
n+1 n
5(]_ — Oy 1)
< 7+(1 + Un g 1) Y1 — Yl
TYn+1
0 2221 Oin+1 irz‘n—’—lyn - irznyn
+
Tn+1
0 n
+ Z <%0m+1 - 7n+10m)TZ- Yn
Yn+17n i>1
Oén+1 (7%
+—— |zl + —|zall- (13)
n+1 Tn
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But
Yot =t = Burry (@) = F()) + (Buss = B )7f ()
+<(I — Bn1G)Tnpr — (I — 5n+1G)$n>
(U = BusGyr = (1 = .G,
so that

g1 = ynll < Buprvellenis — zall + [Bugr = Bulll7f ()]
(= Bl [Tnsr = @l + [Basr = BulllG ()]
= (1= Buna(r = ya)][|#nts — |

HBusr = Bal [[17f (@) | + G ()] (14)
Using (14) in (13), we obtain that

[2nt1 = 2all = ||Tns1 — 2al|
ol —ay,
S (M(l + V1) [1 = B (7 — ya)] — 1>Hxn+1 — 2|
Yn+1
5(1 — Qp 1)
+ Tt 0 Baes — Bl [ (@) 411G ()]
Yn+1
0D st Uz‘nﬂ‘ "y, — Ty,
_|._
TYn+1
+ Z (%Uin+1 - %+10m> Ty,

Yn+17n i>1

(% «
2|+ =l

n+1 n

+

IN

(5(1 _ Qn+1)
’7n+1
+6(1 B an-i—l)
TYn+1

0 ZiZI Oin+1

(L V)1 = Busa (7 = 50)] = 1) |1 — 2l

(1 + var1)Bast = Bal [ f (@)l + |G ()]

Crz‘n—i_lyn - 71znyn

+

TYn+1

oM*
[0 Y 101 = il + 1 = Bl (1 = @)
Tn+1Tn =1

+

Q41

(6
nsall + =zl
n+1 n

+
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for some M* > 0 and this implies

hmsuP(Hzn—f—l - Zn|| - Hxn-i-l - an) <0.
n—oo

Consequently, by Lemma 2.3, we have

lim ||z, — z,|| = 0.
n—oo
Hence
l|Zne1 — nl| = (1 = )20 — z0|| = 0 as n — oc. (15)

From the recursion formula (10), we obtain

(5ZamHTi”yn — x|l = ||Tpsr —xnl] =0 as n— oo
i>1
This implies that for each 7 > 1,
Tim [| Ty — x| = 0. (16)

Also, from the recursion formula (10), we obtain
yn — zal| = Bullvf(2n) — G(z0)|| =0 as n — oc. (17)
which implies that for each ¢ > 1,
T3 Yn = ynll < 1Ty = zall + |20 = yall = 0 as n = 00, (18)
From (16) and (17), for each ¢ > 1, we obtain

[T zn — znll < |20 — Tynl| + (1T yn — 20l
< (A 4+vn)llzn —ynll + 1TV yn — 20|l = 0as n — co.  (19)
Therefore
[ Tizn — 2l < [|Tizn — Tz'onnH + HTz’onn - TinﬂanrlH

HNT g — ||+ [J2ngn — 20|
< Lillen = T@n|| + (2 + vng) |21 — 24l
+HT;n+1xn+1 - xn+1”>

for each ¢ > 1, also by using (15) and (19), we obtain

lim || Tz, — x,|| = 0 for each ¢ > 1. (20)
n—oo
we also have
< (T4 L)llyn — 2ol + [|Tizn — 20|

This implies that,
lim || Ty, — yn|| = O for each i > 1. (21)
n—oo
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Let {yn,} be a subsequence of {y,} such that

limsup(vf(p) — G(p), 7 (yn — D))

= lim {vf(p) = G(p), j(yn,. —P)) (22)
n—00 — 0
and assume without loss of generality that y, — z € E. By
Remark 1.1 and Theorem 2.5, (I —T;) is demiclosed at zero for each
t > 1,s0 z € F. Since the duality map of F is weakly sequentially
continuous, we obtain

limsup(yf(p) — G(p), j(yn — p)) =

’ OO,}LIgOWf(p) —G(D),Yn, — D))
< (vf(p) = G(p),j(z —p)) <0. (23)

We now conclude by showing that x,, — p as n — oo. Since E—"

0 as n — oo, if we denote by w, the value 2v, + v2, it implies
that OJ;”UW — 0 as n — 00, then there exists ng € N such that

Wn T—2va
(+wn)Bn = 2
obtain

, for all n > ny. From recursion formula (10), we

llenr1 = pll* = [[[L = 6(1 = an)](zn —p) +8 Y oin(Tyn — p)II”

i>1

< M=o —anllzn = pll* +83_oinl Ty — oIl
< =80 = an)lllan = plF +6(1 = ) (L +v0)’llye = pll?
= [1-3(—anlllen —pl’
+3(1 = ) (L4 wn) [[|80 (v (@n) = Gp) + (I = BuC)(@n — p) I
< [1=80 = an)lllan = pl* +6(1 = an)(1+wa)[(1 = Bur) [ — pIf
+28, (1 (2n) = Gp,j(yn = p))]
< [1-80 - an) + 80— @) (1 + wa)(1 = Bur)]llan — p?
+28,6(1 = a)(1 +wn)yallwn - pllllys — ol
+2Bn6(1 = an) (1 + wn ) (v f(p) — GP, 5(yn — P))
< [1-00 - an) + 80— @) (1 + wa)(1 = Bur)]llan — p?

+2Bn8(1 — an) (1 + wa)ye|lzn — pl|>
+2B,6(1 — ) (1 4 wn)yal|zn — plll|yn — znl|
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+26n0(1 = an)(1 + wn)(7.f(p) = Gp, j(yn — D))

= [1-60— an) +801 — an) (A + wa)(1 = fulr — 2va]) | lan I
+2808(1 = an) (1 -+ wn)yad 2 = pllllun — |
+26n0(1 = an)(1 + wn)(7.f(p) = Gp, j(yn — D))

= 1580 — @)1+ wa) (7= 290) = i ) [llen = I

+28,6(1 — an) (1 +wn){(vf(p) — Gp, j(yn — D))
+2618(1 — an) (1 4 wn)yal[zn — pll|[yn — x4l

= 100 = an) @+ wn) (7= 290) = s ) [lfea = I

1 +Jn)ﬂn) 8
2[(vf(p) = Gp, j(yn —p)) +val|zn = pllllyn — znll]

(7 = 270) = (wn /(1 wn)B2))

8081 — an) (1 + wn) ((T — 2a) —

Observe that > 5,0(1 — ay,) (1 + wy,) <(7’ — 2ya) — dﬁ) = 00
and

<0

2[(vf(p) = Gp, j(yn — P)) + yel|zw — Pll[|yn — wnll])
(7 = 270) = (wn /(1 +w,)B,))

Applying Lemma 2.2, we obtain ||z,, — p|| = 0 as n — oo. This
complete the proof.

lim sup <

The following corollaries follow from Theorem 3.1 .

Corollary 3.1 Let E, G, f, F, {a,,}5°, and {3,}22, be as in Theo-
rem 3.1. Let {T;}2°, be a family of nonexpansive self mappings of

E. Assume that v € <O,min{iﬂ7}), where 7 := (1 — 1/1_777). For

some fixed § € (0, 1), let {x,}22, be a sequence defined iteratively
by xg € E chosen arbitrarily,

Tpi1 = [1 - 5(1 - O‘n)]xn + J Zi>1 Uinﬂyna (24)
Yn = Bn’)/f(xn) + (I - ﬁnG)xm _n > 0.

Then, {x,}>°, converges strongly to p € F, where p is a solution
of the variational inequality problem (11).

Corollary 3.2 Let E = H areal Hilbert space and G, f, F, {a, }5°,
{T;}32, and {f3,,}°2, be as in Theorem 3.1. Let {7;}3°, be a family

of nonexpansive self mappings of E. Assume that v € (0, min{ g, 77}>

, where 7 := (1 — ,/%). Let {x,}22, be a sequence defined as
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in (10). Then, {z,}°°, converges strongly to p € F, where p is a
solution of the variational inequality problem (11).
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