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ABSTRACT. Bounds on early coefficients of analytic functions
normalized by f(0) = f'(0) — 1 = 0 which satisfy

f)*7H(2) zf"(2)
R 1 0
T e )7
in the unit disk U = {z € C: |z| < 1} are obtained using known
properties of functions with positive real part.
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1. INTRODUCTION

Let A denote the class of functions
f(z) =24+ agz® +az2® + ... (1.1)

which are analytic in U. We denote by S the subclass of A which
consist of univalent functions only. Let R, S* and K be the usual
subclasses of S consisting of functions which are, respectively, of
bounded turning, starlike, and convex in the unit disk U; and have
the following geometric conditions: Re f'(z) > 0, Re zf'(2)/f(z) >
0 and Re (1 + zf"(2)/f'(2)) > 0. In [10], Singh studied another
subclass of S denoted by Bj(«) which consists of functions which
are a special case of Bazilevic functions with geometric condition:

he L)

— >0, 2zeU
pr

for non negative real number «. It is not difficult to see, as Singh
noted in his work, that the cases o = 0 and o« = 1 correspond to
S* and R respectively. Numerous results have appeared in print
on these subclasses including their coefficient estimates. For detail,
see [1, 3].
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In this work, we denote by G,, the subclass of A which consists
of normalized analytic functions satisfying the geometric condition

f() (=) 2f"(2)
Re T (1 + 702 ) >0 (1.2)

for non negative real number a.

Let P denote the class of Caratheodory functions p(z) = 1+c¢1z+
2% + -+ which are analytic and satisfy p(0) = 1, Re p(z) > 0 in
open unit disk U. The condition (1.2) implies that

LG (1 20)

belongs to the class P of Caratheodory functions. We determine
best possible upper bounds on some of the coefficients of G, us-
ing the well known method of classical analysis based on the close
association between G, and the P.

We note that the classes of functions, G,, contain two interesting
special cases. These are (i) the case o = 0, we have Gy, which
consists of functions in A which satisfy

e () >

and (ii) the case a = 1, that is G, which consists of functions in A

which satisfy

="(2)

Re f'(2) (1 + > 0.

f'(2)
Both of these special cases of G, consist of univalent functions only,
being subclasses of S* and R respectively [5].

In section 2, we outline some known results that we shall employ

in our computations and in section 3, we state and prove our main
results.

Za—l

2. PRELIMINARY

To prove the main result in the next section, we need the following
lemmas.

Lemma 1:[3, 4, 7, 9] Let p € P. Then |¢| < 2,k = 1,2,3....
Equality is attained by the moebius function

1 +z
C1—2z

_Lo(Z)
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Lemma 2:[7] Let p € P. Then
_ Gl lalf
2|~ 2

The result is sharp and equality holds for the function
I (a e )z + €2

C1— LY —ecr)z—ex?

p(z) el = 1.
The following corollary to the above was given by Babalola in [1].
corollary 1:[1] Let p € P. Then we have sharp inequalities

2(1—-o0), ifo <0,
<!{ 2 if0<o<2,
2(c—1), ifo>2.

i
Co — 00—

Lemma 3:[6] Let

p(z) =cotez+e+-, (2] <1)
be analytic and satisfy the condition Re[p(z)] > 0 in U, then for
n>2ands>1,

Cpn  CsCp_s Recy

Co Cg

<2

<2

Co

These inequalities are sharp for all n and for all s, equality being
attained for each n and s by the function:

1
p(z) = (Re ¢o) (1 i Z) +ilm ¢g, Re cq > 0.

—Z

corollary 2: Let p € P. Then
2(3—-20), ifo<1,
len — ocsen_s| << 2, if o =1,
220 — 1), ifo>1.
Proof: We write
|Cn - chcn—s| = ‘Cn — CsCp—s + CsCp—s — chcn—s|
S ‘cn - Can,S‘ + ’Cscnfs - O—Cscnfs‘
<2+ [esl[en—s|[1 — o]
<2441 -]
Using Lemmas 1 and 3, we have the result.
corollary 3: Let p € P. Then
3 2(3—20), 0<0,
|03—a§1|§ 6, 0<o<2
4o — 2, o> 2.



178 M. A. GANIYU, F .M. JIMOH, C. N. EJIEJI AND K. O. BABALOLA

Proof: We write

|03—ac—§)| = |3 — ciea + e —ac—?
2 2
3
4
< ez — crea| + 0102—05'
2
=
< ’63—0102’4-’01‘ 62_0—5 .

Applying Corollaries 1 and 2, we have the inequalities.

3. MAIN RESULT

Next we proof the main theorem:
Theorem 1: Let f € G,. Then

2

|as| < a 3 (3.1)
2(a+15) .
las] < { (a:+3)*(at8)” f0sasl (3.2)
- 2 if @ > 1
a+87 o=
260t 441803 4159402 +109404-324
< 3(a13)% (at8)(at15) , 0sa<l, 33
|ag| < 2(7a2+83a+378) >1 (3.3)
3(a+3)(a+8)(at15) =

(a+3)?(a+8)2(a+15)(a+24) ’ -
20a° 4+762a* +11818a3 +910380% 4323850 +360480 a>1
(a+3)2(a+8)2(a+15)(a+24) ) =

160°+5980* 185100% 15784207 1738980113238 () < (o < |
las| < -

Proof: Since

{2 1 L) o

then there exists p € P such that

R (1, 1Y

which implies that

FE T (2) + 2f"(2)] = 2 p(2).
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Using (1.1) the left hand side becomes

FE@ T (2) + 2 (2)] = 2% + (@ + 3)az) 2°

a2 —+ b — 6) 2:| Za+1

+ (a+8)a3+< 3 as

3 2_ o 1
+ {(a+15)a4+(a2+10a—11)a2a3—|—(a + 6o ba 8) 3] at?

6 Qg | 2
P+ 110 —4 28
+{(a+24)a5+(a2+17a—18)a2a4+(a +Ha 3 Oa + )a%ag
2 4 3 2
15a — 16 6a° — 61 1260 — 72 o
+<7a+2a )a§+(a+a 204[l+ = )ag}z%’—i—...

and expanding the right hand side gives
297 2% g2 g2 2T 4 L

Comparing coefficients on both sides of the equation, we obtain

(a+3)ag =1 (3.5)
2
o’ +5a—6
(o + 8)as + (f) a2 = (3.6)
3 4+ 6a% — 250 + 18
(a+15)as+(a?+10a—11)azas+ (a +0a G ot ) a3 =c3 (3.7)
2
ca = (a+ 24)as + (a® + 17a — 18)azay + (W) a3
3.8
a® 4+ 11a% — 40a + 28\ - at 4+ 6a® — 61a® + 1260 — 72\ 4 (3:8)
+ 5 asas + 21 as.

By Lemma 1, we obtain from equation (3.5)

2
las| < ——
a—+3

Using (3.5) in (3.6), we have

a?+5a—6Y\
8)as| < [ep — (T2 0N 4
(o +8)las] < |z (a2+6a+9) 2
Now taking
®+5a—6
a?+6a+9’

then ¢ < 0if @ € [0,1] and 0 < ¢ < 2 for a > 1, so applying
Corollary 1, we obtain

(a+3)2(a+8)’
2 if o > 1.

as] < _200d) i< <1
3 =
paw s
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From (3.7) we have

a? 4+ 10a — 11 201 +31a® + 76a% — 163 + 54 5

15)aq = 3 — =T 0
(@t 15)as = e = o gy 1 + G0a T 1707 + 9902 1 2430 + 216)

for <1, a® + 10a — 11 is negative, so that we have

(a+15)a —c + 11—100[—04200 + 2a4+31a3+76a2_163a+54 C3
TS T3 (atr8) " T 6ot 1 1748 + 9902 + 243a 1 216)

By triangle inequality and applying Lemma 1, we obtain the first

part of the result. For a > 1, we have

(0t 15)ay = o5 — L F W =11 2a* + 31a’ 4 T6o” — 1630 + 54
TS T ) a+9) T Blat + 175 1 9902 + 2430 + 216) !
i —cieg g OF35 L 1a 30°+1220% + 6490 + 378 4
TR e e 24717 T 37 6(cc + 3)3(c + 8) 1

so that
a+ 35

1
(a+15)|as| < |C3—Clc2|+§|0?|+ lea| ez —

@+3)(ats)
By Lemma 1 and 3, and Corollary 1, with

B 3a3 + 12202 + 649« + 378 <
~ 3(ad +41a? + 219« + 315) —

3(a + 3)%(a + 35)

we have

8 4(a + 35)
(v +15)|ayg] <2+ 3 + (@t 3)(at8)

so that
2(7a* + 83 + 378)

(a+3)(a+8)(a + 15)
From equation (3.8), we have

lag| < 5

a?+15a—16 5 a?+17a—18
2@ +82 2 (a+3)(a+1s)
20° + 7la* + 73402 + 17190 — 37741a + 1248
2(a+3)2(a + 8)%(a + 15) crez
607 + 24708 + 3361a° 4 16653a* + 127250 — 6161202 + 33804a — 5184
- 24(a + 3)(a + 8)2(a + 15) c

(a+24)as = ca —

Ci1C3

+

1-

30 + 12202 + 649 + 378 ¢

5 .

For o < 1, a® + 15 — 16 and o? + 17 — 18 are negative, so we

have

16—a?—15a 5  18—a?—17a
Na+82 2T a¥3)(atis)
2a° 4+ 7la* 4+ 73403 + 17190 — 37741 + 1248 ,
+ (a1 3)2(a 1 8)2(at15) e
6a” + 24708 + 3361a° 4 16653a* + 1272502 — 6161202 + 33804 — 5184
B 24(c + 3) (o + 8)2(a + 15)

(a+24)as =ca + cics

4
(&)
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which we rewrite as
16 —a® —15a 5 18 —a® — 17«
20182 2 (at3)(atid)
3ot + 26403 + 440702 4 207660 4+ 16032 5 1,
- (a1 3)2(a+ 8)2(a 1 15) cezteac-ga
N 11a® + 10190° + 21687a* + 1754650° + 58471002 + 736020a + 471744c

(a+24)as =ca +

Ci1C3

24(a + 3)4(a + 8)%(a + 15) v
Therefore,
16 — a* — 15
(o4 24)as] < Jes] + —gr eI
18 — o? — 17«

C1||C3 Ci||1C2 — 37
lelles| + e

—
%)
=N

_'._
(a+3)(a+15)
3at + 26403 + 440702 + 20766 + 16032
2(a+3)% (o + 8)% (o + 15)

‘
O— — Co

2

i

where

> 11a® 4 1019a° + 21687a* + 1754650 + 5847100 + 7360200 + 471744
B 6(a + 3)2(3a* + 26403 + 4407a2 + 20766a + 16032)

which on applying Lemma 1 and corollary 1, gives the first bound
on as.
For o« > 1 we have,

a+ 63 cs a+80 o 2
24)as = c4 — _oearbs 2, @Toy
(a+24)as = ca — cics + (a+3)(a+15)0103 5 + 2(a+8)202+0102
_ 3a’ 4 264a” 4 44070” + 207660 + 16032 » =~ cf
2+ 3)%(ar + 8)%(ar + 15) 2Ty
n 11a® +1019a° 4 21687a + 1754650° + 5847100 + 7360200 + 471744 o
24(a + 3)4(a 4 8)% (o + 15) !
so that
Gt
(o +24)as < |eq] + |ea| |es — o1y
a+ 63 Al el c
+ C1 03—0'2—+—02—4—
(04+3)(04+15)| | 2 2 2
a+ 80 e c
Co| |C2 — 03—
2(a+ 8)? 2

where
_ 11a +1019a° + 21687a” + 1754650° + 5847100 + 736020a + 471744
N 12(a + 3)*(a + 8)2(ax + 15) ’
a? + 18a + 45

2(a +63)

o1

09 =
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and
2(3at + 26402 + 440702 + 20766 — 16032)

(a+3)%(a + 15) (o + 80)

By Lemmas 1 and Corollaries 1 and 2, noting that o, and o5 lie in

the closed interval [0, 2] while o3 > 2, we obtain

200° + 7620t + 11818a3 + 910382 + 323850 + 360480
(o +3)*( + 8)* (v + 1) (v 4 24)

as required, and this completes the proof.

corollary : Let f € Gy. Then

g3 =

|a5\ =

0] < 2 4] < = Jaa] < =, [as] < T
3’ - 12 - 10 — 432
corollary : Let f € G;. Then
o] < 5 Jasl < 3, Joal < oo las] <
24’ - 675
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