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INTEGRAL CONDITIONS OF EXISTENCE AND
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SOME SIXTH AND FIFTH ORDER ORDINARY
DIFFERENTIAL EQUATIONS

H. 0. TEJUMOLA!

ABSTRACT. New conditions of integral type are obtained for
the existence of periodic solutions of a certain class of sixth and
fifth order equations, and for non-existence of periodic solutions
of their corresponding homogeneous equations.
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1. INTRODUCTION

In a recent paper [3] we examined the problem of existence of peri-
odic solutions of fourth order nonlinear ordinary differential equa-
tions of the form

@ 4 g1(2,2) T +go(2)% + g3(%) + ga(x) = p(t,x, 2,2, 7), (1.1)

p(t+w,x,&,%,7) = p(t,z, 2, &, 7) for some periodic w > 0, and the
problem of nonexistence of periodic solution for the corresponding
homogeneous equation (1.1) with p = 0. Our main interest in that
study was in obtaining conditions that place restrictions on the
integral of g; and, or, g3 rather than directly on the functions g,
and g3 as in previous investigations, and this resulted in relatively
weaker conditions for existence and nonexistence of periodic solu-
tions of (1.1). An additional feature of that study [3] is the full
blown nonlinear terms involved in the equation. The present paper
is a continuation of our study in [3] to a class of sixth and fifth
order ordinary differential equations.
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To start with, consider the linear constant-coefficient sixth order
ordinary differential equation

20+ a120) 4 ax™® + a3 T +aui + ast + agx = p(t),
p(t +w) = p(t).
It can be readily verified (as in [1,4]) that if either of the conditions
(I) ay # 0, sgnay = sgnas, (sgnay)as < 0 (ag, aq, ag arbitrary)
(IT) ay <0, ay >0, a5 <0 (a1, as, as arbitrary)
holds, then (1.2) with p = 0, has no nontrivial periodic

solutions, and the equation (1.2) with p # 0 has a unique
w-periodic solution.

In the fifth order case
2 £ b2 W by T 4bsit + by + bz = p(t), p(t + w) = p(t), (1.3)

the corresponding conditions are

(III) by # 0, sgnby; = sgnbs, bgsgnb; < 0

(IV) by < 0, bs >0
by, b, b, by, b5 and bg constants. Observe that each of the conditions
(I) and (III) incorporates two conditions into one. Furthermore in
the two equations (1,2), (1.3) two sets of different conditions, one
involving terms with odd subscripts and the other even subscripts
((I), (III); (II), (IV)) ensure the existence or nonexistence of peri-
odic solutions. This odd and even subscripts feature runs through

the generalized criteria obtained for the nonlinear equations studied
here.

(1.2)

2. STATEMENT OF RESULTS - SIXTH ORDER EQUATIONS

We shall be concerned with sixth order equations of the forms
2@ 4 fi(a™)2® + fo(@)a + fo(8) T +La(@) + f5(2)

2.1
+ agx = pi(t, x, &, 7, 7, 2@, 2®) 1)
z© 4 algp(5) + gQ(E)xM) + g3(%) & +g4(2)% + g5(F) (2.2)
+g6(x) = palt,z, @, 3, i, 2@, 2®) '
in which aq, ag are constants, f;, 1 =1,2,...,5, ¢;,1 =2,...,6 and

pi, i = 1,2, are real-valued continuous functions of their respective
arguments, and p;(t +w, z,...,20)) = pi(t,z,...,2®),i = 1,2 for
some constant w > 0. Corresponding respectively to the conditions
(I) and (II) above we obtain the following results for the equations
(2.1), (2.2). Assume that fi(y),gs(x) exist and are continuous for
all y and x.
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Theorem 1. Let a # 0 be an arbitrary constant and suppose that

Fl(’U)

> 0,(sgna) () > 0, (sgna) fy(w) < 0,
R)= [ fils)as

for all y,u and v # 0. Then the equation (2.1) with p; = 0 has no
nontrivial periodic solution of whatever period.

In the non-autonomous case p; # 0, we have the following result.
Theorem 2. Let a; # 0, ag, as be constants satisfying (I) such that

(sgna)
(2.3)

Fi(v)

(sgnay) > |aa] for |y| =1,

(sgnay) f3(u) < (sgnai)ag for |u] > 1, (2.4)

(sgnay) fi(y) > |as| for |y| > 1. )

Suppose further that there are constants A; > 0, Ay > 0, with A,
sufficiently small, such that

p1(t, 2,y 2,0, 0,w)[ < A+ Ag([2] + [ul +[o])  (2.5)

for all t,z,y, z,u,v. Then the equation (2.1) has at least one peri-
odic solution of period w.

Note that the conditions (2.3) and (2.4) are generalizations of the
criteria (I); they also involve terms with odd subscripts in equation
(2.1). Note also the absence of any conditions on the constant ag
and the terms with even subscripts fa, f1 in (2.1). Our results in
the other direction, that is involving terms with even subscripts,
concern the equation (2.2), and are as follows.

Theorem 3. Suppose that

—Giiu) <0, ga(y) >0, gg(z) <0, Ga(u) = /Ou ga(s)ds,  (2.6)

for all x,y and u # 0. Then the equation (2.2), with p, = 0, has no

nontrivial periodic solution of whatever period.

Theorem 4. Let ag, ay, ag be constants satisfying (II) such that
Ga(u)

u

< as for |u| >1, g4(y) > ay for |y|>1
(2.7)
gg(x) < ag for |z| > 1, Ga(u) E/ ga(8)ds,
0



26 H. O. TEJUMOLA

and let

gs(z)sgnr — +oo(—o0) as |z| — oco.
Suppose that there exist constants A7 > 0, A3 > 0, with A} suffi-
ciently small, such that

p2(t, 2.y, 2,0, 0,w) < AT+ Ag([yl + |2+ [ul) - (2.8)

for all t,z,y,z,u,v,w. Then the equation (2.2) has at least one
periodic solution of period w.

Observe the absence of any restrictions on the constant a; and
the functions gs, g5 in (2.2). The conditions on F} in (2.3) and (2.4),
and on Go in (2.6) and (2.7) are the integral conditions; they place
restrictions on the integrals of f; and g, rather than directly on the
functions f; and gs.

3. STATEMENT OF RESULTS - FIFTH ORDER EQUATIONS

We now state parallel results for fifth order equations. We shall
consider equations of the form

2O + o1 ()2 + 0o(&) T +3(2)F + a(d) + 5(2)
- QI(t)xu j”w,i.a ZL',.ZU(4))
2O 4+ bx® 4 hy(7) T +ahg ()7 + ha(d) + ¥5(2)

= q2(t,$7j7,.fi',;'t,x(4))

(3.1)

(3.2)

where b is an arbitrary constant, @;, ¢t = 1,2,...,5,¢;, i =2,...,5,
¢1, q2 are real-valued continuous functions, ¢k (z) exists and is con-
tinuous for all z and ¢y, ¢o are periodic in ¢, of period w. Our first
set of results concern (3.1), and are as follows.

Theorem 5. Let

()

> 0, (sgna)ps(y) <0, (sgna)gs(z) >0,

%le%wm

for all z,y and u # 0, where a is an arbitrary constant. Then the
equation (3.1), with ¢; = 0, has no nontrivial periodic solutions of
any period.

Theorem 6. Let by # 0, b3, b5 be constants satisfying (III) such
that

(sgna)
(3.3)

Py (u)

(sgnbr) > |b1], (sgnbi)es(y) < (sgnbi)bs,

" (3.4)
@m@%mzmmawzlwwm
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for all || > 1, |y| > 1 and |u| > 1. Suppose that
(sgnzx)ps(z) — +oo(—o0) as |z| — oo. (3.5)

Suppose further that there exist constants B; > 0, By > 0, with By
sufficiently small, such that

a1 (8 2, y, 2, u,0)| < By + Ba(ly| + [2] + [ul) (3.6)

for all t,z,y, z,u,v. Then the equation (3.1) has at least one peri-
odic solution of period w.

Observe the absence of any restrictions on terms with even sub-
scripts in (3.1); our results involving terms with even subscripts,
and in line with (IV), concerns the equation (3.2) and are as fol-
lows.

Theorem 7. Let

%Z(Z) >0, Uy(z) = /0 () (3.7)

for all y # 0 and z # 0. Then the equation (3.2), with ¢ = 0, and
b an arbitrary constant, has no nontrivial periodic solution of any
period.

Theorem 8. Let by, by be constants satisfying (IV) such that

<0,

Ya(y)
Y

B2) <y (21> 1), B 5, (g2 1),
: .Y (3.8)
Uy(z) = /0 a(s)ds.
Suppose that
s(x)sgnx — +oo(—o00) as |z| — oo. (3.9)

Suppose further that there are constants BY > 0, B; > 0 with Bj
sufficiently small, such that

|g2(t, @y, 2,u,0)] < By + B (ly| + |z]) (3.10)

for all t,z,y, z,u,v. Then the equation (3.2) has at least one peri-
odic solution of period w.

The procedure for the proof of the theorems is as in [1,2] and
[3,4]: for each nonexistence result we need to exhibit a real-valued
function with appropriate properties, while for existence the desired
a-priori bound will be obtained for a suitably defined parameter-
dependent equation.

In what follows D;,7 = 1,2,... will denote finite positive con-
stants whose magnitude depend on the constants and functions in
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an equation but are independent of solutions and of parameter pu
in the equations.

4. OUTLINE OF PROOF OF THEOREMS 1 - 4

We start with Theorems 1 and 2. Consider first the equation
(2.1) with p; = 0 in the system form

.ﬁ.Ei:.Z'i+1, 7;:1,2,...,5, r =T
. (4.1)
i = —f1(z5)xe — fo(ra)rs — f3(23)ms — fa(T3)
—f5($2) — Gy,
and define the function V' = V (1, xs,...,x¢) by
V = Usgnay, (4.2)
where
1, L, )
U= Tylg — 51’5 + agr1r3 — 5616.1’2 + .Z'4F1(£C5)
+Fy(wq) + Fy(w3) + 23 f5(72)
(4.3)

Fi(x5) = /Om5 fi(s)ds, Fy(xy) = /Om sfa(s)ds,

F4(233) = fom?’ f4($)d3 /

Let (x1,22,...,2¢) = (21(t),22(t),...,26(t)) be an arbitrary pe-
riodic solution of (4.1), then from (4.2) and (4.3) it is clear on
differentiation and using (4.1) that

V = (sgnay)ws Fy (w5) + (sgnay) f(w)x

— (sgnay) f3(x3)x (4.4)

SN \CRVLY V)

> 0

by (2.3). The conclusion of Theorem 1 now follows in view of the
arguments in [1,4].

To prove Theorem 2, consider, instead of (2.1), the parameter
pu-dependent equation

2O + (@) + pfo(7) 2™ + f(E) T +pfa(i)

FfE) + agr = ppr, 0 < <1, (4:5)
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or, as is more convenient, the equivalent system
Zl")i = Tj+1, 1= 1,2,...,5, 1=
. 1 " (4.6)
i6 = —f1 (v5)x6 — pfa(Ta)ws — f3 (x3) 00 — pufalzs)
_f;(xQ) — AT + KP1, 0 S 2 S 17

where
fi'(zs) = (1 — p)ay + pfi(ws),
f5(z3) = (1 — pag + pfs(xs), (4.7)
[ (x2) = (1 — p)asza + pfs(2).

Now let V¥ = V#(xq,x9,...,26) be defined by
VH = U*(sgnay) (4.8)

where U* is obtained from U in (4.3) by replacing Fi(x5), Fa(xy),
Fi(x3), fs(xs) respectively with FI'(z5) = (1 — p)ayzs + pkFi(ws),
WPy (@s), pFa(zs), [1(xs = (1 — pases + ofs(w2). By the continu-
ity of FI, f and f*, it can be verified from (2.4) that for some
constants D; > 0, +=1,2,3 and for all x5, x3, x5,

(sgnay)xsFY' (xs) > |a1|x§ — Dy,
(sgn%)fé“(xz)x% > |as|v} — Do, (4.9)

((sgnax) f8 (w3))x} < (sgnar)aszl + Ds.

Let (x,z1,...,26) be an w-periodic solution of (4.6). Then on dif-
ferentiating (4.8) and using (4.2), (4.3), it will follow from (4.9)
that

V= (sgnay)as Fl'(ws)+a5(sgnar) 5" (x2) =25 (sgnar) f4 (x3) — pwapy
> |ar|af + |as|af + yaf — Aifay| — 245(23 + 2F + 23) — Dy,
v = —(sgnai)as > 0,
so that if
Ay < imin(!aﬂ, las|,v) = Ds

then

VH > Ds(a2 + 22+ 22) — Dg, Dg= D4+~ 1A2 (4.10)
By the w-periodicity of V#  (4.10) implies that

| @0+ 20 + 2oy <
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and hence
|zo(t)] < Ds, |z3(t)] < Dsg, |z4(t)| < Dg

for some constants D7, Dg. The rest of the arguments follow as in
[185].

Turning now to Theorems 3 and 4, consider first the equation
(2.2), with p = 0, in the system form

.j?i:l’i+1,2':1,2,...,5, r =T
. 4.11
T = —A1Te — 92(54)955 - 93(x3)$4 - 94(952)% ( )
—a5xs5 — 96(%)
Let V = V(xy,xs,...,26) be defined by
V=-U (4.12)
where
U = 23G2(v4) + Gs(x3) + G5(x2) + 1296(71) + T376
+a1x3T5 — %alxi
(4.13)

Gatan) = | " ga(s)ds, Gilzs) = / " sgs(s)ds,

Gs(z) = /;2 g5(s)ds

Let (x1,9,...,2¢) = (z1(t), z2(t),...,z6(t)) be an arbitrary solu-
tion of (4.11) of period « say. Then, on differentiating (4.12) and
using (4.13) and (4.11), it will follow, after some calculation, that

Ve

V = —24Ga(4) + w3g4(w2) — w3g5 (1) > 0

by (2.6). The rest of the argument is as in [1,4].
For Theorem 4, consider the parameter pu-dependent system

%i:$i+1,i:1,2,...,5 r =T

. 4.14
T = —a126 — gh (T4)x5 — pugs(xs)rs — g (22) 23 (4.14)

—195(x2) — g (1) + pupa(t, 21, . . ., 26)

where
(74) = (1 — p)ag + pga(z4),

(z2) = (1 — p)ag + ga(a2),
(z1) = (1 = p)agzy + pgs(r1),

Q
o AT NT

g
g
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ay is an arbitrary constant and as, a4, ag are constants satisfying

(IT). Let V#* = V#(xy,29,...,x¢) be defined by V#* = —U*, where

Ut = 235G (24) + pGs(z3) + nGs(x2) + 2296 (1)

1
2
+ T3xTg + a1x3T5 — §a1x4

and G4(x4) = (1 — p)agxy + uGe(z4). By the continuity of ga, g5
and g4, and by (2.7), it will be clear that for some constants Dy
and Dlo,
24GY (x4) > |ag|a — Dy,
—a2gd (1) > |agla — Dy, (4.16)
g (x2)x5 > —(sgnas)asxi — Dy

for all x1, x9, x3 and x4. Thus, for any arbitrary w-periodic solution
(x1, 9, ..., x¢) = (21(t), x2(1), ..., x6(t) of (4.14), it can shown that

VI = —aaGh () — 239¢ (1) + 239) (22) — paspa
> |agla} + Bag + |ag|x; — Aflws| — 245(a5 + 23 + 27) — Duy
Z D12<ZE§ + $§ + Zﬂi) — DH,

B = —(sgnas)ay > 0, by (4.16) and (2.8), for some constants
D1, D13. The rest of the proof follows as in [1,4].

5. INDICATION OF PROOF OF THEOREMS 5 - 8

Since the arguments are essentially the same as those in §4, we
shall merely indicate the appropriate equivalent system and the
scalar function V required for nonexistence and, for existence, the
parameter p-dependent system and its corresponding scalar func-
tion V*.

We start with Theorem 5. The equivalent system (to (3.1) with
¢ =0)is

Ti=Tip1, t=1,2,...,4 TI=x

T5 = ©1(T4)T5 — P2(13)T4 — ©3(T2) T3 — Pa(12) — @5(71),
(5.1)
and the scalar function V' = V' (21, x9, ..., z5) is defined by

V = (sgnby)U, (5.2)

1
U = 23D (x4) + Po(w3) + Pa(x2) + x2p05(x1) + 2325 — 5:173, (5.3)
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x4 \

Dy (xy) E/ v1(s)ds,
0

Dy(x3) E/ spa(s)ds,
0

Dy(x9) E/ w4(s)ds.
0 7

For Theorem 6 the appropriate equivalent system to consider is

-

(5.4)

ii:xi—l-l; 2212,3,4 r =T
. 5.5
Ts = —Sﬁlf(fm)a?s M902( )1’4 - 905(@)1’3 ( )
—ppa(22) — o5 (w1) + pgr, 0<p <1,
O (r4) = (1 — )by + pepr (24),
@5 (22) = (1 — p)bs + pups(a2), (5.6)

o5 (21) = (1 — p)bs + peps(x1)
and the scalar function V* = V#(xq, z9, x3, 24, x5) is defined by
VH# = (sgnb,)U*,

with U* obtained from (5.3) by replacing ®; with ®f, ®5 with pd,,
®, with @ and 5 with ¢, noting the appropriate definitions in
(5.4) and (5.6). It can be readily verified that

VE = (sgnby)za®l (1) — (sgnby)aieh(vs) + (sgnbi)aged (x1)
—pxsqy > Dig(x; + a5 + x3) — D
for some constants Di3, D14, if By is sufficiently small.

We turn lastly to Theorems 7 and 8. The equivalent system (to
(3.2) with g2 = 0) is

.I.‘Z‘:IZ'+1,1':1,2,3,4 1=
(5.7)
@5 = —brs — Ya(r3)s — P3(x2)23 — Ya(22) — V5(21),
and the appropriate scalar function V' is given by
V = —.1'2\112(1’3) — X5 — ‘Pg(LCQ) — \1’5(.%1)
(5.8)

1
— b1$2$4 -+ 5[)1&3% + X3y,

2(x3) / o(s)ds, W3(xy) = /I2 s13(s)ds,

5(21) / Vs(s
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For Theorem 8, the equivalent parameter p-dependent system to
consider is

j:l':xiJrl, i21,2,3,4, T1 =T
. 5.9
5 = —bas — U (aa)as — (o) — Ul (ao) (59)
—pabs(z1) + pga, 0 < p <1,
V5 (x3) = (1= p)ba+pba(zs), ¥y (z2) = (1—p)batpiba(zs). (5.10)
The corresponding function V#* = V#(xy, x5, x3, x4, x5) is given by
VI = —ao W (x3) — pWs(22) — p¥s(z1)

1 (5.11)
— bll’2$4 + Ebll% + X324,
with U4 (x3) = / s)ds, and 5 defined by (5.10).
From (5.11) (5. 10) and (3.9) it will be clear that
VE = af— $3‘1’ (23) + 25V} (1) — paagy

> af— barl + byay — Bilwo| — 2B5 (a5 + a3 + 1),
so that if Bj is sufficiently small, then for some constants Ds5, Dig,
Ve > Dis(z3 + 73 + 23) — Dag.
Because of some technical difficulties we have not been able to

extend the results in §3 to full blown nonlinear sixth order equations
of the form

O 4 fi(a®)z® + fo(7)a® 4 f3(8) T +fo(&) + f5(d)
+ folw) = p(t, 2, .., 2?),

efforts are still continuing in this direction. This remark also holds
for equation (3.2).
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