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A FINITE FAMILY OF LIPSCHITZIAN
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ABSTRACT. Let K be a closed convex nonempty subset of a
Hilbert space Hand let the set of the common fixed points of a
finite family of Lipschitzian hemicontractive maps from K into
itself be non empty. Sufficient conditions for the strong conver-
gence of the sequence of successive approximations generated by
a Picard-like process to a common fixed point of the family are
proved.
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1. INTRODUCTION

Let H be a Hilbert space and let K be a nonempty subset of H. K is
said to be (sequentially) compact if every closed bounded sequence
in K has a subsequence that converges in K. K is said to be
boundedly compact if every bounded subset of K is compact. In
finite dimensional spaces, closed subsets are boundedly compact.
Given a subset S of K, we shall denote by co(S) and ccl(S) the
convex hull and the closed convex hull of S respectively. If K is
boundedly compact convex and S is bounded, then co(S) and hence
ccl(S) are compact convex subsets of K.

A map T : K — F is said to be semi-compact if for any bounded
sequence {z,} C K such that ||z, — Tz,|| — 0 as n — oo there
exists a subsequence {z,,} C {z,} such that z,,; converges strongly
to some x* € K as 7 — o0o. The map T is said to be demi-
compact at z € F if for any bounded sequence {z,,} C K such that
|2n — Tz || — 2 as n — oo there exist a subsequence {z,,} C {z,}
and a point p € K such that z,,; converges strongly to p as j — oo.
(Observe that if T is additionally continuous, then p — Tp = z).
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A nonlinear map 7' : K — F is said to be completely continuous
if it maps bounded sets into relatively compact sets.Let T" be a
self-mapping on K. T is said to be Lipschitzian if 3 L > 0 such
that

[Tz —Ty|| < Lz —yll,  Va,yeK. (1)

If L =1 then T is called nonexpansive and if L < 1 then the map-
ping T is called a contraction. The Mapping 7" with domain D(T)
and the range R(T) in H is called pseudocontractive if V z,y €
D(T),

1Tz = Ty||* < o —ylI* + |(1 = T)z — (I = T)y|* (2)

If (2) holds for all z € D(T)and y € F(T)(fixed point set of T'),
then T is said to be hemicontractive.

The class of pseudocontractive maps has been extensively stud-
ied (see e.g [1]-[6] and the references therein). It is clear that the
important class of nonexpansive mappings is a subclass of the class
of pseudocontractive maps.

In [4], Ishikawa introduced a new iteration method and proved
that it converges strongly to a fixed point of a Lipschitz pseudo-
contractive map defined on a compact convex subset of a Hilbert
space. In fact, he proved the following result.

Theorem 1 (Ishikawa [4])

Let K be a compact convex nonempty subset of a Hilbert space
and let T : K — K be a Lipschitz Pseudocontractive map. Let
{an},{Bn} be real sequences satisfying the following conditions:

(1) 0 <oy, < B, < 1.
(2) lim B, = 0.
n—oo
(3) Yo, = 0.
Then starting with an arbitrary xo € K the sequence {x,} of suc-
cessive approximations defined by

converges strongly to a fixed point of T.

This result has been generalised in several ways by many authors
see e.g. Li Qihou [5]who proved Theorem 1 in the case where T is
a Lipschitz hemicontraction. Chidume and Moore [1] who proved
Theorem 1 in the case where 7' is a continuous hemicontraction
and for iteration process with errors, Ghosh and Debnath[3] who
proved the convergence of a Picard-like process to a fixed point of
a quasi-nonexpansive map.
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Our purpose in this paper is to construct a Picard-like iteration
process which converges strongly to a common fixed point of a finite
family of Lipschitz hemicontractive self maps of a closed convex
nonempty subset of a Hilbert space.

2. MAIN RESULT
We need the following lemma in this work.

Lemma 1: For any z,y, 2z in a Hilbert space H and a real number
A€ [0,1],

Az + (1= Ny = 2[* = Ml — 2[]* + (1 = Nly — 2*
= AL =Nz —y*
We define the following auxilliary maps:a, 8 € (0, 1) constants;
Sig = (1=p)1+pBT; ie{1,2,..,N}. (5)
Tws = (1—a)l+aTiSs. (6)

(4)

Theorem 1: Let H be a real Hilbert space and K a nonempty
closed convex subset of H and let {T;}}, be a finite family of
Lipschitzian(with constant L; > 0) hemicontractive maps from
K into itself such that F = (Y, F(T}) is not empty. Let L :=
maxy<;<n{L;}, and choose o, 5 € (0,1) such that 0 < o < 8 <

L Starting with an arbitrary xy € K, define the iterative

TV
sequence {z,} by

Tni1 = Tiaptn; n>0 mn+1=7 modN, (7)
then

(1) {z,} is bounded.

(2) lim ||z, — z*| exists for z* € F.
n—o0
(3) Vie {1,2,...,N}. lim ||z,, — Tyx,|| = 0.
n— oo
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Proof:
Let z* € Nv, F(T)).
Now,
@1 = 2*|* = | Tiapzn — 2|
— (1= @)z + TS0 — o
= (I-a)|z, —2"|* + ol TiSips — 2|
—a(1 = a)||T;Sipwn — x4
< (I=a)llzn — 2" + af[[Sigzn — 2*||?
+[Sigzn — TiSisnll’]
—a(1 = )IT:Sip2n — 2l
[Sigzn — 21> = (1 = B)xy + fTiwn — 27|
= (1= B)zn — 2" |* + BTz, — 2™
—B(1 = )| Tiwn — wnl|?
< (1= B)llwn — 2| + Bz — 2|2
Hlzn — Tzal?) = B~ B)| Tiwn —
= lan = 2** + B2||lwn — Tiwnl®.
Also,
[Sign — TiSigznll* = (1 = B)wn + BTixn — TiSis,|?
= (1=8)llz. - TiSinnH2
+B(Tizn — TiSipwnl|?
—B(1 = A Tiwn — x|
But
| T3z, — TiSinnH2 < L?Hxn - Siﬁxn||2
= L?Hxn — (1= B)zn — ﬁsznHQ
= ﬁQLzQHxn - sznHQ
< BQLQHJU” - sznHQ
So that

(1= B)llzn — TiSigzal®
+53L2Hxn - sznHQ

—B(1 = B)|| Tiwn — @nlf?

= (B°L* + B = B)|w — Tiwa|*
+(1 = B)l|z — TiSipnll.

|Sigan — T;Sipanl?

IN
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Hence
[Zni1 — 2P < (1= a)|len — 21> + aff|z, — 2
+(BL? + 5% = B)||xn — Tiznl|”
+(1 = B)|len — T;Sipnl?]
—a(l — o)z, — TZ-Sm;EnHQ.
= |, — 2*]® — aB(1 — 28 — B°L?)||x, — Tizn ||’
—a(B = )|z, — T;Sipz,|?

< Hxn - x*HQ - 056(1 — 20 — 52L2)Hxn - sznHZ
Thus,
[Zn41 — 2?2 < lzn — 2*|° = caBllz, — T |?
<l — 2%

where ¢ := 1 — 28 — 32L? > 0. Thus, conditions (1)and (2) above
hold.
Now Vi € {1,2,.., N},

caBllen — Txal® < llon — 2" = @ — 27| (8)

Hence, summing above equation from n = 0 and observing that the
right hand side telescopes, we have

caf 3 |lzn — Tizal|? < |lzo — o*||* < 005 ¥i € {1,..., N}.

n>0
Thus,
> e — Tian||* < oo; Vi € {1,.., N}
n>0
Which implies that
nh_)rg() |z, — Tz, || = 0; Vi € {1,..., N}. 9)

This completes the proof.

Remark 1: Suppose that {x, } has a convergent subsequence {z,, }.
Let x,; — p as j — oo. Since z, — Tjx, — 0asn — oo Vi€
{1,2,..., N}. it implies that z,,, — Tiz,, — 0as j — oo Vi € [
and that Tiz,, — Tijp as j — oo V ¢ by continuity of T;. So,
lp — Tipl| = nh_)rg() |Zn; — Tixy,|| = 0,Vi implying that p € F. Thus,
v =] < n—pl and Ty [, =] exists bt lim [, ] = 0.

solim ||z, — p|| = 0. Hence x, — *(= p) as n — 0.
n—oo
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Conditions under which {z,} has a convergent subsequence in-
clude
(1) T; is completely continuous Vi € {1,..., N}.
(2) T; is demicompact Vi € {1, ..., N}.
(3) T; is semicompact for some i € {1,..., N}.
(4) K is compact.

(5) K is boundedly compact.

A map A: H — H is said to be accretive or monotone if Vz,y €

H and Va > 0

|z =y + a(Az — Ay)[| = [lz =y (10)

If the above holds Vz € H and Vy € Z(A) := {w € H|Aw = 0} (the
zero set of A), then A is said to be quasi-accretive. It is easy to see
that T is hemicontractive if and only if A = I —T is quasi-accretive.
Now, let

Gis = I—PBA;ie{l,.. N} (11)
Aiaﬁ = ]—OéBAZ'—OéAZ‘GZ‘ﬁ. (12)

We have the following theorem as an easy corollary to Theorem
2.1.

Theorem 2: Let H be a real Hilbert space and let A; : H — H;i €
{1,2,..., N} be a finite family of L;-Lipschitzian quasi-accretive
maps such that the simultaneous nonlinear equations A;x = 0; i €
{1,2,..., N} have a solution 2* € H. Let L := max;<;<y{L;}, and
choose «, B € (0,1) such that 0 < o < B < —+—. Starting with

1+V1+L2?
an arbitrary =, € H define the iterative sequence {z,} by
Tni1 = AiapTn; n>0; n+1=4 mod N. (13)
then
(1) {z,} is bounded.
N

item nh_}rgo |z, — "] exists Va* € ﬂ Z(A;).

=1
(2) lim [|Aiza|| = 0; Vie {1,2,..,N}.
n—oo

Proof:
Let T; = I—A;. Then T; is a Lipschitzian hemicontraction. Further,
Sig = (=PI +pTi=1-BI-T)=1-BA =G.

Eaﬁ = (1 — Oé)] + OéﬂSw = ] — Oé([ — ng) — OéAZ'GZﬂ
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Thus, Theorem 2.1 applies and we have the stated results.
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