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AN APPLICATION OF EXTENDED DERIVATIVE ON
PARTIAL SUMS OF CERTAIN ANALYTIC AND
UNIVALENT FUNCTIONS
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ABSTRACT. In this paper the authors by means of a more
generalized Salagean operator studied partial sums of certain
class of analytic and univalent functions, lower bounds for these
classes were determined.
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1. INTRODUCTION

Let A denote the class of functions f(z) of the form
f(2) =2+ az* (1)
k=2

which are analytic in the open unit disc U = {z: |z| < 1}. Fur-
thermore, let S denote the class of all functions in A which are
univalent in U. Let S*(a) denote the subclass of A consisting of
functions f(z) which satisfy

zf’(Z)}
Re >a,(zeU 2
{Hsacen )
for some (0 < o < 1). A function f(z) in S*(«) is said to be
starlike of order o in U. Also, let K (a) denote the subclass of A
consisting of all functions f(z) which satisfy

zf”(z) }

Req1+ >a,(zeU
(e g} eeen

for some a(0 < o < 1). A function f(z) belonging to K(«) is said

to be convex of order v in U. It is easy to see that f(z) € S*(«) if

and only if zf'(2) € K(«).
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Recently, Frasin [3] defined and studied the class Hy/(cg, d) consist-
ing of functions f(z) of the form (1) which satisfy the inequality,

)
chmk’ S (S
k=2

where ¢ > 0, and ¥(2) is analytic and univalent and a fixed function
of the form

\I!(z):z+chzk, (e > c0>0,k>2). (3)
k=2

In his investigation, he showed that for suitable choices of ¢; and
9, the subclass of Hy(cg,d) reduces to various known subclasses
studied by various authors. Though after the presentation of his
investigation in [3] some mispresentation of conditions were dis-
cussed and pointed out by some other recent authors who carried
out further investigations in this direction,[see Powal and Dixit [7],
Oladipo [8]].

To define the extended Salagean derivative operator which we shall
employ in this work we recall from [9] that

Qf(2) =T(2—-6)2°D°f(2)

B “T'(k+1DT(2-9)
_”; T(k+1—0) s )

and also from [2] we recall that
"D f(2) = I DI (A D) f(2))

L+ MNk—1)+1
— 1+1

2
Let J§*(A\, 1) : A — A such that

. B (Tk+1DI2 -0\ [1+AEk—1+1\"
Jé(A’l)_H;( Tk+1-90) )( 141 ) =
(6)

T D) = L f(2) + I"(A D f(2) (7)
and 0 >0, A >0, >0, me N,.
In this paper, we extend the results of [3],[4],[6],[7],[8] and some
new results are embedded in our class.We now state and prove the
following.

:Z—|—

NE

) apz®.n e Ny, A>0,1>0. (5)

yk‘

where
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2. MAIN RESULTS
Theorem 2.1: If f € Hy(cg, d), then

(i)Re{M}EM, (» e U) (8)

Jgn()‘al)fn(z> Cn+l
and
: Jgn()‘J)fn(Z) } Cnt1
11)Re > , (ze€eU 9
) { (A f(2) Cny1 + ()18 ( ) ©)
where
S of ifk=23..
FE T ifk=n+1ln+2, .
D(n+2)I'(2—6 n m
and ¢ = ( (r(thz( 3) )> (lJrl):i—lH)
while o — ( k+k1+l = ) <1+>\(11:ll)+l)
The result (8) and (9) are sharp with the function given by
f() = 5+ Lo (10)
Cn+1

where 0 < 5 < %

Proof: To prove (i) part, we define the function w(z) by
L+w(z)  cnpa [JTONDf(z) (Cn+1 - ¢1ﬁ)}
1 - W(Z) ¢1B Jm&()\’ l)fn(z)
1+ 3 0z + G5 Dkentl a2t 11
L+ oa,zk1 (11)

It suffices to show that |w(z)| < 1. Now, from (9) we can write

Cn+1

Cn+1 k—1

oo
"B D1 OkZ
k-1 Cn+1 k-1
2423 4 02kt + D k1 k2

w(z) =

Hence, we obtain

Cn+1

|w(z)| < &18 Zio n+10|ak|
T 2-2)p0la] — Cn“ Zk nt1 O]
Since |w(z)| < 1, we have

an Z ola| <2—220|ak| an Z o|ag|

k n+1 k n—+1




194 S. O. OLATUNJI, A. T. OLADIPO AND O. A. FADIPE-JOSEPH

It

CnH Z olag| < 2—220|ak|

k: n+1
Or equivalently

n

Cn
Za\ak\ —|— 2 Z olag| <1 (12)

k=2 k n+1

It suffices to show that L.H.S is bounded above by >} _, Fa]
which is equivalent to

Z(C’“_ﬁﬁg) w3 <¢; 50’“”) lax] > 0. (13)

k=2 k=n+1

To see that the function given by (11) gives the sharp result. We
observe that for z = re™ .

5" (A D (=) _1+i¢12n_>1_ s b1 = Cnt1 — PP1 B

Jgn()\, l)fn(z) N Cn+1 Cn+1 L Cn+1

where r — 17.
To prove the (ii) part of the Theorem,

L+w(z) i+ ¢ {J?(A,l)f(fz} _ ( Cnil )}

1—w(z) &1 3 JN ) fu(2) Cnt1 + P18

n k=1 _ 41 §O0 k-1
L+ s oaz 18 D hent1 TOkZ

n —
1+ ,oa,zkt

n+1+
(=522 232 ol .
2237 yolan| - Cn“ d)lﬂ Py i1 Olar]

This last inequality is equivalent to

w(z)] <

n

Za|ak| —|— Cntl Z olay| < 1.

k=2 k: n+1

Finally, equality holds in (10) for the function f(z) given by (11).
This completes the proof of Theorem 2.1.

The following corollaries are obtained by varying various choices of
parameters involved.

Taking [ = 0 in Theorem 2.1, we have
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Corollary A: If f € Hy(cg, 0, ), then

. J(A) f(2) Cni1 — P23
@%{mumwﬁz om0 #€D) (14)

and

mu&{

where

EOAE,
JPNf(2) | 7 cnpr + 28

> { o ifk=2,3..

(z€U) (15)

% ifk=n+1n+2, ..

and ¢p = (—F(?ﬁg(f{)‘”) (1+An)™

while oy = (%) (1+ Ak —1)"

which serves as a new generalization in this direction and also the
class of functions studied by Al-oboudi [1].
Setting A = 1,1 = 0 in Theorem 2.1, we obtain

Corollary B: If f € Hy(c, ), then

. Jmf(z) } Cpn+1 — ¢36
1)Re 0 > , (z€eU 16
( ) {Jgnfn(z) Cn+1 ( ) ( )
and
.. defn(z)} Cn+1
11)Re > , (z€eU 17
Q {Jgnf(z) T Cpy1 + @308 ( ) (17)
where
S oo ifk=2,3..
= B ifk=nt1lnt2, ..
T(n+2)(2—5 m T(k+1)T(2—6 m
and g5 = (DGR (14 n)", 0 = (HERAESD) ()

which is the class of functions studied by Salagean [5].
Putting m =0,0 =0,\ = 1,1 = 0 in Theorem 2.1, we obtain

Corollary C: If f € Hy(cy,6), then

. f(2) cni1 —1'(2)

(i) Re {fn(z)} > -~ , (z€U) (18)
and

. fn(2) Cn+1

re {2 oy GeV (19)
where

_ [ T8 ifk=23..
k= Cnr1 tfk=n+1n+2,..
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and ¢4 = ['(2), 03 = I'(2) Puttingm = 1,0 = L,A =1,/ =0 1in
Theorem 2.1, we obtain

Corollary D: If f € Hy(cg, d), then

NS FLCR RN

R g} = T Gew 20)
and

.. f'r/z(z) Cn+1

(ZZ)R@{W}Zm, (ze€U) (21)
where

> 0'45 Zf ]{322,3
H= Dt Gf k=n+ln+2..
5

and ¢5 = —F(?zﬁ%l) (n+1), 04 = —F(kF(l,g)F(l)k

Remark: By still varying some various choices of parameter in-
volved many result will be generated.
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