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SIGNIFICANCE OF SUCTION AND DUAL STRETCHING:

COMPARATIVE ANALYSIS BETWEEN THE DYNAMICS

OF WATER-BASED ALUMINA NANOPARTICLE

AGGREGATION WITH WATER-BASED CUPRIC

NANOPARTICLE AGGREGATION

K. K. ASOGWA AND I. L. ANIMASAUN1

Suction and dual-stretching are valuable tools for influencing not
only heat transfer but also friction. However, nothing is known
about the impact of nanoparticles’ volume fraction and aggrega-
tion. This report focuses on the significance of suction and dual
stretching on the dynamics of water-based alumina nanoparti-
cle aggregation and water-based cupric nanoparticle aggregation
using the Maxwell-Bruggeman model. The governing equation
that models the transport phenomenon mentioned above is pre-
sented, non-dimensionalized, and parameterized. The numeri-
cal solutions of the set of equations that are unitless were ob-
tained using the Matlab package - bvp4c. Increasing suction
and dual stretching are a yardstick to decline local skin friction
coefficients proportional to heat transfer rate but cause Nus-
selt number proportional to the heat transfer rate. The rate
of decrease in the local skin friction coefficients proportional to
the friction is maximum in the transport phenomenon of water
conveying alumina nanoparticles. The temperature distribution
across the transport phenomena is a decreasing property of (a)
Prandtl number, (b) dual stretching, (c) fractal index, and (d)
maximum volume fraction of nanoparticles. The reverse is the
case of volume fraction as it boosts the temperature distribu-
tion. The velocity functions are decreasing properties of radii of
aggregates and nanoparticles, volume fraction, and suction.
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The increasing body of knowledge on the importance of suction and
dual stretching has helped the experts and researchers understand
its influence on heat transfer, friction, temperature distribution
across a flowing fluid, and momentum. The control, growth, and
formation of nanoparticles to form clusters either by particle trans-
port mechanisms or interfacial chemical reactions are known as the
aggregation of nanoparticles (NPs) in the base fluid. The nanopar-
ticles do not exist as individual particles in the fluid medium but
tend to aggregate together due to interparticle forces. Aggregation
of tiny particles in the base fluid was described by Zhang [1] as
a factor capable of changing the physicochemical properties, reac-
tivity, transport, and biological interactions of nanoparticles. Ag-
gregation of colloidal particles in the base fluid has occurred when
(a) the physical processes bring particle surfaces in contact with
each other, (b) there exists a short-range in thermodynamic in-
teractions, and (c) particle-particle attachment occurs. Stability is
one of the crucial factors responsible for the overall benefits and the
heat transfer augmentation of the hybrid nanofluids since the pres-
ence of nanoparticles determines strong van der Waals forces, thus
creating aggregates. According to Ali [2], some of the advantages
of the single-step method of preparing hybrid nanofluid are (a) ex-
cellent stability, (b) nanofluid homogenization, and (c) no particle
aggregation. The last point made in Ref. [2] is valid because inter-
actions in the transport of nanoparticles, as in the case of nanofluid
made up of a single-step method, may cause the nanoparticles to
adhere to each other and eventually avoid nanofluid homogeneity.
But, it is challenging to prepare a homogeneous nanofluid with
proper stability without particle aggregation. More so, evaporation
of the fluid is a factor causing the aggregation of nanoparticles. In
a study on the thermal conductivity, electrical conductivity, viscos-
ity, and refractive index of two non-aggregating (stable) nanofluids
of γ − Al2O3 and SiO2 and two aggregating (unstable) nanoflu-
ids of TiO2 and α-Al2O3 by Angayarkanni and Philip [3] that the
effect of aggregation in unstable nanofluids leads to a substantial
modification of their viscosity and refractive index.

Homo-aggregation and hetero-aggregation are two types of aggre-
gation. Homo-aggregation refers to the aggregation of two parti-
cles of the same kind, while hetero-aggregation refers to dissimilar
particles’ aggregation. Homoaggregation under controlled labora-
tory conditions produces aggregates of reasonably predictable frac-
tal dimension, whereas hetero-aggregation typically forms natural
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fractals, making aggregation states more difficult to describe and
predict Keller et al. [4]. Smaller particles aggregate more readily
than larger particles because aggregation lowers the free energy of
the system. Besides, the smaller the particle, the higher the surface
energy. Results obtained by Babakhani [5] show that incorporating
aggregation into the transport model improves the predictiveness
of current theoretical and empirical approaches to nanoparticles
deposition in porous media. More so, disregarding the accelera-
tion factor, aggregation enhances nanoparticles mobility at regions
close to the injection point at a field scale. It causes their reten-
tion at greater distances by altering their diffusivities, secondary
interaction-energy minima, and settling behavior. He et al. [6] in-
cluded nanoparticle aggregation in the heat transfer analysis of ti-
tania nanofluid in a pipe and discovered that the viscosity increases
with nanoparticle aggregation.

Comparison of ethylene glycol’s dynamics conveying aggregated
and non-aggregated titanium nanoparticles due to Marangoni con-
vection (i.e. surface tension at the wall) as seen in Mackolil and
Mahanthesh [7] along an inclined wall when Lorentz force, ther-
mal radiation, space, and temperature-dependent heat sources are
significant. The results show that increasing Lorentz force, angle
of inclination, and volume fraction made the transport phenom-
enon’s velocity decline. Still, the velocity without aggregation is
higher than the velocity with aggregation. This is true because
nanoparticles’ presence determines strong van der Waals forces,
thus creating nanoparticle aggregation, and nanoparticle surfaces
are in contact with each other, thus forming a kind of block that
reduces the distance cover per time. Also, at all the chosen Lorentz
force and volume fraction levels, it is evident in the results that
the temperature distribution in the dynamics of ethylene glycol
conveying aggregated titanium nanoparticles is higher than that of
non-aggregate of nanoparticles. This indicates that not only does
aggregation enhances nanoparticle mobility Babakhani [5], but the
associated particle-particle attachment causes additional internal
heating. More so, Van der Waals forces are independent of temper-
ature except for dipole-dipole interactions.

The wide importance of nanoparticles in engineering and tech-
nology has prompted researchers to continue exploring newer nan-
otechnology areas. Thermal conductivity can be enhanced by clus-
ters from the aggregation of nanoparticles reported by Ravi Prasher
[8] in colloidal nanofluids. As a model compound, Titania was used
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to investigate the effects of surface potential on subsurface par-
ticle mobility in Katherine et al. [9]. It was pointed out that
the nanoparticle interactions with each other and surfaces are con-
trolled by pH, and hence, surface potential and aggregate size in-
crease as pH increases. Theoretical and experimental research car-
ried out by Kleinstreuer and Feng [10] on nanofluid thermal con-
ductivity enhancement. Using Kreiger and Dougherty (K-D) model
used by Gaganpreet and Srivastava [11] to study nanofluids’ ther-
mal conductivity and viscosity by assuming that the nanoparticles
may aggregate on dispersion. The results obtained for thermal con-
ductivity align with the experimental results when the impact of
various types of clusters is considered. Viscosity increases with the
increase in particle aggregate (ra) and matches well for ra = 3r
at low concentration. Ellahi et al. [12] proposed a new model to
study the effects of Al2O3 nanoparticle aggregation on water base
fluid over a porous wedge. Peddiesona and Chamkha [13] consid-
ered nanofluid aggregation modeling and reported that nanofluid
thermal conductivity is enhanced by nanoparticle aggregation. An
Iron metal (Fe) nanoparticle aggregates in a water-based fluid to
form clusters was reported by Marin et al. [14] under the influence
of an external applied magnetic field over a stretching cylinder. It
is worth deducing from the results that the heat transfer rate im-
proved by increasing the number of particles in the backbone, while
the wall shear stress is improved by increasing the dead-end par-
ticles. Additional references on the topic under discussion can be
easily fetched in the report by Chen et al. [15], Animasaun et al.
[16], Nanja et al. [17], Aladdin et al. [18], Devi and Devi [19], and
Nadeem et al. [20].

Sequel to the outline reviewed of the literature, it is essential
to study the significance of suction and dual stretching on the dy-
namics of water-based alumina nanoparticle aggregation and water-
based cupric nanoparticle aggregation using the Maxwell-Bruggeman
model. The study was initiated to provide logical answers to the
following research questions:

(1) In the case of dynamics of water-based alumina nanoparti-
cle aggregation and water-based cupric nanoparticle aggre-
gation, what are the effects of dual stretching and suction
on the local skin friction coefficients and Nusselt number of
both nanofluids flow?

(2) How do volume fraction, fractal index, the maximum vol-
ume fraction of nanoparticles, and radii of aggregates &
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nanoparticles affect the dynamics of water-based alumina
nanoparticle aggregation and water-based cupric nanopar-
ticle aggregation?

2. RESEARCH METHODOLOGY

In this section, the adopted research methodology for the study
design to provide answers to the aforementioned research questions
are presented.

2.1 FORMULATION OF THE GOVERNING EQ.

The steady and three-dimensional flow of water-based alumina nano-
particles and water-based cupric nanoparticles was considered in a
rectangular frame of x, y, and z reference; see Figure (1). The ve-
locities of the horizontal surface in x-direction and y-direction (i.e.
uw = ax and vw = by) were induced by a dual linear stretching
following the exploration and extension of the boundary layer used
by Prandtl [21] and Sakiadis [22]. The governing equation for the
mechanics is of the form.
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u
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∂z2
. (4)

Next is to present the boundary conditions. Along x−direction and
at y = 0, z = 0 are

u = uw(x) = ax, w = ww

(
= −

√
aϑbf

∫
v

ay
dη + zw

)
, at z = 0,

and y = 0. (5)

u→ 0, as z →∞ and y = 0. (6)

Along y−direction and at x = 0, z = 0, boundary conditions are

v = vw(x) =
b2y

a
, w = ww

(
= −

√
aϑbf

∫
u

ax
dη + zw

)
, at z = 0,

and x = 0 (7)

v → 0, as z →∞ and x = 0. (8)

Boundary conditions for Eq. (4) are

T = Tw, at z = 0 as (x, y)→∞ (9)

T → T∞, as z →∞, and (x, y)→∞. (10)

In addition to the data presented as Table 1, the effective thermo-

Table 1. Thermophysical properties ofH2O, Al2O3,
and CuO used by Sheikholeslami et al. [23] and Mo-
hammadein et al. [24]

ρ(kgm−3) Cp(J/kgK) κ(W/mK)
H2O 997.1 4179 0.613
Al2O3 3970 765 25
CuO 6500 540 18

physical properties are considered based on aggregation property
are density of the nanofluid ρnf , the specific heat capacity of the
nanofluid (ρCp)nf , dynamic viscosity µnf , thermal conductivity κnf

ρnf = (1−φa)ρbf +φaρsp, (ρCp)nf = (1−φa)(ρCp)bf +φa(ρCp)sp,

µnf = µbf

(
1− φa

φm

)[χ]φm

, κnf = κbf

[
κa + 2κbf − 2φa(κbf − κa)
κa + 2κbf + φa(κbf − κa)

]
.

(11)
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On introducing the following non-dimensional quantities

u = ax
df

dη
, v = by

dg

dη
, w = − (aϑbf )

1
2 [f(η) + cg(η)], c =

b

a
,

η = z

(
a

ϑbf

) 1
2

, fw =
−zw√
aϑbf

, θ =
T − T∞
Tw − T∞

, Pr =
ϑbf
αbf

.

(12)
Where u, v, and w are velocity components in the x, y, and z di-
rections, c is the stretching ratio, zw is the dimensional suction
parameter, fw is the dimensionless suction velocity, (a and b) are
the stretching rates, Pr is the Prandtl number, T is the dimensional
fluid temperature. Substituting Eq. (20) and Eq. (12) into Eq. (1)
- Eq. (10) to obtain

A2

A1

d3f

dη3
− df

dη

df

dη
+ [f + cg]

d2f

dη2
= 0, (13)

A2

A1

d3g

dη3
− cdg

dη

dg

dη
+ [f + cg]

d2g

dη2
= 0, (14)

A4

A3

d2θ

dη2
+ Prf

dθ

dη
+ Prcg

dθ

dη
= 0. (15)

Together with the set of boundary conditions

df

dη
= 1, f = fw,

dg

dη
= c, g =

fw
c
, θ = 1 at η = 0, (16)

df

dη
→ 0,

dg

dη
→ 0, θ → 0 as η →∞. (17)

Where

A1 = 1− φa + φa
ρsp1
ρbf

, A2 =

(
1− φa

φm

)[χ]φm

,

A3 = 1−φa+φa
(ρCp)sp
(ρCp)bf

, A4 =

[
κa + 2κbf − 2φa(κbf − κa)
κa + 2κbf + φa(κbf − κa)

]
(18)

The aggregation model for thermal conductivity was derived by
modifying the Maxwell model to obtain the Bruggeman model. The
model was used because of its accuracy and the nanofluids’ inherent
aggregation property. Following Mackolil and Mahanthesh [7], the
aggregate thermal conductivity modeled is of the form

κa
κbf

=
1

4

[
(3φin − 1)

κsp
κbf

+ [3(1− φin)− 1]
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+

[(
(3φin − 1)

κsp
κbf

+ (3(1− φin)− 1)

)2

+ 8
κsp
κbf

]1/2 (19)

The aggregate volume fraction is the volume fraction per largest
aggregate packing fraction given by

φa = φ

(
ra
rsp

)3−D

,

φ is nanoparticle volume fraction, φm is the maximum volume frac-
tion of nanoparticles, [χ] is Einstein coefficient, D is the fractal
index, ra & rsp are radii of aggregates and nanoparticles, respec-
tively. The Nusselt number and local skin friction coefficient are
the physical quantities of concern for the transport phenomenon
defined as

Nux =
−xκnf

κbf (Tw − T∞)

∂T

∂z
, Nuy =

−yκnf
κbf (Tw − T∞)

∂T

∂z

Cf =
µnf

ρbfa2x2
∂u

∂z
Cg =

µnf
ρbfa2y2

∂v

∂z
. (20)

Next is to use Reynolds numbers
√
Rey = a1/2y

ϑ
1/2
bf

,
√
Rex = a1/2x

ϑ
1/2
bf

and

the similarity variables in Eq. (12) to derive the unitless physical
quantities as

f ′′(0) =
Cfx
√
Rex

A2

, g′′(0) =
Cgy
√
Rey

cA2

,
Nux

A4

√
Rex

= −θ′(0) (21)

2.2 METHOD OF SOLUTION AND RELIABILITY OF
RESULTS

In order to establish the reliability of the obtained solutions, shoot-
ing technique procedure of quadratic interpolation (Muller’s method)
embedded with fourth-order Runge-Kutta Gill integration scheme
(shrkg) and inbuilt bvp4c Matlab package were used to numerically
solve Eq. (11) - Eq. (14) for a limiting case A2/A1 = A4/A3 = 1,
c = [0.3, 0.4, 0.5], Pr = 6, and fw = 0.3; see Animasaun [25] for the
algorithm of the shooting technique procedure of quadratic interpo-
lation (Muller’s method) embedded with the fourth-order Runge-
Kutta Gill integration scheme. Based on the results presented in
Table (2), it is worth concluding that both methods produced the
same results; hence the numerical integration is correct, and the
results are reliable.
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Table 2. Validation and reliability of results for a
limiting case A2/A1 = A4/A3 = 1, c = [0.3, 0.4, 0.5],
Pr = 6, and fw = 0.3

c f ′′(0) f ′′(0) g′′(0) g′′(0) −θ′(0) −θ′(0)
shrkg bvp4c shrkg bvp4c shrkg bvp4c

0.3 −1.3632 −1.3632 −0.3205 −0.3205 4.6015 4.6015
0.4 −1.3776 −1.3776 −0.4452 −0.4452 4.6522 4.6522
0.5 −1.3955 −1.3955 −0.5836 −0.5836 4.7150 4.7150

3. ANALYSIS AND DISCUSSION OF RESULTS

The data presented in Table (2) was used to simulate the aforemen-
tioned transport phenomenon. Because of the changes in viscosity
and thermal conductivity, Figure (2) and Figure (3) show the effect
of suction (fw) on the fluid flow of aluminum oxide nanoparticle
aggregation and copper(II)oxide nanoparticle aggregation. Suction
moves the flow in an upward direction and a forward direction,
decreasing the flow. It is noted that under an increased suction
parameter value, copper(II)oxide nanoparticle aggregation experi-
ences a more significant decline than aluminum oxide nanoparticle
aggregation. Since suction is perpendicular to the vertical veloc-
ity, the observed decrease in the horizontal flow along the x and
y directions reduces pressure. Figure (4) also shows that the ef-
fect of suction (fw) on temperature indicates that aluminum oxide
nanoparticle aggregation gradually decreases over copper(II)oxide
nanoparticle aggregation as the suction parameter values increase.
Prandtl number is the ratio of momentum diffusivity to thermal
diffusivity.

As the Prandtl number rises, as seen in Figure (5), aluminum ox-
ide nanoparticle aggregation decreases faster than Copper(II)oxide
nanoparticle aggregation. Figure (6) shows that Copper(II)oxide
nanofluid aggregation reduces with a higher stretching ratio c com-
pared to aluminum oxide nanofluid aggregation along with the hor-
izontal velocity in x direction. However, due to a higher stretching
ratio c, the copper(II)oxide nanofluid aggregation increases along
with the horizontal velocity for the dynamics along the y−direction
near the wall as shown in Figure (7) compared to aluminum oxide
nanofluid aggregation. Physically, a higher magnitude of stretching
ratio c leads to a lower stretching rate a. This is the main reason
why the horizontal velocity decreases with a higher stretching ratio
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in the x direction flow but increases in the y−direction flow as ob-
served by Nehad et al. [26]. Figure (8) shows that the temperature
distribution in aluminum oxide nanoparticle aggregation dynam-
ics decreases with growth in stretching ratio over copper(II)oxide
nanoparticle aggregation. In heat transfer, when velocity is in-
creasing, heat energy is transported away from the domain. The
observed results in Figure (8) are justifiable because the observed
increase in the flow along y−direction is not only substantial but
also dominates; hence the decrease in the flow along x direction.

Figure (9) and Figure (10) show that the horizontal velocity of
both transport phenomena along x−direction and y−direction is a
decreasing property of volume fraction. It is evident based on the
information illustrated in Figure (11) that the temperature distri-
bution increases with the volume fraction of nanoparticles. The out-
come of the simulation shows that a higher fractal index is capable
to causes the velocity of the horizontal velocity along x−direction
and y−direction to increase drastically; see Figure (12) and Figure
(13). The analysis of the results suggests that increasing fractal
index is capable to cause a decrease in the temperature distribu-
tion; see Figure (14). It is worth remarking that the horizontal
velocity along x−direction and y−direction increase due to higher
maximum volume fraction of nanoparticles; Figure (15) and Figure
(16). Figure (17) depicts that the temperature distribution de-
creases negligible due to an increase in the maximum volume frac-
tion of nanoparticles. When the radii of aggregates and nanopar-
ticles increase, it is very clear that the temperature distribution
increases but the velocity is a decreasing property; see Figure (18),
Figure (19), and Figure (20). For brevity, this is shown in Table
(3) and Table (4). The local skin friction coefficients f ′′(0) and
g′′(0) decrease with increasing values of dual stretching and suction
parameters comparatively for copper(II)oxide nanoparticle aggre-
gation and aluminum oxide nanoparticle aggregation. While the
reverse is the case for the Nusselt number for the two cases. Us-
ing the slope linear regression through the data point suggested by
Shah et al. [27], Animasaun et al. [28], Wakif et al. [29], the data
presented in Table (3) and Table (4) were further explored. As
suction and dual stretching increase, it is worth remarking that the
rate of decrease in the local skin friction coefficients proportional
to the friction is maximum in the transport phenomenon of water
conveying alumina nanoparticles. However, for a significantly large
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heat transfer rate as suction and dual stretching increase, dynamics
of water conveying cupric nanoparticles should be considered.

Figure 2. Variation in the velocity along
x−direction with suction

Figure 3. Variation in the velocity along
y−direction with suction
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Figure 4. Variation in the temperature distribution
with suction

Figure 5. Variation in the temperature distribution
with Prandtl number

Figure 6. Variation in the velocity along
x−direction with dual stretching
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Figure 7. Variation in the velocity along y-
direction with dual stretching

Figure 8. Variation in the temperature distribution
with dual stretching

Figure 9. Variation in the velocity along
x−direction with Nanoparticle volume fraction
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Figure 10. Variation in the velocity along
y−direction with nanoparticle volume fraction

Figure 11. ariation in the temperature distribution
with nanoparticle volume fraction

Figure 12. Variation in the velocity along
x−direction with fractal index
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Figure 13. Variation in the velocity along
y−direction with fractal index

Figure 14. Variation in the temperature distribu-
tion with fractal index

Figure 15. Variation in the velocity along
x−direction with maximum volume fraction of
nanoparticles
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Figure 16. Variation in the velocity along y-
direction with maximum volume fraction of nanopar-
ticles

Figure 17. Variation in the temperature distribu-
tion with maximum volume fraction of nanoparticles

Figure 18. Variation in the velocity along
x−direction with radii of aggregates and nanoparti-
cles
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Figure 19. Variation in the velocity along
y−direction with radii of aggregates and nanoparticle

Figure 20. Variation in the temperature distribu-
tion with radii of aggregates and nanoparticles

5. CONCLUDING REMARKS

In this report, the significance of suction and dual stretching on
the dynamics of water-based alumina nanoparticle aggregation and
water-based cupric nanoparticle aggregation had been investigated
using the modified Maxwell-Bruggeman model. Based on the anal-
ysis of results, it is worth concluding that

(1) in the case of nanoparticle aggregation, the higher fractal
index is capable to enhance the velocity of both nanofluids
because the aggregate volume fraction is strongly dependent
on the fractal index. However, such an occurrence declines
temperature distribution owing to the associated decrease
in viscosity.
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8.39379593
−

16.90379140
12.76731022

−
16.64722680

−
33.32767603

22.13886467
S
lp
−

1.814629626
−

3.575438423
2.889456128

−
3.937681506

−
7.85145058

5.344431664
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(2) the velocity functions are decreasing properties of radii of
aggregates and nanoparticles, volume fraction, and suction.
In such a case, the observed decreasing property in the ve-
locity is associated with the enhancement in the viscosity of
both nanofluids when radii of aggregates and nanoparticles,
volume fraction, and suction grow.

(3) the temperature distribution across the transport phenom-
ena is a decreasing property of (a) Prandtl number, (b) dual
stretching, (c) fractal index, and (d) maximum volume frac-
tion of nanoparticles. The reverse is the case of volume
fraction as it boosts the temperature distribution.

(4) increasing suction and dual stretching is a yardstick to de-
cline local skin friction coefficients proportional to heat trans-
fer rate but cause Nusselt number proportional to the heat
transfer rate. The rate of decrease in the local skin friction
coefficients proportional to the friction is maximum in the
transport phenomenon of water conveying alumina nanopar-
ticles.

(5) as suction and dual stretching increase, a significantly large
heat transfer rate is achievable during the dynamics of water
conveying cupric nanoparticles should be considered

(6) at different levels of suction at the wall, the velocity in both
horizontal directions and the temperature of water convey-
ing alumina nanoparticle aggregation is higher than that
of copper-water nanoparticle aggregation because it is less
dense but possesses higher heat capacity and thermal con-
ductivity. This is also true at different magnitudes of dual
stretching except that the difference between both motions
is insignificant.
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