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MORE RESULTS ON THE ALGEBRAIC PROPERTIES

OF MIDDLE BOL LOOPS

Y. T. OYEBO AND B. OSOBA

ABSTRACT. In this paper, more algebraic properties of middle
Bol loop were unveiled. Efforts here paid tremendous atten-
tion to the parastrophes of middle Bol loop. In particular, it
was shown that (12)−parastrophe of a middle Bol is also a mid-
dle Bol loop (MBL). It was further established that (13)− and
(123)− parastrophes of middle of Bol loop satisfied respectively
the left inverse property (LIP) and right inverse property (RIP)
while (23)− parastrophe satisfied a flexible law and commutative
square property if it has a middle symmetric property. It was
shown that (123)− and (132)− parastrophes have respectively
the left symmetric and right symmetric properties. The paper
revealed that a commutative (13)− and (123)− parastrophes of
(MBL) are Steiner loops.
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1. INTRODUCTION

Let Q be a non -empty set. Define a binary operation ” · ” on Q,
such that, x · y ∈ Q for all x, y ∈ Q, then the pair (Q, ·) is called
a groupoid. If in addition to this, the equations: a · x = b and
y · a = b have unique solutions x, y ∈ Q for all a, b ∈ Q then (Q, ·)
is called a quasigroup. Let (Q, ·) be a quasigroup and there exist a
unique element e ∈ Q called the identity element such that for all
x ∈ Q, x · e = e · x = x, then (Q, ·) is called a loop. At times, we
shall write xy instead of x · y and stipulate that · has lower priority
than juxtaposition among factors to be multiplied. Let (Q, ·) be
a groupoid and a be a fixed element in Q, then the left and right
translations La and Ra of a are respectively defined by xLa = a · x
and xRa = x · a for all x ∈ Q. It can now be seen that a groupoid
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(Q, ·) is a quasigroup if its left and right translation mappings are
permutations. Since the left and right translation mappings of a
quasigroup are bijective, then the inverse mappings L−1

x and R−1
x

exist.
Let

a\b = bL−1
a = aPb and a/b = aR−1

b = bP−1
a

and note that

a\b = c ⇐⇒ a · c = b and a/b = c ⇐⇒ c · b = a.

Thus, for any quasigroup (Q, ·), we have two new binary opera-
tions; right division (/) and left division (\) and middle translation
Pa for any fixed a ∈ Q. Consequently, (Q, \) and (Q, /) are also
quasigroups.
In a loop (Q, ·) with identity element e, the left inverse element

of x ∈ Q is the element xJλ = xλ ∈ Q such that

xλ · x = e

while the right inverse element of x ∈ G is the element xJρ = xρ ∈
G such that

x · xρ = e.

It is well known that every quasigroup (Q·) belongs to a set of six
quasigroups, called Adjugates by Fisher, Yates [1]; Parastrophes by
Belousov [2] and Conjugates by Stein. A binary groupoid (Q,A)
with a binary operation ”A” such that in the equality A(x1, x2) =
x3, knowledge of any 2 elements of x1, x2, x3 uniquely the third
one, is called a binary quasigroup. It follows that any quasigroup
(Q,A), associate (3!− 1) quasigroups called parastrophes of quasi-
group (Q,A);A(x1, x2) = x3 ⇐⇒
A(12)(x2, x1) = x3 ⇐⇒ A(13)(x3, x2) = x1 ⇐⇒ A(23)(x1, x2) =
x2 ⇐⇒ A(123)(x2, x3) = x1 ⇐⇒ A(132)(x3, x1) = x2 .[see (Shcherba-
cov [3], 2008)]
Middle Bol loop were first studied in the work of V. D. Belousov

[2], where he gave identity (0.3) characterizing loops that satisfy the
universal anti-automorphic inverse property. After this beautiful
characterization by Belousov and the laying of foundations for a
classical study of this structure, Gwaramija in [4] proved that a
loop (Q, ◦) is middle Bol if there exist a right Bol loop (Q, ·) such
that x ◦ y = (y · xy−1)y for all x, y,∈ Q. If (Q, ◦, //, \\) is a middle
Bol loop and (Q, ·, /, \) is the corresponding right Bol loop, then

x ◦ y = y−1\x and x · y = y//x−1 (0.1)
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for every x, y ∈ Q. Also, if (Q, ◦, //, \\) is a middle Bol loop and
(Q, ·, /, \) is the corresponding left Bol loop, then

x ◦ y = x/y−1 and x · y = x//y−1 (0.2)

for every x, y ∈ Q. Grecu [5] showed that right multiplication
group of a middle Bol loop coincides with the left multiplication
group of the corresponding right Bol loop. After then, middle Bol
loops resurfaced in literature in 1994 and 1996 when Syrbu [6, 7]
considered them in-relation to the universality of the elasticity law.
In 2003, Kuznetsov [8], while studying gyrogroups (a special class
of Bol loops) established some algebraic properties of middle Bol
loop and designed a method of constructing a middle Bol loop from
a gyrogroup. In 2010, Syrbu [9] studied the connections between
structure and properties of middle Bol loops and of the correspond-
ing left Bol loops. It was noted that two middle Bol loops are iso-
morphic if and only if the corresponding left (right) Bol loops are
isomorphic, and a general form of the autotopisms of middle Bol
loops was deduced. Relations between different sets of elements,
such as nucleus, left (right,middle) nuclei, the set of Moufang el-
ements, the center, e.t.c. of a middle Bol loop and left Bol loops
were established. In 2012, Grecu and Syrbu [10] proved that two
middle Bol loops are isotopic if and only if the corresponding right
(left) Bol loops are isotopic. In 2012, Drapal and Shcherbacov [11]
rediscovered the middle Bol identities in a new way. In 2013, Syrbu
and Grecu [12] established a necessary and sufficient condition for
the quotient loop of a middle Bol loop and of its corresponding
right Bol loop to be isomorphic. In 2014, Grecu and Syrbu [13] es-
tablished that the commutant (centrum) of a middle Bol loop is an
AIP-subloop and gave a necessary and sufficient condition when the
commutant is an invariant under the existing isostrophy between
middle Bol loop and the corresponding right Bol loop. Osoba et
al. in [14] and [15] investigate further the multiplication group of
middle Bol loop in relation to left Bol loop and the relationship
of multiplication groups and isostrophic quasigroups respectively
while Jaiyéo. lá [16, 17] studied second Smarandache Bol loops. The
Smarandache nuclei of second Smarandache Bol loops was further
studied by Osoba [18]. For more on quasigroups and loops, see
Jaiyéo. lá [25] and Pflugfelder [19].
In [20], Jaiyéo. lá et al. studied the holomorphic structure of Middle
Bol loops and showed that the holomorph of a commutative loop is
a commutative middle Bol loop if and only if the loop is a middle
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Bol loop and its automorphism group is abelian. Adeniran et al.
[21, 22], Jaiyéo. lá and Popoola [23] studied generalised Bol loops.
Jaiyéo. lá et al. in [24], in furtherance to their exploit obtained

new algebraic identities of middle Bol loop, where necessary and
sufficient conditions for a bi-variate mapping of a middle Bol loop
to have RIP, LIP, RAIP, LAIP and flexible property were presented.
Additional algebraic properties of middle Bol loop were announced
in Jaiyéo. lá et al. [26]. The new algebraic connections between right
and middle Bol loops and their cores was presented by Osoba and
Jaiyéo. lá in [27].

2. PRELIMINARY

Using the operations (\) and (/) earlier described in the intro-
duction above, the definition of a loop can be restated as follows.
Definition 1: A loop (Q, ·, /, \, e) is a set G together with three
binary operations (·), (/), (\) and one nullary operation e such that

(i): a · (a\b) = b, (b/a) · a = b for all a, b ∈ Q,
(ii): a\(a · b) = b, (b · a)/a = b for all a, b ∈ Q and
(iii): a\a = b/b or e · a = a for all a, b ∈ Q.

We also stipulate that (/) and (\) have higher priority than (·)
among factors to be multiplied. For instance, a · b/c and a · b\c
stand for a(b/c) and a(b\c) respectively.
Definition 2: A groupoid (quasigroup) (Q, ·) is said to have the

(1) left inverse property (LIP ) if there exists a mapping Jλ :
x 7→ xλ such that xλ · xy = y for all x, y ∈ Q.

(2) right inverse property (RIP ) if there exists a mapping Jρ :
x 7→ xρ such that yx · xρ = y for all x, y ∈ Q.

(3) inverse property (IP) if it has both the LIP and RIP. for all
x, y ∈ Q.

(4) flexibility or elasticity if xy ·x = x ·yx holds for all x, y ∈ Q.
(5) cross inverse property (CIP ) if there exist mapping Jλ :

x 7→ xλ or Jρ : x 7→ xρ such that xy · xρ = y or x · yxρ = y
or xλ · yx = y or xλy · x = y for all x, y ∈ Q.

Definition 3: A loop (Q, ·) is said to be

(1) commutative loop if Rx = Lx and a commutative square
loop if R2

x = L2
x for all x, y ∈ Q

(2) an automorphic inverse property loop (AIPL) if (xy)−1 =
x−1y−1 for all x, y ∈ Q

(3) an anti- automorphic inverse property loop (AAIPL) if (xy)−1 =
y−1x−1 for all x, y ∈ Q.
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Definition 4: A groupoid (quasigroup) (Q, ·) is
(1) right symmetric if yx · x = y for all x, y ∈ Q
(2) left symmetric if x · xy = y for all x, y ∈ Q
(3) middle symmetric if x · yx = y or xy · x = y for all x, y ∈ Q
(4) idempotent if x · x = x for all x ∈ Q

Definition 5: [19] If a totally symmetric quasigroup (Q, ·) is a
loop, then it is called Steiner loop.
Theorem 1: [19] A quasigroup (Q, ·) is totally symmetric if and
only if it is commutative (xy = yx for all x, y ∈ Q) and is right or
left symmetric.
Theorem 2: [19] A loop (Q, ·) is totally symmetric if and only if
(Q, ·) is an IP loop of exponent 2.
Corollary 1: [19] Every T.S. quasigroup is a commutative I.P.
quasigroup.
A loop (Q, ·) is called a middle Bol loop if is satisfies the identity

(x/y)(z\x) = x(zy\x) or (x/y)(z\x) = (x/(zy))x (0.3)

Furtherance to earlier studies, this paper present the algebraic prop-
erties of middle Bol loop using its parastrophes. We shown that
(12)−parastrophe of a middle Bol is also a middle Bol loop and the
other four parastrophes are not. Since the other four parastrophes
of Q are not a middle Bol loop, we further investigate the algebraic
properties of the four parastrophes to obtain some of the related
properties and identities they shares with the underline structure.
Interestingly, it was found that (13)− and (123)− parastrophes of
middle of Bol loop satisfies left and right inverse properties respec-
tively.

3. MAIN RESULTS

Theorem 3.1: Let (Q, ·, /, \) be a middle Bol loop. Then,
(12)−parastrophe of Q is a middle Bol loop.
Proof: Let operation ” ◦ ” denotes (12)-parastrophe of Q. Let

a · b = x(zy\x) (0.4)

in equation (0.3) where a = x/y ⇒ x = ay ⇒ y ◦(12) a = x ⇒ a =

y\(12)x.
And b = z\x ⇒ zb = x ⇒ b ◦(12) z = x ⇒ b = x/(12)z. Put a and b
into equation (0.4), we have

(y\(12)x) · (x/(12)z) = x(zy\x) (0.5)
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Doing (12)−permutation on equation (0.5), gives

(x/(12)z) ◦(12) (y\(12)x) =
(
(y ◦(12) z)\x

)
◦(12) x (0.6)

Let

(y ◦(12) z)\x = c ⇒ (y ◦(12) z) · c = x ⇒ c ◦(12) (z ◦(12) y) = x ⇒
c = x/(12)(y ◦(12) z)

Put c into equation (0.6), gives

(x/(12)z) ◦(12) (y\(12)x) =
(
x/(12)(y ◦(12) z)

)
◦(12) x

Thus, (x/(12)z)◦(12) (y\(12)x) =
(
x/(12)(y◦(12)z)

)
◦(12)x is an identity

of middle Bol loop.

Theorem 2: In middle Bol loop (Q, ·, /, \), the following hold in
(13)−parastrophe of Q

(1) (Lx, L
−1
x , L−1

x P−1
x ) ∈ AATP (Q, /(13))

(2) tλ ·(13) (t ·(13) y) = y that is left inverse property for all t ∈ Q

(3) (x ·(13) y)/(13)xρ = x/(13)(x\(13)yλ)
(4) LxPx = L−1

x P−1
x

(5) x ·(13) x = x/(13)xρ that is right self inverse property for all
x ∈ Q

(6) y = (yλ)λ for all y ∈ Q
(7) LxR

−1
xλ = λLxλP−1

x

(8) (y ·(13) x) ·(13) y = x that is middle symmetric property if
|Q| = 2

Proof: Let
a · b = x(zy ↘ x) (0.7)

in equation (0.3) where a = x/y ⇒ x = ay ⇒
a = x ·(13) y (0.8)

and b = z\x ⇒ zb = x ⇒

z = x ·(13) b ⇒ x\(13)z = b (0.9)

Let c = zy in identity (0.3), this implies that z = c ·(13) y ⇒ c =

y/(13)z.
Also, let d = c\x ⇒ c ·d = x ⇒ x ·(13) d = c ⇒ d = x\(13)c. Then,

putting c into d give

d = x\(13)(y/(13)z) (0.10)

Let t = x · d ⇒ x = t ·(13) d ⇒ t = x/(13)d ⇒

t = x/(13)
[
x\(13)(z/(13)y)

]
(0.11)
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Now, a·b = t according to identity (0.3) which implies that t·(13)b =
a ⇒ a/(13)b = t. Substituting (0.8), (0.9) and (0.11) for a, b and t
respectively, we have

(x ·(13) y)/(13)(x\(13)z) = x/(13)
[
x\(13)(z/(13)y)

]
(0.12)

(1) From equation (0.12), we have yLx/
(13)zL−1

x = (z/(13)y)L−1
x P−1

x ⇒

(Lx, L
−1
x , L−1

x P−1
x ) ∈ AATP (Q, /(13))

(2) Put x = e in (0.12) the identity element in Q, we have

ey/(13)z = e/(13)(z/(13)y) ⇒ y/(13)z = (z/(13)y)λ ⇒ y = (z/(13)y)λ·(13)z
(0.13)

Let t = z/(13)y ⇒ z = t ·(13) y, put z and t in (0.13), give
y = tλ ·(13) (t ·(13) y) for all t ∈ Q

(3) Set z = e in (0.12), we have (x ·(13) y)/xρ = x/(13)(x\(13)yλ)
(4) z = x in (0.12), we have x ·(13) y = x/(13)

(
x\(13)(x/(13)y) ⇒

yLx = yP−1
x L−1

x P−1
x ⇒ LxPx = L−1

x P−1
x

(5) Put z=y in (0.12), give x/(13)(x\(13)x) = x·(13)y/(13)(x\(13)y) ⇒
x/(13)xρ = (x ·(13) y)/(13)(x\(13)y). Let y = x then, we have

x ·(13) x = x/(13)xρ

(6) z = x = e in (0.12) give (yλ)λ = y
(7) Apply the LIP to equality (0.12), give x·(13)y/(13)(xλ·(13)z) =

x/(13)(xλ ·(13) (z/(13)y)), set z = e get x ·(13) y/(13)xλ =

x/(13)(xλ ·(13) yλ) ⇒ yLxR
−1
xλ = yλLxλP−1

x ⇒ LxR
−1
xλ =

λLxλP−1
x

(8) Recall equation 7, LxR
−1
xλ = λL−1

x P−1
x , then use 4 and LIP

to get LxR
−1
xλ = λL−1

x P−1
x = λLxPx ⇒ LxR

−1
xλ = λLxPx ⇒

tLxR
−1
xλ = tλLxPx ⇒ (x ·(13) t)/(13)xλ = (x ·(13) tλ)\(13)x.

Since |Q| = 2, we have (x ·(13) t)/(13)x = (x ·(13) t)\(13)x.
Replacing (x ·(13) t) with s for all s ∈ Q, give s/(13)x =

s\(13)x ⇒ s ·(13) (s/(13)x) = x. Let s/(13)x = y ⇒ s = y ·(13)x
for all y ∈ Q give (y ·(13) x) ·(13) y = x.

Corollary 1: A commutative (13)−parastrophe of a middle Bol
loop (Q, ·, /, \) satisfies an inverse property.
Proof: Apply the commutative property to Theorem 2(2), it give
an inverse property

Corollary 2: A commutative (13)−parastrophe of a middle Bol
loop (Q, ·, /, \) is a totally symmetric.
Proof: Apply the commutative property to Theorem 2(8).



136 Y. T. OYEBO and B. OSOBA

Corollary 3: A commutative (13)−parastrophe of a middle Bol
loop (Q, ·, /, \) is a Steiner loop.
Proof: Result follows from Corollary 2.

Theorem 3: In middle Bol loop (Q, ·, /, \), the following hold in
(23)−parastrophe of Q

(1) (L−1
x , Rx, RxL

−1
x ) ∈ AATP (Q, \(23)) for all x ∈ Q

(2) (z ·(23) t) ·(23) t = z for all z, t ∈ Q

(3) if Q(23) is middle symmetric then, x ·(23) (z ·(23) x) = (x ·(23)
z) ·(23) x that is, flexible law

(4) |x| = 2 for all x ∈ Q
(5) R−1

x Px = RxL
−1
x

(6) RxL
−1
x = λRxL

−1
xλ

Proof: Let
a · b = x(zy\x) (0.14)

in an identity (0.3), where

a = x/y ⇒ x = a · y ⇒ y = a ·(23) x ⇒ a = y/(23)x (0.15)

and
b = z\x ⇒ z\b = x ⇒ z ·(23) x = b (0.16)

Let c = zy in identity (0.3), then z ·(23) c = y ⇒ c = z\(23)y . Let
d = c\x ⇒ c ·(23) d = x ⇒ c ·(23) x = d, putting c into d gives

d = (z\(23)y) ·(23) x. (0.17)

Also, let t = x · d ⇒ x ·(23) t = d ⇒ t = x\(23)d, put d into t

t = x\(23)
[
(z\(23)y) ·(23) x

]
(0.18)

Now, going by the identity (0.3), we have a · b = t ⇒ a ·(23) t = b ⇒
a\(23)b = t. Then, substituting for a, b and t in a\(23)b = t, we have

(y/(23)x)\(23)(z ·(23) x) = x\(23)
[
(z\(23)y) ·(23) x

]
(0.19)

(1) this follows from equation (0.19),

yR−1
x \(23)zRx = (z\(23)y)RxL

−1
x ⇒ (R−1

x , Rx, RxL
−1
x ) ∈ AATP (Q, \)

(2) put x = e the identity element in (0.19), give y\(23)z =
z\(23)y ⇒ y ·(23) (z\(23)y) = z. Let t = z\(23)y ⇒ z ·(23) t = y.
Put y into the last equality to get (z ·(23) t) ·(23) t = z for any
t ∈ Q

(3) put y = x in (0.19), we have z ·(23) x = x\(23)[(z\(23)x) ·(23)
x] ⇒ x ·(23) (z ·(23) x) = (z\(23)x) ·(23) x ⇒ zRxLx = zPxRx.
Use middle symmetric as Lx = Px. Then, we have zRxLx =
zLxRx i.e x ·(23) (z ·(23) x) = (x ·(23) z) ·(23) x
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(4) put z = y and y = x in (0.19), we have x ·(23) x = e that is
|x| = 2 for all x ∈ Q

(5) put z = e, the identity element in (0.19), we have (y/(23)x)\(23)x =
x\(23)(y ·(23) x) ⇒ yR−1

x Px = yRxL
−1
x ⇒ R−1

x Px = RxL
−1
x

(6) y = e in (0.19), give xλ\(23)(z ·(23) x) = x\(23)(zρ ·(23) x), set
z = zλ, then xλ\(23)(zλ ·(23)x) = x\(23)(z ·(23)x) or zRxL

−1
x =

zλRxL
−1
xλ ⇒ RxL

−1
x = λRxL

−1
xλ

Corollary 4: A commutative (23)−parastrophe of a middle Bol
loop (Q, ·, /, \) is totally symmetric.
Proof: Using Theorem 3, with the commutative property give the
desire result.

Corollary 5: In middle Bol loop (Q, ·, /, \), if (23)−parastrophe
of Q is commutative loop, then it is a Steiner loop.
Proof: Using Theorem 3 with Corollary 4.

Corollary 6: If (23)−parastrophe of a middle Bol loop (Q, ·, /, \)
has middle symmetric, then L2

x = R2
x for all x ∈ Q.

Proof: Use 5 and 6 in Theorem 3, we have RxL
−1
x = λRxL

−1
xλ =

R−1
x Px, use the middle symmetric property as Lx = Px, give λRxL

−1
xλ =

R−1
x Lx. Then, for all s ∈ Q, we have

sλRxL
−1
xλ = sR−1

x Lx ⇒ xλ\(23)(sλ ·(23) x) =
x ·(23) (s/(23)x) ⇒ xλ ·(23) (x ·(23) (s/(23)x)) = sλ ·(23) x

Let s/(23)x = t ⇒ s = t ·(23) x Then, xλ ·(23) (x ·(23) t) = (t ·(23)
x)λ ·(23) x. Since in Theorem 3(4), |x| = 2 for all x ∈ Q, we have
x ·(23) (x ·(23) t) = (t ·(23) x) ·(23) x ⇒ tLxLx = tRxRx ⇒ L2

x = R2
x for

all x ∈ Q

Theorem 4: In middle Bol loop (Q, ·, /, \), the following hold in
(123)−parastrophe of Q

(1) (L−1
x , Rx, R

−1
x Px) ∈ AATP (Q, \(123))

(2) (y ·(123) t) ·(123) tρ = y, i.e right inverse property

(3) (z/(123)x)[xλ\(123)x] = z ·(123) x
(4) L−1

xλ = ρL−1
x Px

(5) P−1
x Rx = L−1

x Px

(6) (x ·(123) t) ·(123) x = (x\(123)t)\(123)x for all x, t ∈ Q

Proof: Let a · b = x · (zy\x) in equation 0.3 where

a = x/y ⇒ a · y = x ⇒ y ·(123) x = a (0.20)

b = z\x ⇒ z · b = x ⇒ b ·(123) x = z ⇒ b = z/(123)x (0.21)
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Let c = z · y in equation 0.3, then, we have y ·(123) c = z ⇒ c =

y\(123)z. Also, let d = c\x ⇒ c · d = x ⇒ d ·(123) x = c ⇒ d =

c/(123)x. Put c into d to get

d = (y\(123)z)/(123)x (0.22)

Next, let t = x · d ⇒ d ·(123) t = x ⇒ t = d\(123)x. Put d into t give

t =
[
(y\(123)z)/(123)x

]
\(123)x (0.23)

It is follows from the identity (0.3) a · b = t ⇒ b ·(123) t = a ⇒
b\(123)a = t. Substituting for a, b and t in b\(123)a = t , give the
equality

(z/(123)x)\(123)(y ·(123) x) =
[
(y\(123)z)/(123)x

]
\(123)x (0.24)

(1) From equation (0.24) , we have

zR−1
x \(123)yRx = (y\(123)z)R−1

x Px ⇒
(Rx−1, Rx, R

−1
x Px) ∈ AAPT (Q, \(123))

(2) Set x = e the identity element in equation (0.24), we have
((z/(123)e)\(123)(y·(123)e) =

(
(y\(123)z)/(123)e

)
\(123)e ⇒ z\(123)y =

(y\(123)z)ρ ⇒ z ·(123) (y\(123)z)ρ = y. Let t = y\(123)z ⇒
y·(123)t = z for any t ∈ Q, this implies that (y·(123)t)·(123)tρ =
y.

(3) Set y = z in equation (0.24), we have (z/(123)x)\(123)(z ·(123)
x) = xλ\(123)x ⇒ z/(123)x[xλ\(123)x = z ·(123) x]

(4) put z = e in equation (0.24), to get xλ\(123)y ·(123) x) =

(yρ/(123)x)\(123)x or yRxL
−1
xλ = yρR−1

x Px ⇒ RxL
−1
xλ = ρR−1

x Px

(5) put z = x in equation (0.24), give y·(123)x =
(
(y\(123)x)/(123)x

)
\(123)x ⇒

yRx = PxR
−1
x Px ⇒ P−1

x Rx = R−1
x Px

Corollary 7: A commutative (123)−parastrophe of a middle Bol
loop (Q, ·, /, \) satisfies the inverse property.
Proof: Apply the commutative property to Theorem 4, it give an
inverse property

Corollary 8: A commutative (123)−parastrophe of a middle Bol
loop (Q, ·, /, \) is totally symmetric if |Q(123)| = 2
Proof: Using 3, give right symmetric property in Theorem 4, with
the commutative property, gives the desire result.

Corollary 9: In middle Bol loop (Q, ·, /, \), if (123)−parastrophe
of Q is commutative loop, then it is a Steiner loop.
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Proof: Using Theorem 4 with Corollary 8.

Corollary 10: Let (Q, ·, /, \) middle Bol loop. If the (123)−parastrophe
of Q is a commutative loop of exponent 2, then Q is a Moufang loop.
Proof: Using the Corollary 7 on equation (0.24), give (z ·(123)
x−1)−1 ·(123) (y ·(123) x) = y−1 ·(123) z ·(123) x−1)−1 ·(123) x. Since

|Q(123)| = 2, then we have (z ·(123) x) ·(123) (y ·(123) x) = ((y ·(123)
z) ·(123) x) ·(123) x ⇒. Since Q(123) is commutative, then we have
(x ·(123) z) ·(123) (y ·(123) x) = x ·(123) ((z ·(123) y) ·(123) x)

Corollary 11: Let (Q, ·, /, \) middle Bol loop. If the (123)−parastrophe
of Q is an automorphic inverse property loop, then Q is a commu-
tative loop.
Proof: By Corollary 7, Q(123) has an inverse property. Then, re-
written (123)-parastrophe in equation (0.24), give (z·(123)x−1)−1·(123)
(y ·(123) x) = ((y−1

(123)z) ·(123) x)−1 ·(123) x, set x = e give

z−1 ·(123) y = (y−1 ·(123) z)−1 (0.25)

Set y−1 = y in equation (0.25), we have z−1 ·(123) y−1 = (y ·(123) z)−1

Theorem 5: In middle Bol loop (Q, ·, /, \), the following hold in
(132)−parastrophe of Q

(1) (Lx, L
−1
x , LxR

−1
x ) ∈ AATP (Q, /(132)) for all x ∈ Q

(2) z = t ·123 (t ·123 z) i.e left symmetric property
(3) (x ·(132) z) ·(132) x = x ·(132) (x/(132)z) or P−1

x Lx = LxRx

(4) (x ·(132) z)/(132)xρ = (x ·(132) zλ)/(132)x or LxR−1
xρ = λR−1

x Lx

(5) R−1
x = P−1

x

Proof: Let a · b = x · (zy\x) in equation 0.3 where

x/y = a ⇒ x = a · y ⇒ x ·(132) a = y ⇒ a = x\(132)y (0.26)

and

z\x = b ⇒ z · b = x ⇒ x ·(132) z = b (0.27)

Let c = z · y ⇒ c ·(132) z = y ⇒ c = y/(132)z. Also, let d =

c\x ⇒ c · d = x ⇒ x ·(132) c = d. Thus, d = x ·(132) (y/(132)z) Let

t = x · d ⇒ t ·(132) x = d ⇒ t = d/(132)x. Hence, putting d into t,
we have

t =
[
x ·(132) (y/(132)z)

]
/(132)x (0.28)

Also, let a · b = t ⇒ t ·(132) a = b ⇒ b/(132)a = t Thus,

(x ·(132) z)/(x\(132)y) =
[
x ·(132) (y/(132)z)

]
/(132)x (0.29)
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(1) From (0.29), we have zLx/
(132)yL−1

x = (y/(132)z)LxR
−1
x ⇒

(Lx, L
−1
x , LxR

−1
x ) ∈ AATP (Q, /(132)) for all x ∈ Q

(2) put x = e in (0.29), give z/(132)y = y/(132)z = t·(132)(t·(132)z)
by setting t = y/(132)z ⇒ y = (z ·(132) t)

(3) put y = x in (0.29), to get (x ·(132) z) ·(132) x = x ·(132)
(x/(132)z) ⇒ zP−1

x Lx = zLxRx ⇒ P−1
x Lx = LxRx for all

x ∈ Q
(4) set y = e in (0.29), we have (x ·(132) z)/(132)xρ = (x ·(132)

zλ)/(132)x or zLxR
−1
xρ = zλLxR

−1
x ⇒ LxR

−1
xρ = λLxR

−1
x

(5) set z = e, we have x/(132)(x\(132)y) = (x ·(132) y)/(132)x ⇒
yLxP

−1
x = yLxR

−1
x ⇒ L−1

x P−1
x = LxR

−1
x using the left sym-

metric property implies that Lx = L−1
x . So, R−1

x = P−1
x for

all x ∈ Q

Corollary 12: Let (Q, ·, /, \) be a middle Bol loop. Then,
(132)−parastrophe ofQ is totally symmetric if it has a commutative
property
Proof Using Theorem 5.
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[20] T. G. Jaiyéo. lá, S. P. David, E. Ilojide, Y. T. Oyebo, Holomorphic structure
of middle Bol loops. Khayyam J. Math. 3 (2), 172–184 2017.
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[24] T. G. Jaiyéo. lá, S. P. David and Y. T. Oyebo, New algebraic properties of
middle Bol loops ROMAI J. 11, (2), 161–183, 2015.
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