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EXISTENCE OF FIXED POINTS OF MONOTONE

ASYMPTOTIC POINTWISE LIPSCHITZIAN MAPPINGS

IN HYPERBOLIC METRIC SPACES
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ABSTRACT. In this work, we establish fixed point theorems
for the classes of monotone asymptotic pointwise Lipschitzian
mappings and generalized monotone asymptotic pointwise non-
expansive mappings in the setting of complete hyperbolic metric
spaces endowed with partial order. The Theorems obtained ex-
tend, generalize and unify some existing results.
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1. INTRODUCTION

Several existence results for different classes of nonexpansive-type
mappings have been developed (see for example, [4, 5, 12, 13, 14,
16, 18, 19, 20]). The class of asymptotically nonexpansive mappings
was introduced by Goebel and Kirk [10] as an important generaliza-
tion of the class of nonexpansive mappings. They proved fixed point
theorems for this class of mappings under the assumption that the
domain of the operator is a nonempty, bounded, closed and con-
vex subset of a real uniformly convex Banach space. Generally, the
space considered was a metric space which had a linear structure
that allowed for easy modifications (see for example, [1, 2, 3, 7, 21]).
However, the challenge was to modify some nonlinear operators in
some nonlinear metric spaces and prove the existence of fixed points
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of the mappings. One of the earliest attempt in providing an an-
swers on existence of fixed points on these mappings was done by
Khamsi and Khan [17]. Since then, several researches have been
carried out in establishing existence of fixed points of various non-
linear operators in special metric spaces that need not be linear.
In this work, we prove the fixed point result of monotone asymp-
totic pointwise Lipschitzian mapping which was earlier introduced
by Dehaish and Khamsi [9] and obtain a more general result void
of some conditions placed in their work.

Let (M,ρ) be a metric space. Suppose that for any two points
x, y ∈M , there is a unique metric segment denoted by [x, y] which
is an isometric image of the real line interval [0, ρ(x, y)], then the
unique point z ∈ [x, y] is defined by

ρ(x, z) = βρ(x, y), ρ(z, y) = (1− β)ρ(x, y)

and will be denoted by z = (1− β)x⊕ βy = βy ⊕ (1− β)x, where
β ∈ [0, 1]. We call such metric space (M,ρ) convex metric spaces.
A convex metric space (M,ρ) is called a hyperbolic space if for any
β ∈ [0, 1], ∀ w, x, y ∈M,

ρ
(

(1− β)w ⊕ βx, (1− β)w ⊕ βy
)
≤ βρ(x, y).

Thus, we obtain in particular that if (M,ρ) is a hyperbolic space,
then ∀ w, x, y ∈M,

ρ
(1

2
w ⊕ 1

2
x,

1

2
w ⊕ 1

2
y
)
≤ 1

2
ρ(x, y).

Every normed linear space is clearly a linear hyperbolic space with
the binary operation ⊕ ≡ +, the vector addition on X. This is
so, since for any given normed space (X, ‖ · ‖), we obtain that
∀ x, y ∈ X, the function ρ : X×X → R defined by ρ(x, y) = ||x−y||
is a metric on X; and for any β ∈ [0, 1], w, x, y ∈ X,

ρ
(

(1− β)w ⊕ βx, (1− β)w ⊕ βy
)

=

‖(1− β)w + βx− ((1− β)w + βy)‖ = β‖x− y‖ = βρ(x, y).

Further examples of nonlinear hyperbolic metric spaces include
CAT(0) spaces, Hadamard manifolds and the open unit ball of a
Hilbert space equipped with the hyperbolic metric (see for example,
[6, 8, 11, 15]). It is evident that most metric spaces in applications
are hyperbolic metric spaces, hence their is need to consider some
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analogous nonlinear operators and some properties of the hyper-
bolic metric spaces.
Observe that if (M,ρ) is a hyperbolic space, then for any β ∈ [0, 1],
for any x, y, w, z ∈M,

ρ
(
(1− β)x⊕ βy, (1− β)z ⊕ βw

)
≤

ρ
(
(1− β)x⊕ βy, (1− β)z ⊕ βy

)
+ ρ
(
(1− β)z ⊕ βy, (1− β)z ⊕ βw

)
≤ (1− β)ρ(x, z) + βρ(y, w)

A subset C of a hyperbolic metric space (M,ρ) is called a convex
set if for all x, y ∈ C, [x, y] ⊂ C.

The work embodied in this paper is motivated by the work of De-
haish and Khamsi [9] who obtained the following result:

Theorem 1.1 (Dehaish and Khamsi, 2017). Let (M,d,�) be a
complete hyperbolic metric space endowed with a partial order �
for which order intervals are closed and convex. Assume M satis-
fies the property (R). Let C be a nonempty, closed, convex, bounded
subset of M not reduced to a point. Let T : C → C be a monotone
asymptotically pointwise contraction. Then, T has a fixed point if
and only if there exists x0 ∈ C such that x0 and T (x0) are compa-
rable.

The aim of this paper therefore, is to improve on Theorem 1.1 by ex-
tending it from the class of monotone asymptotic pointwise contrac-
tions to the class of monotone asymptotic pointwise Lipschitzian
mappings under the same setting. Moreover, a seemingly new class
of generalized monotone asymptotic pointwise Lipschitzian map-
ping is introduced; and necessary and sufficient conditions for ex-
istence of fixed points of some mappings belonging to this class of
operators is established.

2. PRELIMINARY

In this section, we consider some definitions of nonlinear operators,
present some Lemmas and Theorems which shall play important
roles in the sequel. We proceed as follows:
Let (M,ρ) be a hyperbolic metric space. Then, (M,ρ) is said to
be uniformly convex if given r > 0, ε > 0 and x, y, w ∈ X with
ρ(x,w) ≤ r, ρ(y, w) ≤ r, and ρ(x, y) ≥ rε, there exists δ′(r, ε) ≥ 0
such that

1

r
ρ
(1

2
x⊕ 1

2
y, w

)
< 1− δ′(r, ε).
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The modulus of convexity of a hyperbolic metric space (X, ρ) is
defined for all r > 0, ε > 0 by

δ(r, ε) :=

inf
{

1− 1
r
ρ
(

1
2
x⊕ 1

2
y, w

)
; ρ(x,w) ≤ r, ρ(y, w) ≤ r, ρ(x, y) ≥ rε

}
.

The space (M,ρ) is said to be uniformly convex if and only if ∀ r > 0
and ε > 0, δ(r, ε) > 0.
A hyperbolic metric space (M,ρ) is said to have the property (R)
whenever any decreasing sequence of nonempty, closed, convex and
bounded subsets of M has a nonempty intersection. That is, (M,ρ)
is said to have property (R) if for any sequence {Cn}∞n=0 of nonempty
closed convex bounded subsets of M such that ∀ n ≥ 0, Cn+1 ⊆ Cn,

then
∞⋂
n=1

Cn 6= ∅. The concept of property (R) in hyperbolic spaces

is analogous to reflexivity of Banach space, and was introduced by
Khamsi [16] for hyperbolic metric spaces.

Lemma 2.1. [17] A complete hyperbolic metric space that is uni-
formly convex has the property (R).

Lemma 2.2. [17] Let (M,ρ) be a complete hyperbolic metric space
and C is a nonempty, closed, convex and bounded subset of M .
Let τ be a type function defined on C, that is, τ : C → [0,∞) is a
function for which there exists a bounded sequence {xn} in C such
that ∀ x ∈ C,

τ(x) = lim sup
n→∞

ρ(xn, x).

If M satisfies property (R), then τ has a minimum point z ∈ C.
That is, if M satisfies property (R), then there exists z ∈ C such
that

τ(z) = inf{τ(x); x ∈ C} := τ0.

Moreover, if M is uniformly convex, then any minimizing sequence
of τ is convergent.

Let (M,ρ,�) be a hyperbolic metric space with partial order �.
Given any a, b ∈ M , a, b are said to be comparable if either a � b
or b � a. An ordered interval of M is anyone of the following
subsets; [a,→) = {x ∈ M ; a � x}, (←, b] = {x ∈ M ; x � b} and
[a, b] = {x ∈ M ; a � x � b} = [a,→) ∩ (←, b]. For this work,
it will be assumed that ordered intervals are closed. For partially
ordered set (M,�), a mapping T : M →M is said to be monotone
if for any x, y ∈M , we have that x � y implies that T (x) � T (y).
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Definition 2.3. Let (M,ρ,�) be a metric space with partial order
�. Let T : M →M be a mapping.

(a.) We say that the mapping T is monotone asymptotic point-
wise Lipschitizian if it is monotone and there exists a se-
quence {kn}∞n=1 of mappings kn : M → [0,∞) such that for
any x ∈M , we have that ρ(T n(x), T n(y)) ≤ kn(x)ρ(x, y) for
any y ∈M comparable to x.
(i.) If {kn} converges pointwise to k : M → [0, 1), then the

mapping T is called a monotone asymptotic pointwise
contraction,

(ii.) If lim sup
n→∞

kn(x) ≤ 1, then the mapping T is called a

monotone asymptotic pointwise nonexpansive mapping.
(b.) The mapping T is called generalized monotone asymptotic

pointwise Lipschitizian if there exists sequences {kn}∞n=1 and
{ln}∞n=1 of mappings kn : M → [0, 1), ln : M → [0,∞)
such that for any x ∈ M , we have that ρ(T n(x), T n(y)) ≤
kn(x)ρ(x, y) + ln(x) for any y comparable to x.

(i.) If for any x ∈ M, lim sup
n→∞

kn(x) = k(x), where k : M →

[0, 1) and lim sup
n→∞

ln(x) = 0, then T is called a generalized

monotone asymptotic pointwise contraction,
(ii.) If for any x ∈ M , lim sup

n→∞
kn(x) ≤ 1 and lim

n→∞
ln(x) = 0,

then T is called a generalized monotone asymptotic point-
wise nonexpansive mapping.

Remark 2.4. The above definition of generalized monotone as-
ymptotic pointwise contraction and generalized monotone asymp-
totic pointwise nonexpansive mappings were motivated by the work
of Zegeye and Shazad [22] who introduced the class of generalized
asymptotic nonexpansive mappings in normed linear spaces.

3. THE HEART OF THE MATTER

We now turn to the heart of the matter, which is presentation of
the main contributions of this paper. Let us proceed as follows:

3.1. Fixed point theorem for asymptotic Lipschitzian map-
pings.

Theorem 3.1. Let (M,ρ,�) be a complete hyperbolic metric space
endowed with partial order � for which order intervals are closed
and convex, and such that M satisfies property (R). Let C be a
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nonempty, closed, bounded and convex subset of M and T : C → C
be a monotone asymptotic pointwise Lipschitizian mapping with a
sequence of functions kn : C → [0,∞), such that kn0(x) ∈ (0, 1) for
all x ∈ C, for some n0 ∈ N. Then, T has a fixed point in C if and
only if there exists x0 ∈ C such that x0 and T (x0) are comparable.

Proof. If C = {z} for some z ∈M , then the result holds trivially.
Hence, suppose C is not a singleton, then it is clear that if there is
z∗ ∈ C such that z∗ = Tz∗, then z∗ and Tz∗ are comparable. Thus,
there exists x0 = z∗ ∈ C such that x0 � Tx0.

Suppose there exists x0 ∈ C such that x0 � Tx0, then since T is
monotone, we obtain that for all n ∈ N, T n(x0) � T n+1(x0). So,
the sequence {T n(x0)}∞n=0 is monotone increasing. It is very clear
that for any n ∈ N, the set Cn = {x ∈ C : T n(x0) � x} is
nonempty, closed, bounded and convex subset of C, and that the
collection {Cn}∞n=1 is a decreasing sequence of sets in M . Since M
satisfies property (R), we obtain that

C∞ =
∞⋂
n=0

Cn =
∞⋂
n=0

{x ∈ C : T n(x0) � x} 6= ∅.

Now, define the type function τ : C∞ → [0,∞) for any x ∈ C∞ by

τ(x) = lim sup
n→∞

ρ(T n(x0), x).

It is easy to see that C∞ is invariant under T . That is, T (C∞) ⊆
(C∞). To see this, observe that for any x ∈ C∞, for any n ∈ N,
T n(x0) � x and x0 � Tx0. Thus, by monotonicity of T , we obtain
that T n(x0) � T n+1(x0) = T (T n(x0)) � T (x). Hence, for all x ∈
C∞, we have that T (x) ∈ C∞. Therefore, T (C∞) ⊆ C∞.
So, by Lemma 2.2, there exists z∗ ∈ C∞ such that

τ(z∗) = inf{τ(x) : x ∈ C∞} = τ0.

By our hypothesis, there exists n0 ∈ N such that for all x ∈ C,
kn0(x) ∈ (0, 1).
Since z∗ ∈ C∞, we obtain that T n0(z∗) ∈ C∞. So, for all n ≥ n0,

ρ(T n(x0), T
n0(z∗)) ≤ kn0(x0)ρ(T n−n0(x0), z

∗).

This implies that,

τ(T n0(z∗)) = lim sup
n→∞

ρ(T n(x0), T
n0(z∗))

≤ kn0(x0) lim sup
n→∞

ρ(T n−n0(x0), z
∗)
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So, τ0 ≤ τ(T n0(z∗)) ≤ kn0(x0)τ0, which implies that τ0 ≤ kn0(x0)τ0
or equivalently (1 − kn0)τ0 ≤ 0. Since, kn0(x0) ∈ (0, 1), we obtain
that τ0 = 0. Thus,

τ(T n0(z∗)) = 0, or equivalently, lim sup
n→∞

ρ(T n(x0), T
n0(z∗)) = 0.

This means that lim
n→∞

T n(x) = T n0(z∗). But for all n ∈ N,

0 ≤ ρ(z∗, T n0(z∗)) ≤ ρ(z∗, T n(x0)) + ρ(T n(x0), T
n0(z∗))

= ρ(T n(x0), z
∗) + ρ(T n(x0), T

n0(z∗))

Thus,

0 ≤ ρ(z∗, T n0(z∗)) ≤ lim sup
n→∞

ρ(T n(x0), z
∗)

+ lim sup
n→∞

ρ(T n(x0), T
n0(z∗))

= τ0 + 0 = 0 (since τ0 = 0)

So, ρ(z∗, T n0(z∗)) = 0, which implies that T n0(z∗) = z∗.
Observe therefore that,

ρ(z∗, T (z∗)) = ρ(T n0(z∗), T n0+1(z∗))

= ρ(T n0(z∗), T n0(Tz∗)) ≤ kn0(z
∗)ρ(z∗, T (z∗)).

Since kn0(z
∗) ∈ (0, 1), we obtain that ρ(z∗, T z∗) = 0. Thus, z∗ =

Tz∗. This completes the proof. �

Remark 3.2. If we consider T : C → C to be a monotone asymp-
totic pointwise contraction, then we have the following corollary
which is an improved result of Theorem 1.1 of Dehaish and Khamsi
[[9]]. This is so, since the condition of C not reduced to one point
is dispensed with.

Corollary 3.3. Let (M,ρ,�) be a complete hyperbolic metric
spacce endowed with partial order � for which order intervals are
convex and closed. Suppose M satisfies the property (R). Let C be
a nonempty, bounded, closed, convex subset of M . Let T : C → C
be a monotone asymptotic pointwise contraction. Then, T has a
fixed point if and only if there exists x0 ∈ C such that x0 and Tx0
are comparable.

Proof. Observe that since T is a monotone asymptotic pointwise
contraction, there exists a sequence of functions kn : C → [0,∞)
such that ∀x ∈ C, lim

n→∞
kn(x) = k(x) ∈ (0, 1). Thus, for all ε > 0,

there exists nε ∈ N such that for all n ≥ nε, kn(x) < k(x) + ε.
In particular, for εx = 1 − k(x), there exists n0(x) ∈ N such that
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for all n ≥ n0(x), kn(x) < kn(x) + (1 − k(x)) = 1. In particular,
kn0(x) < 1. The result thus follows as in the proof of Theorem 3.1.
This completes the proof �

3.2. Fixed point theory for generalized asymptotic point-
wise mappings.

Theorem 3.4. Let (M,ρ,�) be a complete hyperbolic metric spacce
endowed with partial order � for which order intervals are con-
vex and closed. Suppose M satisfies the property (R). Let C be a
nonempty, bounded, closed, convex subset of M . Let T : C → C be
a generalized monotone continuous asymptotic pointwise nonexpan-
sive mapping. Then, T has a fixed point if and only if there exists
x0 ∈ C such that x0 and Tx0 are comparable.

Proof. If C = {z} for some z ∈ M , the result holds trivially.
Hence, suppose C is not a singleton. Then, it is clear that if there
is z∗ ∈ C such that z∗ = Tz∗, then z∗ and Tz∗ are comparable.
Thus, there exists x0 = z∗ ∈ C such that x0 � Tx0.
Suppose there exists x0 ∈ C such that x0 � Tx0, then since T
is monotone, we obtain (as in the proof of Theorem 3.1) that for
all n ∈ N, T n(x0) � T n+1(x0). So, the sequence {T n(x0)}∞n=1 is
monotone increasing. Clearly for any n ∈ N, the set Cn = {x ∈
C : T n(x0) � x} is nonempty closed bounded and convex subset
of C, and that the collection {Cn}∞n=1 is a decreasing sequence of
sets in M . Since M satisfies property (R), we obtain that

C∞ =
∞⋂
n=0

Cn =
∞⋂
n=0

{x ∈ C : T n(x0) � x} 6= ∅.

Again, define the type function τ : C∞ → [0,∞) by

τ(x) = lim sup
n→∞

ρ(T n(x0), x).

It is easy to see that C∞ is invariant under T . That is, T (C∞) ⊆
(C∞). To see this, observe that for any x ∈ C∞, for any n ∈ N,
T n(x0) � x and x0 � Tx0. Thus, by monotonicity of T , T n(x0) �
T n+1(x0) = T (T n(x0)) � T (x). Hence, for all x ∈ C∞, we have
that Tx ∈ C∞. Therefore, T (C∞) ⊆ C∞.
So, by Lemma 2.2, there exists z∗ ∈ C∞ such that

τ(z∗) = inf{τ(x) : x ∈ C∞} = τ0.
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Since z∗ ∈ C∞, then T b(z∗) ∈ C∞ for every b ∈ N and

τ(T b(z∗)) = lim sup
n→∞

ρ(T n(x0), T
b(z∗))

≤ kb(x0) lim sup
n→∞

ρ(T n−b(x0), z∗) + lb(x0)

= kb(x0)τ0 + lb(x0).

So, lim sup
b→∞

τ(T b(z∗)) ≤ lim sup
b→∞

kb(x0)τ0 + lim sup
b→∞

lb(x0).

But lim sup
b→∞

kb(x0) ≤ 1 and lim
b→∞

lb(x0) = 0 (see Definition 2.3).

Hence, τ0 ≤ lim sup
b→∞

τ(T b(z∗)) ≤ τ0.

It is now easy to show that

τ0 = lim
b→∞

τ(T b(z∗)).

Therefore, {T b(x)} is a minimizing sequence of τ . Applying Theo-
rem 3.1, we get that {T b(z∗)} converges to z∗. By continuity of T ,
we have that

T (z∗) = T ( lim
n→∞

T n(z∗)) = lim
n→∞

T n+1(z∗) = z∗.

Hence, z∗ is a fixed point of T . This completes the proof. �

Corollary 3.5. Let (M,ρ,�) be a complete hyperbolic metric
spacce endowed with partial order � for which order intervals are
convex and closed. Suppose M satisfies the property (R). Let C be
a nonempty, bounded, closed, convex subset of M . Let T : C → C
be a generalized monotone continuous asymptotic pointwise con-
traction. Then, T has a fixed point if and only if there exists
x0 ∈ C such that x0 and Tx0 are comparable.

Proof: Observe that since T is a generalized monotone asymptotic
pointwise contraction, there exists a sequence of functions kn : C →
[0,∞) with lim

n→∞
kn(x0) = k(x0) ∈ (0, 1) and ln : C → [0,∞) with

lim
n→∞

ln(x0) = 0. The result easily follows as in Theorem 3.4. Thus,

this completes the proof �

Remark 3.6. If we consider that T : C → C is monotone asymp-
totic pointwise nonexpansive, then we have the following corollary
which is a better version of Theorem 3.3 of Dehaish and Khamsi
[9] as it does not require the condition that C is not to be reduced
to one point.

Corollary 3.7. Let (M,ρ,�) be a complete hyperbolic metric
space endowed with partial order � for which order intervals are
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convex and closed. Suppose M satisfies the property (R). Let
C be a nonempty, bounded, closed, convex subset of M . Let
T : C → C be a monotone asymptotic continuous pointwise nonex-
pansive. Then, T has a fixed point if and only if there exists x0 ∈ C
such that x0 and Tx0 are comparable.

Proof. The result easily follows from Theorem 3.4 with {ln(x)} = 0
for all n ∈ N. �

4. CONCLUDING REMARKS

The theorems obtained in this paper extend, generalize, improve
and unify some existing results; in particular, the work of Dehaish
and Khamsi [9] is a special case of the results documented in this
paper.

ACKNOWLEDGEMENTS

The authors will like to thank the Simons Foundation and the
coordinators of Simons Foundation for Sub-Sahara Africa Nation-
als with base at Department of Mathematics and Statistical Sci-
ences, Botswana International University of Science and Technol-
ogy, Botswana, for providing financial support that helped in carry-
ing out this research. Constructive criticisms by the anonymous re-
viewers that helped to improve the quality of this paper are equally
acknowledged.

NOMENCLATURE

All terminologies, notations and symbols used in this work are
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