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COMBINED EFFECT OF FLUID’S VISCOUS DISSIPATION,

VARIABLE VISCOSITY AND THERMAL CONDUCTIVITY

ON THE FREE CONVECTIVE HEAT TRANSFER

PAST A CIRCULAR CYLINDER

S. I. OPADIRAN1 AND S. S. OKOYA

ABSTRACT. This research work examines the combined ef-
fect of fluid’s variable thermal conductivity, viscous dissipation
and variable viscosity on the free convection flow over a circular
cylinder. The flow is well developed and of an incompressible
fluid about a uniformly heated cylinder. The governing nonlin-
ear partial differential equations are transformed to nonlinear or-
dinary differential equations by employing regular perturbation
technique. While, the resulting nonlinear ordinary differential
equations are solved numerically using the Mid-point method
with Richardson extrapolation technique. Graphs of the tem-
perature fields and the velocity profiles, the skin friction coeffi-
cient and heat transfer reveal that the viscous dissipation effect
marginally increases the velocity and temperature of the fluid,
while the combined effect of the embedded fluid parameters sig-
nificantly influences the velocity.
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1. INTRODUCTION

Fluid flow and heat transfer attributes in engineering processes are usu-
ally outcomes of a collective or accumulated effects of the intrinsic fluid
material properties and the dynamic system behaviors. This has at-
tracted a great deal of researchers interest in recent years. Various studies
in the literature investigate the effects of both fluid and system properties
under different scenarios.

Many researchers have assumed a constant thermo-physical properties
of fluid while studying the flow and heat transfer attributes around a
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cylinder undergoing natural convection heat transfer (Zokri et al. [1];
Rath and Dah [2]; Mohamed et al. [3] and Molla et al. [4]).

Numerous studies have also been conducted to investigate the effect
of fluids variable thermo-physical properties. Particularly, the impact
of viscosity changing with temperature has been studied by (Cheng [5];
Uddin and Kumar [6] and Ahmad et al. [7]). They revealed that fluids
variable viscosity significantly affects the flow and heat transfer perfor-
mance. Also, appreciable research has considered the contributions of
thermal conductivity that depends on temperature (Molla et al. [8], Ud-
din and Kumar [9], Uddin and Kumar [6]).

Another important fluid material property is the presence of viscous
dissipation, whose effect has been neglected by the above-mentioned au-
thors. However, the effect of viscous dissipation is significant in free
convective mechanisms working under huge deceleration or at high speed
of rotation as well as in processes involving substantial gravitational field
and in various processes of geology (Chowdhury et al. [10]). Furthermore,
the applications are seen in many industrial mechanisms viz. heat-sink
in radiators and cooling systems of engines. These devices operating at
high velocity poses a significant effect of dissipation on the heat trans-
fer behavior of systems. There is relatively few studies in the litera-
ture investigating the influence of dissipation on free convective flows.
Prasad et al. [11] considered viscous dissipation and joule heating effect
around a porous cylinder. Mohammed et. al. [3], numerically researched
the impact of dissipation on free convective fluid flow around a circular
cylinder with constant wall temperature. The investigations conducted
by Mohammed et. al. [3], and Prasad et al. [11] examined the impact
of viscous dissipation around a horizontal cylinder, but considered the
fluid’s viscosity and thermal conductivity to be constant. Zokri et al.
[1] researched the impact of viscous dissipation on the flow Jeffrey fluid.
Nabil et al. [12] considered effect of variable viscosity and viscous dis-
sipation. This investigation considered the dissipative impact around a
cylinder, employing a temperature dependent viscosity but a constant
thermal conductivity.

In the preceding paragraph, the most common technique for determin-
ing the effect of parameter sensitivity is to vary one material property
while others are kept constant. To establish a clearer understanding of
the combined effect of viscous dissipation, temperature dependent vis-
cosity and thermal conductivity on the free convective flow distributions
as well as temperature fields alongside its relationship with the skin fric-
tion and the heat transfer coefficients, we designed this study. This is
because, the observed graphical behavior of varying just one material
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property may change significantly, when other material properties are
changing as well.

The important aim of this research work is to examine the combined ef-
fect of viscous dissipation, temperature dependent viscosity and thermal
conductivity on the flow attributes as well as the heat transfer charac-
teristics at different instances, by introducing stream function, regular
perturbation technique and Mid-point method (the numerical technique
implemented on Maple 17 alongside Richardson extrapolation method).
The numerical results obtained were validated through comparison with
three relevant works in the literature. The skin friction and the ve-
locity distributions together with the heat transfer coefficients and the
temperature profiles are examined for the effects of the embedded fluid
parameters. The results of this study were presented and discussed via
graphical illustrations.

2. FORMULATION OF PROBLEM’S GOVERNING EQUATIONS

In formulating the problem’s governing equations, the following assump-
tions were considered. A free convective steady, laminar and two-dimensi
onal flow of an incompressible fluid is considered. Flow is around a cir-
cular cylinder with radius R. Viscous dissipation influence is significant,
while the viscosity and thermal conductivity of fluid vary with temper-
ature. T∞ is ambient temperature Tw is the cylinder’s constant surface
temperature, where Tw > T∞. The basic laws of continuity, linear mo-
mentum and energy are:

∇·~v = 0,

ρ[~v· ∇]~v = −∇p+∇· [µ(T )∇~v] + ~F .

ρCp[~v· ∇]T = ∇· [κ(T )∇T ] + µ(T )Φ.

Where Cp is the specific heat at constant pressure, ρ is the density, ~v =

(ū, v̄, 0) is the velocity, the body force which is due to gravity is ~F = ρ~g
(where ~g is the acceleration due to gravity), µ(T) is the viscosity varying
with temperature, p is the pressure, ∇ is the gradient operator, T is the

fluid temperature, Φ =

(
∂ū
∂ȳ

+ ∂v̄
∂x̄

)2

+ 2

[(
∂ū
∂x̄

)2

+

(
∂v̄
∂ȳ

)2]
is the viscous

dissipation function (see Schlichting and Gersten [13]) and the fluid’s
thermal conductivity varying with temperature is κ(T).
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Figure 1: Cross-section and coordinate system of Problem.

Under the boundary layer and Boussinesq approximation we have the
resulting continuity, momentum and energy equation with the incorpo-
rated viscous dissipation effect, as[

∂ū

∂x̄
+
∂v̄

∂ȳ

]
= 0, (1)

ρ

[
ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ

]
= ρgβ0(T − T∞) sin

(
x̄

R

)
+

∂

∂ȳ

[
µ(T )

∂ū

∂ȳ

]
, (2)

ρCp

[
ū
∂T

∂x̄
+ v̄

∂T

∂ȳ

]
=

∂

∂ȳ

[
κ(T )

∂T

∂ȳ

]
+ µ(T )

[
∂ū

∂ȳ

]2

, (3)

ū(x, y) = 0, v̄(x, y) = 0, T (x, y) = Tw at ȳ = 0, (4)

ū(x, y)→ 0, T (x, y)→ T∞ as ȳ →∞. (5)

According to Akinbobola and Okoya [14]; Opadiran and Okoya [15];
Fatunmbi et al. [16]; the thermal conductivity variation and viscosity
variation with temperature are given as,

κ(T ) = κ∞

(
1 + ε

[
T − T∞
Tw − T∞

])
(6)

and

µ(T ) =
µ0

1 + α0(T − T∞)
. (7)

Where the tangential and normal coordinate axes to the cylinder’s surface
are x̄ and ȳ, while the parameter for variable thermal conductivity is ε,
µ0 and and κ∞ are the mainstream viscosity and thermal conductivity,
respectively and α0 is a constant reference viscosity.
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The following dimensionless variables were considered

x =
x̄

R
, ū =

uGr1/2ν

R
, y =

ȳ

RGr−1/4
, v̄ =

vGr1/4ν

R
, Ec =

ν2Gr

R2Cp(Tw − T∞)
,

Gr =
gβ(Tw − T∞)R3

ν2
, θ =

[
T − T∞
Tw − T∞

]
, (8)

and plugging these into Equations (1) - (3) and Equations (6) - (7), we
have [

∂u

∂x
+
∂v

∂y

]
= 0, (9)(

u
∂u

∂x
+ v

∂u

∂y

)
=

1

[1 + ωθ]

[
∂2u

∂y2

]
− ω

[1 + ωθ]2

[
∂θ

∂y

][
∂u

∂y

]
+ θ sinx, (10)[

u
∂θ

∂x
+ v

∂θ

∂y

]
=

1

Pr

(1 + εθ)

(
∂2θ

∂y2

)
+

1

Pr

ε

(
∂θ

∂y

)2

+
Ec

1 + ωθ

(
∂u

∂y

)2

, (11)

where Gr is the Grashof number,Prandtl number is Pr(= ρcpν/κ), Ec is
the Eckert number and the viscosity variation parameter ω = α0(Tw −
T∞).

u(x, y) = 0, v(x, y) = 0, θ(x, y) = 0 at y = 0, (12)

u(x, y)→ 0, θ(x, y)→ 1 as y →∞. (13)

The stream function ξ(x, y) written as

u = ∂ξ/∂y, v = −∂ξ/∂x, (14)

satisfies the continuity equation identically. From the relations defined
as

ξ = xf(x, y) and θ = θ(x, y), (15)

we have

1

(1 + ωθ)

(
∂3f

∂y3

)
− ω

(1 + ωθ)2

(
∂θ

∂y

)(
∂2f

∂y2

)
−
(
∂f

∂y

)2

+f

(
∂2f

∂y2

)
+θ

sinx

x

= x

(
∂f

∂y

[
∂2f

∂x∂y

]
− ∂f

∂x

[
∂2f

∂y2

])
, (16)

1

Pr

[1 + εθ]

[
∂2θ

∂y2

]
+

1

Pr

ε

[
∂θ

∂y

]2

+ f

[
∂θ

∂y

]
+

x2Ec

(1 + ωθ)

[
∂2f

∂y2

]2

= x

(
∂f

∂y

∂θ

∂x
− ∂θ

∂y

∂f

∂x

)
, (17)

f(x, y) = ∂f/∂y = 0, θ(x, y) = 1, at y = 0, (18)

∂f/∂y → 0, θ(x, y)→ 0 as y →∞. (19)
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2.1. Limiting cases of the model
Limiting cases of the problem’s model are herein considered. Considera-
tions of constant fluid properties ( ω = ε = 0) in the absence of viscous
dissipation (Ec = 0) was studied by Azim and Chowdhury [17] as well as
Molla et al. [18]. Also, the case of constant fluid’s material properties ( ω
= ε = 0) in the presence of viscous dissipation (that is, Ec 6= 0), has been
studied by Mohammed et al. [3]. While, the case of constant thermal
conductivity in the absence of Ec (i.e, ε = Ec= 0 ) was considered by
Azim [19] and Molla et al. [20]. Furthermore, Uddin and Kumar [6] has
considered the case of variable ω and ε in the absence of Ec (i.e, ω and
ε 6= 0 and Ec =0 ) as well as Uddin and Kumar [9].

3. PERTURBATION AND NUMERICAL SOLUTIONS

This section employed the regular perturbation method to transform
the governing partial differential equations of the problem (i.e Equations
(16) - (19)) to ordinary differential equations which are solved using the
embedded numerical technique (Mid-point method) on Maple 17 plat-
form. Here the normal distance y, that is y −→ ∞ is truncated at 5.5,
6.5 or 8 as the case may be. The flow and temperature functions are
expressed as

f(x, y) =
∞∑
n=0

xnfn(y), θ(x, y) =
∞∑
n=0

xnθn(y). (20)

From Equation (20) we have the following perturbation expansions,
O(x0) : f ′′′0 +ωf ′′′0 θ0−ωf ′′0 θ′0 +(1+2ωθ0 +ω2θ2

0)(θ0 +f0f
′′
0 − (f ′0)2) = 0,

(21)

(1 + ωθ0)
1

Pr

(θ′′0 + εθ0θ
′′
0 + ε(θ′0)2) + f0θ

′
0 = 0, (22)

f0(0) = f ′0(0) = 0, θ0(0) = 1, f ′0(∞) = θ0(∞) = 0, (23)

O(x1) : f ′′′1 +ω(f ′′′0 θ1−θ′1f ′′0 +f ′′′1 θ0−f ′′1 θ′0)+2ωθ1(1+ωθ0)(θ0+f0f
′′
0−(f ′0)2)+

(1 + 2ωθ0 + (ωθ0)2) (θ1 + f0f
′′
1 − 3f ′0f

′
1) = 0, (24)

(1 + ωθ0)

(
1

Pr

(θ′′1 + εθ′′0θ1 + εθ0θ
′′
1 + 2εθ′0θ

′
1) + f0θ

′
1 + 2f1θ

′
0 − f ′0θ1

)
+

ωθ1

(
(1 + εθ0)θ′′0

Pr

+ f0θ
′
0 +

εθ′0
Pr

)
= 0, (25)

f1(0) = f ′1(0) = 0, θ1(0) = 0, f ′1(∞) = θ1(∞) = 0, (26)

O(x2) : ...
O(x3) : ...
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O(x4) : ...
O(x5) : ...

The skin-fiction together with the heat transfer (specified as the Nusselt
number) are:

Cf =
τw
ρU2
∞
, and Nu =

Rqw
k(Tw − T∞)

, (30)

where

qw = −k
[
∂T

∂y

]
y=0

and τw = µ

[
∂u

∂y

]
y=0

, (31)

qw and τw are the heat flux and shear stress respectively.

4. RESULTS AND DISCUSSION

In evaluating accuracy of the method used, results of the heat transfer
distributions as well as the generated results of the skin friction coeffi-
cients are compared with those obtained by Merkin [21], Nazar et al. [22]
and Kasim et al. [23] and are presented in Tables 1 and 2, respectively.
And the results were found to strongly agree with previous results pub-
lished in literature.
Figures 2 - 13 show graphs of the dimensionless velocity profiles, tempera-
ture fields, skin friction profiles as well as the heat transfer distributions
(f ′(y), θ(y), CfGr

1/4 and NuGr−1/4). Parameters ω = ε = Ec = 0,
ω = ε = Ec=1, ω = ε = Ec=3 and Pr = 0.7 unless where considered as
varying parameters.
Figures 2 - 5 display the variations of f ′(y), θ(y), CfGr

1/4 and NuGr−1/4

with ω, ε and Ec, respectively. Figure 2 shows the velocity profiles for
varying ω and the gradual increase in ε and Ec.

Table 1. Numerical results for the coefficients of heat transfer
when Ec = ω = ε = 0 and Pr = 1.0.

x Heat transfer coefficient
Merkin [21] Nazar et al. [22] Kasim et al. [23] Present

Finite difference Finite difference Perturbation Perturbation
solution solution solution solution

0 0.4214 0.4214 0.4214 0.4220
π/6 0.4161 0.4161 0.4164 0.4169
π/3 0.4007 0.4005 0.4011 0.4013
π/2 0.3745 0.3741 0.3752 0.3749
2π/3 0.3364 0.3355 0.3375 0.3373
5π/6 0.2825 0.2811 0.2832 0.2875
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Table 2. Numerical results for the coefficients of Skin friction when
Ec = ω = ε = 0 and Pr = 1.0.

x Skin friction coefficient
Merkin [21] Nazar et al. [22] Kasim et al. [23] Present

Finite difference Finite difference Perturbation Perturbation
solution solution solution solution

0 0.0000 0.0000 0.0000 0.0000
π/6 0.4151 0.4148 0.4124 0.4119
π/3 0.7558 0.7542 0.7517 0.7494
π/2 0.9579 0.9545 0.9552 0.9495
2π/3 0.9756 0.9698 0.9774 0.9711
5π/6 0.7822 0.7740 0.7862 0.8066

The velocity is seen to increase to a maximum value before decreasing to
zero. Furthermore, the velocity increases as ω increases with the curves in
Figure 2c having the highest velocity. The combined effect of increasing
ω, ε and Ec is also observed to heighten the velocity profiles as well
as improving the asymptotic attributes of the curves as they approach
infinity.

Figure 3 represents the temperature distributions for varying ω, ε and
Ec. From Figure 3, it is seen that variation in ω marginally decreases
the temperature profiles. While the curves in Figure 3c portray a better
asymptotic behavior while approaching infinity. It can also be seen that,
though varying ω marginally decreases the fluid temperature, however,
the combined effect of increasing ε and Ec changes the nature of the
curves.

Figure 4 shows that the skin friction coefficient attains a peak value
at the point where x = 2 and decreases uniformly in the neighborhood
of x > 2, as seen in Figures 4a, 4b and 4c respectively. The combined
effect of increasing ω, ε and Ec is observed to heighten the skin friction
coefficients. While increase in ω decreases the skin friction.

Figure 5 demonstrates the outcome of increasing ω, ε and Ec for the
plot of NuGr−1/4 against x. Figure 5a has the lowest heat transfer. The
outcome of increasing ω as well as the combined effect of increase in ω,
ε and Ec are observed to increase NuGr−1/4.
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(a) (b) (c)
Figure 2: Velocity graphs when (a) ε = Ec = 0, (b) ε = Ec = 1 and (c)
ε = Ec = 3.

(a) (b) (c)
Figure 3: Graphs of temperature field when (a) ε = Ec = 0, (b) ε =
Ec = 1 and (c) ε = Ec = 3.

(a) (b) (c)
Figure 4: Plots of skin friction when (a) ε = Ec = 0, (b) ε = Ec = 1 and
(c) ε = Ec = 3.
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(a) (b) (c)
Figure 5: Heat transfer variations when (a) ε = Ec = 0, (b) ε = Ec = 1
and (c) ε = Ec = 3.

The combined influence of increasing ω, ε as well as Ec are displayed
in Figures 6 - 9. Figure 6 reveals that the velocity profiles rises as ε
is increased. Also, the combined effect shown in Figures 6a, 6b and
6c depict that the velocity distributions rises as the fluid parameters
increases. And the curves are bounded below by the constant thermal
conductivity case. Increase in ε leads to increase in the temperature, as
shown in Figure 7. Also, the combined effect of increasing ω and Ec is
seen to slightly alter the nature of the curves.
Figure 8 presents the graphs of CfGr

1/4 against x for various values of
ε, ω and Ec. As ε rises, the peaks of CfGr

1/4 rises as well. While a
combined increase in the variable viscosity parameter, ω and the Eckert
number Ec decreases the skin friction coefficients.
The effect of increasing ε shown in Figure 9 increases the NuGr−1/4.
Also, the combined effects shown in Figures 9a, 9b and 9c increases the
heat transfer, with the constant case serving as the lower bound.

(a) (b) (c)
Figure 6: Velocity distributions when (a) ω = Ec = 0, (b) ω = Ec = 1
and (c) ω = Ec = 3.
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(a) (b) (c)
Figure 7: Temperature fields when (a) ω = Ec = 0, (b) ω = Ec = 1 and
(c) ω = Ec = 3.

(a) (b) (c)
Figure 8: Profiles of skin friction when (a) ω = Ec = 0, (b) ω = Ec = 1
and (c) ω = Ec = 3.

(a) (b) (c)
Figure 9: Plots of heat transfer when (a) ω = Ec = 0, (b) ω = Ec = 1
and (c) ω = Ec = 3.
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Figure 10 represents the combined effect of increase in the Eckert num-
ber together with increase in ω and ε. Figures 10a, 10b and 10c respec-
tively show that increase in the Eckert number Ec, do not significantly
influence the velocity profiles. However, the combined effect of increas-
ing ω and ε appreciably increases the velocity profiles. Figure 11 also
depict that Ec do not have effect on the temperature profiles. While
the combined effect of increasing ω and ε in Figure 11c shows a better
asymptotic behavior of the curves.

(a) (b) (c)
Figure 10: Behaviour of the velocity plots when (a) ω = ε = 0, (b)
ω = ε = 1 and (c) ω = ε = 3.

(a) (b) (c)
Figure 11: Observed temperature profiles for (a) ω = ε = 0, (b) ω = ε = 1
and (c) ω = ε = 3.
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(a) (b) (c)
Figure 12: Profiles of the skin-friction when (a) ω = ε = 0, (b) ω = ε = 1
and (c) ω = ε = 3.

(a) (b) (c)
Figure 13: Heat transfer coefficients when (a) ω = ε = 0, (b) ω = ε = 1
and (c) ω = ε = 3.

Figure 12 shows the combined effect of Ec, ω and ε on the skin friction
coefficients. The fluid with constant thermophysical property is observed
to serve as the lower bound of the curves. Also, increase in Ec increases
the the CfGr

1/4. However, the combined effect of increasing ω and ε
suppresses the fluid’s skin friction coefficients. Figure 13 illustrates the
combined effect of Ec, ω and ε on theNuGr−1/4. The constant fluid prop-
erty serves as the upper bound of the curves. Increase in Ec suppresses
the heat transfer coefficients while the combined effect of increasing ω
and ε heightens the heat transfer coefficients.

Numerical computations of the velocity and temperature profiles indi-
cate that, for small parameter values the asymptotic behavior is not well
portrayed compared to large parameter values as shown in the Figures
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above. To ensure this asymptotic behavior for small parameter range, if
possible, other numerical techniques will be investigated in later works.

5. CONCLUSSION

This study investigated the combined effect of variable ω, viscous dis-
sipation and variable ε on the free convective flow across a cylinder. The
study employed perturbation and numerical methods. Plots obtained for
the limiting cases of the research compared excellently with those in lit-
erature. The results obtained in this study show that each fluid property
contribute significantly to the flow attributes as well as the heat transfer
features. The following important findings are made:
(1) The combined effects of increasing ω, ε and Ec significantly heighten
the fluid’s velocity in all the cases considered.
(2) The combined effects of increasing ω, ε and Ec is observed to pose
a marginal increase on the fluid’s temperature for the different scenarios
studied.
(3) The combined effects of increasing ω, ε and Ec on the skin friction
was discovered to heighten the skin friction only in the variation of ω.
(4) The combined effects of increasing ω, ε and Ec was found to spike
the heat transfer rates of the fluids in all considered cases.
(5) Plots displaying the variation of one fluid material property (while
other properties are kept constant) compares favorably and confirms ex-
isting works in literature.
(6) Increasing the viscous dissipation effect marginally increases the ve-
locity distributions together with the temperature fields, whereas it sig-
nificantly heightens the CfGr

1/4 and suppresses the NuGr−1/4.
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