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GENERALIZED CASH-TYPE SECOND DERIVATIVE
EXTENDED BACKWARD DIFFERENTIATION
FORMULAS FOR STIFF SYSTEMS OF ODES

T. OKOR AND G. C. NWACHUKWU

ABSTRACT. In this paper, a generalized Cash-type second de-
rivative extended backward differentiation formulas (GCE2BD)
is developed as boundary value methods (BVMs) for the numer-
ical solution of stiff systems of ordinary differential equations
(ODEs). The proposed class of methods is O, (x41)—v—stable
and A, (k41)—o -stable with (v, (k + 1) — v )-boundary condi-
tions and order k + 3 for all values of the step-length £ > 1.
The class of methods proposed is exceptional for the numerical
solution of stiff systems whose Jacobians have some relatively
large eigenvalues near the imaginary axis. The accuracy and
efficiency of the constructed methods are examined in some de-
tails via the numerical experiments carried out on some well-
known linear and non-linear stiff systems. The boundary value
technique considered allows the solutions of a problem to be ob-
tained simultaneously on the entire interval of integration. The
new class of methods is found to compare favorably with exist-
ing standard methods in the literature.

Keywords and phrases: Linear multistep formulas, Boundary
value methods, O, x,—stable, Ay, x,—stable, Super future points,
Cash methods.
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1. INTRODUCTION

The problem of deriving efficient algorithms for the numerical in-
tegration of stiff systems of ODEs of the form:

y/ = f(x7y>7 y(a’) =Y, TE [CL, b] (1)
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where f:RxR™ — R™ satisfies a Lipschitz condition (see [25])
and y,yo € R™ has been analyzed extensively over the years past
and as a result a wide variety of approaches (see [41] for exam-
ple) have been proposed. The system of ODEs (1) is stiff if the
magnitude of the Jacobian is large. According to Dahlquist [18], a
potentially good numerical method for the solution of stiff systems
of ODEs must have good accuracy and some reasonably wide region
of absolute stability. It was on this ground the so-called A-stability
property was required. Accordingly, Cash [13] proposed that as far
as stability is concerned, the property of A-stability is an excellent
one for a code intended for the solution of stiff systems to possess.
However, the A-stability requirement proposed by Dahlquist [18]
came with the restriction that the most accurate A-stable method
is the trapezoidal rule which is of order 2 and as a result “the
problem confronting numerical analysts was to derive high-order
methods which have the stability necessary for dealing with stiff
differential systems” Cash [13]. For many years, the backward dif-
ferentiation formulae (BDF) proposed by Gear [23] have been the
most prominent and most widely used for the solution of stiff sys-
tems due to its A-stability property for step-lengths k£ = 1 and
k = 2 and orders 1 and 2 respectively. Since then several authors
carried out invaluable research to extend the A-stability property
beyond k = 2 with higher order. In order to obtain methods with
higher degree of accuracy Bickart and Rubin [7] stated that the
conventional linear multistep method (LMM) should be modified
to another class of methods to circumvent the Dahlquist’s Barrier
[18]. Afterwards Hairer and Wanner [24] stated that the search for
higher order A-stable multistep methods is carried out in two main
directions: use higher order derivatives of the solutions, throw in
additional stages, off-step points, super-future points and the likes.
This leads into the large field of general linear methods. Obrechkoff
[40] introduced a general multi-derivative method for solving sys-
tems of ODEs. Special cases of the Obrechkoff multi-derivative
method were later derived by Enright [20], Cash [14], Jia-Xiang and
Jiao-Xun [29], Ehigie et al. [19], Ngwane and Jator [34], Longe and
Adeniran [33], Nwachukwu and Okor [37, 38] and recently Ogunfey-
itimi and Ikhile [42, 43]. Brugnano and Trigiante [9, 11] introduced
BVMs which “are numerical methods based on Linear Multistep
Formulae (LMF) and are renowned for high-order accuracy and
unconditional stability” Chan et. al. [16]. These methods approxi-
mate a given continuous initial value problem (IVP) by means of a
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discrete boundary value problem (BVP). The solution of the IVP
is given simultaneously at all grid points. BVMs overcome the lim-
itations of the well-known Dahlquist order and stability barrier for
an A-stable LMM. More so, the reader is advice to see ([1, 5, 6, 8-
11, 33, 36-39]) for more details on the stability properties of BVMs
with respect to A-stability.

The second derivative linear multistep method (SDLMM) of En-
right [20],

k

Yn+k = Yntk—1 + h Z 6jfn+j + h2/7kgn+k (2)
7=0

which is A-stable for £ = 1(1)2 and A(a)—stable for & = 3(3)7
with order k42 is extended by Cash [14] via the super future point
technique to obtain two new classes of methods called second de-
rivative extended backward differentiation formulas (E2BD). These
methods became superior to the Enright scheme in terms of order
and accuracy. They are given in the form of formulas of Class 1
(A-stable up-to k = 5 with order k + 3) and formulas of Class 2
(A-stable up-to k& = 3 with order k + 3)).

The aim of this paper is to develop Cash [14] E2BD-type BVMs
with A-stable methods for all values of the step-length & > 1,
larger regions of absolute stability and no barriers concerning the
maximum order attainable. Also, the proposed methods will be
implemented using the boundary value technique in the sense of |9,
11, 36-38] whereby all approximations (y1,%s,¥s,...,yy)" of the
solution of (1) are simultaneously generated on the entire interval.
The advantage of this implementation approach is that the global
errors at the end of the interval are smaller than those produced by
the step-by-step methods as in [31], see Ehigie et al. [19].

Next sections of the paper are organized as follows: In Section
2, the theoretical procedure on which BVMs are developed and
analyzed is given. In Section 3, the generalized Cash-type second
derivative extended backward differentiation formulas (GCE2BD)
is derived and analyzed. Section 4 is devoted to the implementation
approach considered. In Section 5 some numerical experiments to
confirm the theoretical results in Section 3 are presented. Lastly,
some concluding remarks are given in Section 6.

2. THEORETICAL PROCEDURES
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The continuous IVP (1) is usually solved by means of a discrete [VP,
that is, a set of £ initial conditions yg, y1, ..., yr_1 is associated with
the LMF:

k k
> iy =h > Bifuss (3)
j=0 3=0

If k1 and ko are two integers such that k; + ks = k then one
may impose the &k conditions for the LMF (3) by fixing the first
ki < k values of the discrete solution yo, v1,...,yx,—1 and the
last ko = k— k1 values yn_g,+1, - - - , Y~ so that the discrete
problem becomes:

kg k2
Z QjykyYntj = h Z ﬁj+k1fn+j, n = klv o N = k27
j=—k1 Jj=—k1
Yoy, Y1y -3 Yk1—1,  YN—kot1 5+ -, yNafixed‘ (4)

Thus, the given continuous IVP is approximated by means of a dis-
crete BVP. The methods obtained in this way are called Boundary
Value Methods (BVMs) with (k;, k2)-boundary conditions. Ob-
serve that, for k& = k and therefore ks = 0, one has the initial value
methods (IVMs). So, the class of IVMs is a subclass of BVMs for
ODEs based on LMF (see [12]). Since the continuous problem (1)
only provides the initial solution yg, the remaining w1, ..., ¥k, -1,
initial values and yn_g,,1, - . . , yn final values need to be found
by introducing a set of k£ — 1 additional equations which are derived
by a set of k1 — 1 additional initial methods.

S ally=n " 8V, i=1,....kr—1 (5
j=—k1 j=—k1
and &y final methods
ko ‘ ko .
ST ol vy =h > B I, i=N—ky+1,...,N
Jj=—k1 j=—k1

(6)
Practically equations (4), (5) and (6) form a composite scheme
of the same order.

2.1 STABILITY CONCEPT FOR BVMs
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The stability of the family of methods to be considered is charac-
terized by two kinds of polynomials: Sk, and Ng,k,.

Definition 1: A polynomial p(z) of degree k = ki + ko is an
Sk, k,-polynomial if its roots are such that

[ <zl << ] <1< il < < [
and it is an Ny, j,-polynomial if
] < 2ol < < el € 1< gl <0 < | 2|

with simple roots of unit modulus.

Observe that for k; = k and ky = 0, an Ny, x,-polynomial reduces
to a Von Neumann polynomial and an Sk, x,-polynomial reduces to
a Schur polynomial. Let p(z) = Z?:o @27 and o(z) = Z?:o B;z
denote the two characteristic polynomials associated with the LMF
(3). Then 7 (z,q) = p(z) — qo(z), ¢ = h\ is the stability polyno-
mial when (3) is applied on the test problem y' = Ay, Re(\) < 0.
Thus, we have the following definitions for BVMs (see, [10, 12]):

Definition 2: A BVM with (k;, k2)—boundary conditions is O, ,-
stable if p (z) is an N, j,-polynomial.

Observe that for ky = k and ks = 0, Oy, x,-stablity reduces to the
usual zero-stability for I'VMs.

Definition 3 (a) For a given q€C, a BVM with (k;, k2)—boundary
conditions is (ky, ka)—absolutely stable if 7(z, q) is an Sk, x, — poly-
nomial. Again, (ki,ks)— absolute stability reduces to the usual
notion of absolute stability when k; = k and ky = 0 for LMF (3).
Similarly, one defines
(b) the region of (k;, ky)—absolute stability of the method as
Dy, = {q€C : 7(z,q) is an Sk, — polynomial}. Here
7(z,q) is a polynomial of type (k1,0, ko).
(¢) A BVM with (k;, ko)—boundary conditions is said to be Ay, , —
stable if C~ C Dy, ,.

Dklkzz { qeC: W(Zv Q> is of type (klaoa k2>}
Finally, a BVM with (k;, k2)—boundary conditions is said to be
Akle—stable if C- C Dklkz .

3. DERIVATION AND ANALYSIS OF THE METHOD
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The general second derivative extended linear multistep formula for
the numerical solution of (1) is given in the form:

k+1 k+1

Zajyn+j —h25 Jrts + h? ZW@QT#J (7)

where yny; = y (2, +jh), foy; = f(xn 4+ jh, y(x,+jh)) and

_ df(z, y(@) |
9n+j = dx

Y=Yn+j
while, a;j, (7 and 7} are parameters to be determined.

Following Brugnano and Trigiante [9-11] and Cash [14] the extended
scheme associated with (2) can be written generally as

k41
Yn+i — Yn+i—-1 = hZBJ*fn-i-j + hQﬁQnﬂ‘ ; =0 (1) k (8>

5=0
We note that for i = k one gets the conventional E2BD of Cash
[14]. However, for i« # k we can choose the values of ¢ which
provide methods with the best stability properties for all values
of k > 1. Practically, we get the best stability properties for the

choice © = v such that

% for odd k

v = 9)

[SIES

for even k

Therefore (8) becomes
k+1

Yn+v = Yntov—1 = h Z B;fn—i-j + h27:gn+v7 (10)
=0

The class of methods (10) having order p = k+3 is called the gen-
eralized Cash-type second derivative extended backward differenti-
ation formulas (GCE2BD). It is O, (k41)—v—stable and A, (p41)—v—
stable for all values of the step length k Z 1 with (v, (k + 1) —v)-
boundary conditions ( i.e. with v number of roots inside the unit
circle and (k+ 1) —v number of roots outside the unit circle). Also,
the proposed class of methods have relatively small error constant
as k increases (see Table 2, Fig. 1).
Rewriting (10) in the form:

k1
y(x+ovh)—y(x+ (v—1)h hZﬁ (x+ jh)
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— By (z +vh) =0 (11)

expanding in Taylor’s series and applying the method of undeter-
mined coefficient we obtained the coefficients of the methods (10)
for k = 1(1)10 as shown in Table 1 and Table 2

3.1 ORDER CONDITION OF THE METHOD

In the spirit of Fatunla [21] and Lambert [32] we define the local
truncation error (LTE) associated with (10) as the linear difference
operator L [y (x); h] such that;

k+1

Lly(z);hl= y(x+vh)—yx+(v—1)h hZB (x + jh)

— B*5y" (z + vh) (12)

Assuming that y(z) is sufficiently dlfferentlable, we can find the
Taylor series expansion of the terms in (12) about the point

L(y(z);h) = Coy (2)+Cihy' (x)+Coh®y" (z)+- - +Crh"y" (z)+. ..
Where,
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k+1

(1) ) - ,ZJ”BJ —),

for r=0(1)p. Thus, the class of methods (10) is of order p if

C, =

00201202:"':Cp:0 and Cp+17é0 (14)
where C,1; is the error constant (EC) of the methods (10) and
Cp1hPt1yP* () is the principal LTE at the point z (see [24]). The
order and the error constants of the GCE2BD (10) are presented
in Table 2

Table 1. Coefficients, Error Constant (EC) and Order p of GCE2BD
for k = 1(1)10

* * * * * * * *

k v B B 2 B3 Bi B Bs 87
1 1 =L 2 1

24 3 21
2 1 XL 19 13 =

360 30 120 90
379 -~ 50 19 T I

960 180 30 20 2880
1 9 -7 97 536 113 =TT T
5 3 == o 2000 203 ot —9
6 3 ﬁ%S iths 167801 oy %%& Téf? il —2
8 4 - l R _ Al E ..( A:: .r II ‘. ‘I - ‘
10 5 69

21794572, 0000 290594304000 261 ‘3’{4873600 72648‘37600 2905943040 486486000 34 19456000 7264857600

Table 2. Table 1 continued

k v Bg B3 Bio By Yo Cpt1 p
1 E
3 2 —it A 6
T e
=3 s — g0 2
—— oy
74 =2 — 7 G534RA00 10
29030400 11520 14968800
] 4 e 263 — 0% 6239 11
9

We observed from the literature that, although some generalizations
of the Enright and BDF family of methods exist, which include:
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the GBDF by Brugnano and Trigiante [11] with order p = k, the
SDGBDF (p = k+1) and TDGBDF (p = k+2) of Nwachukwu and
Okor [37, 38], the GSDLMME (p = k+2) and SDGEBDFs (p = 2k)
of Ogunfeyitimi and Ikhile [42, 43|, the GCE2BD (p = k + 3)
promises better approximate solutions to stiff systems of ODE per
step than the other generalizations in the literature (see, Brugnano
and Trigiante [11]). This is because the GCE2BD possesses a signif-
icantly smaller error constant per step than the other methods men-
tioned. Hence, in Fig. 1, we show their comparisons for kK =1 (1) 5.

| Error constant (Cp,4) |

Steplength (k)

Fig. 1. Semi-Log plot of the Absolute value of the error constant
against step length (k) of the GBDF, SDGBDF, TDGBDF,
SDGEBDFs, GSDLMME and the GCE2BD

3.2 STABILITY PROPERTIES OF GCE2BD

To analyze the stability of the proposed class of methods (10) (see
[24]), we apply it on the test problem

vy =Xy, Y =Ny (15)
to obtain the characteristic equation
k+1
(=) ="' =D gB =0, q=Ah q € C (16)
5=0

Inserting z = €, i =0(1)k, 6 ¢ [0,27] in (16) yields a polynomial
of degree two in q. The two roots of ¢ are functions of 6 describing
the stability domain of the GCE2BD (10) given in Figs. 1 and 2 for
odd and even values of k respectively. Note that the stability plots
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of the proposed class of methods (10) for the first 30 values of k
presented in Figs. 1 and 2 show distinctively that methods associ-
ated with the new class of methods are all A, (441)—v — stable(since
its region of D, (y4+1)—» contains the entire left half of the complex
q plane ((C* - Dv,(kﬂ)_v), see Definition 3) and the sizes of the
region of absolute stability (the exterior of the closed curves) is
considerably large.

Imqg = Ah

41

Fig. 2. Stability plot of GCE2BD for k& = 1(2)29

If the values of the coefficients (given in Tables 1 and 2) for a
specified method of the class of methods (10) are substituted in
its characteristic equation (16), the root distribution can be ob-
tained. In fact, the coefficients in row 2 of Table 1 and 2 which
defines the GCE2BD of order 4 when substituted in (16), taking
g = —100 (since the region D, (k4+1)—v contains the entire left half
of the complex ¢ plain) yields,
175 7700z 2522

6 3 6
and solving for the roots (z; ;i = 1(1)k + 1) we obtain the root
distribution for the GCE2BD of order 4 as,

{{z1 = —0.01096994732530235} , {2, = —616.2290300526746}} .

—14+z=
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Img = Ah

4l

Fig. 3. Stability plot of GCE2BD for k& = 2(2)30

Obviously, the root |z | is strictly inside the unit circle, no root(s)
with unit modulus and the root |z is strictly outside the unit circle.
Thus, we have a root distribution equivalent to type (1, 0, 1).
Similarly,

The roots of the GCE2BD of order 11 is obtained as,

({21 = —11.6263} , {20 = —0.0560} , {23 = 0.0340}, {24 = —1.8627
—14.2981}, {z5 = —1.8627 + 14.2981} , {26 = 0.0043 — 0.0393} ,
{27 = 0.0043 + 0.0393} , {25 = 14.5314 — 8.7955} , {2y = 14.5314
+8.7955}}, thus has a root distribution of type (4, 0, 5).

The roots of the GCE2BD of order 12 is obtained as,

{21 = —13.5354} , {25 = —0.0846} , {23 = —2.2628 — 16.4919} , {24 = —2.2628 + 16.4919} ,
{z5 = —0.0095 — 0.0621} , {26 = —0.0095 + 0.0621}, {27 = 0.0439 — 0.0274} ,
{75 = 0.0439 4 0.0274} , {29 = 16.6509 — 10.1458} , {2190 = 16.6509 + 10.1458}

thus has a root distribution of type (5, 0, 5).
The roots of the GCE2BD of order 13 is obtained as,

{z = —9.4267} , {zp = —0.0748} , {z3 = 14.8481}, {z; = —3.5932 — 10.9978},
{2 = —3.5932 4 10.9978} , {z6 = —0.0087 — 0.0552} , {27 = —0.0087 + 0.0552} ,
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{25 = 0.0391 — 0.0245} , {29 = 0.0391 + 0.0245} , {210 = 8.6689 — 10.9156} ,
{z11 = 8.6689 + 10.9156} and thus it has a root distribution of type
(5, 0, 6).

So, it is easy to see that the characteristic polynomial

m(z,q) = 2 (1 — ¢*v;) — 271 — Zf:é qfB;2! (where “2” is the shift
operator which also denotes the characteristic roots of the GCE2BD
(10) and g € C) of the GCE2BD is of type (v,0, (k + 1) —v)vk > 1.
Hence it is an Sy (g41)—v — polinomial. In analogous with (ki, ks) —
stability illustrated for BVMs in Section 2, here, k; = v, ko =
(k+1) —vand ky + ke = k+ 1. Thus, the distribution,

|21] < zo < -+ <zl < 1< a1 < ..o < | zka1 |- The
knowledge of the root distribution of the scheme ensures the correct
use of the methods as would be seen in Section 4.

4. USE OF METHODS

Here, the implementation procedure for the GCE2BD (10) as BVMs
in the sense of [9, 11, 36-38] is given. The proposed methods (10)
are conveniently used with the following set of v — 1 additional
initial methods

k1
yi— i =hY_ BOf 40, i= 1,2, .. v—1 (n=0)
=0
(17)
and (k + 1) — v final methods
Bl '
YN+i—YNyi-1 = h25;;/(2jf1v+j +h2%*v(32vgzv+u ;1= v+l, ..., N;
=0
(n=N) (18)

Since the continuous problem (1) provides only the initial solu-
tion yo. As a result, the GCE2BD of order 6 (GCE2BD3) requires
1 initial method and 2 final methods, the GCE2BD of order 7
(GCE2BD4) requires 1 initial method and 3 final methods, the
GCE2BD of order 8 (GCE2BD5) requires 2 initial methods and 3
final methods, GCE2BD of order 9 (GCE2BD6) requires 2 initial
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methods and 4 final method, GCE2BD of order 10 (GCE2BD7) re-
quires 3 initial methods and 4 final methods and GCE2BD of order
11 (GCE2BD8) requires 3 initial methods and 5 final methods.

Example 1: The, GCE2BD3 given as:

Ynt2 — Ynt1 = ( 960f" fn+1 + fn+2 + fn+3

1 11,
_ﬁfnﬂ) - Eh Gn+2

is used with 1 initial method given as:

yl_yozh(%fo_‘_%fl_%fé 180f3+2880f4)+%h'2g2

and 2 final methods given respectively as:
YN+3 — YN42 = h( QggofN + 20fN+1 + 30fN+2 + 180fN+3
—ﬁfNH) + i_éhQQNnLZ,

yN+4_yN+3:h'(2880fN_ 180fN+1 30fN+2+%fN+3
+ossg N 1a) = 15h°gN 2.

Example 2: The GCE2BD4 given as:

107 97 586 113
Ynt+2 — Ynt1 = h (—mfn fn+1 945fn+2 + %fnw
277 1 271
201607+ * 736 +5> 1008~ I+
is used with linitial method given as:
vi— o =h (g fo+10fi — 552 — T fs + Grasf1 — 3280.5)
+ Tos 192

and 3 final methods given respectively as:

YN+3 — YN4+2 = h( 20160fN + 630fN+1 + 945fN+2 + 1260fN+3
347 1
_20160fN+4 + 756fN+5) + 1008h2.gN+27

_ 13 17 254 137
YnN+a — Yn+3 = h (5o IN — 5 N+1 — oot fn2 + 1ok N3
4252 B7_p ) _ 2712
+ 5720/ N+4 — 3785/ N+5 1008’V IN+2,

_ 777
yN+5_yN+4_h'( 4032fN+ 315fN+1+945fN+2 1260fN+3
24293 1139 2
+20160fN+4 + 3780fN+5) + 1008h IN+2.
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Example 3: The GCE2BD5 given as:

289 ‘. f 13861 13861 536 586
362880 40320 nt1 o300/ T ggp e
2171 53 191 > 191

n n n - _h2 n
40320f e 8064f o 362880f 6] T g I

Yn+3—"Yn+2 = h (

is used with 2 initial methods given respectively as:

o 104897 53033 £ _ 79099 586 34651 ¢ 5417
y1—Yo=h (362880 Jo+ 10320 hi 40320 fat 945 o15/3 T 0330 40320 40320 fs
44447 ) _ 13752

362880 6 864 9s,

_ 907 953 14537 254 2473
Y2 _2:7%1 =h (_1é20360f0 + 26881 T 30302 — 5553 — Taaa0 /4 2688f5
— s fs) + 35173

120960

and 3 final methods given respectively as:

_ 191 53 2171 586
le-gléLGI YN+3 = 5}83( 362880fN _28%()64 fN-i-l + 4118%202]6]\/-‘1-2 + %fN-i—?)
+40320fN+4 - 40320fN+5 + 362880fN+6) + @h IN+3,

_ 277 2473 254
YN+5 — YN+4 = h( 120960fN + 2688fN+1 13440fN+2 - %fN+3
14537 953 o 1332
+13440fN+4 + 2688fN+5 120960fN+6) 32h IN+3,

_ 4447 5417 34651 586
yN;;)ggg_ YN+5 = h (362880 N 1048490’;)20 fN+1 +1§9§202f]\7+2 + %fN+3
40320 10320/ N+4 +3 40320 fN+5 * 362880 fN+6) + 564 hogn 3.

Example 4: The GCE2BD6 given as:

_ 409 17483 197611 13903
tag, v = oo~ e oo ¥ g s
+ 362880 Jrta — 604800 Jnts + 5443200 Jnve — 113400 f n+7> 12960 556017 In+3;

is used with 2 initial methods given respectively as:

_ 1520143 2573077 ¢ 1559669 8233 685043
Y1 — Yo = h (5443200 Jo 1814400 N 604800 f2 22680 s 3628807 4

267847 439889 ¢ 119 3395372
604300 fs+ 5443200 Je 16200 f 7) 12960 h 93,

o 32687 614827 711061 ¢ 5207 p _ 123667
Yy2—y1=nh ( 5443200 Jo+ 1814400 fi+ 604300 f 2 7 22680 fs 362880 fa

444423 ¢ 69361 127 7297 7.2
+ 504800 Js 5443200 fo+ 113400 f 7) 12960 h*g

and 4 final methods given respectively as:
YN+4 — YN+3 = ( 777600 fn — 1814400 Ta14do0/ N+1 T 604800 s /N2 + 3 22680 35680 /N +3
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135053 12697 14639 23 2
+ 362880 Snta 604800 fngs + 5443200 [ 113400 fN+7) + 12960 5h IN+3,

. 3 (4337 19477 54389 .
YN+5 — YN+a = h ( 5143200/ N T 14400/ N+1 — 604800fN+2 22680fN+3
335603 ¥ 4 242873 29873 ¢ _ 9771l ; 4 d2r 127y ) _ 3233 p2
+ 362880/ N+4 t 501800/ N+5 — 5443200 N+6 113400 N+7 12060'Y IN+3,

13393 57173 146581 8233
emdives = g/ - pgm v ¥ gapvia § e fves
" 362880 Snea+ 604800 604800/ N+5 T 5443200 5143200/ N+6 — 16200 fN+7) 13960 h IN+3,

_ 73937 305077 743189
Z/J;fg;gog—g YN+6 = h( 544 200 f + 1814400f N+1 ; —604800f N+2 339%%68(2)fN+3
+ 362880 fN+4 - 604800 fN+5 + 5443200 fN+6 + 113400fN+7) B 12960h gN+3.

Example 5: The GCE2BD7 given as:
640307

. _ 1 (_ 3391 643 58703
i Yo S o+ agfect = oS § gy fns
92630 Jnta+ 1814400 Jnts 145152 Jnte + 1814400 Jntr — 29030400 fn+8) 11520 D= Gnya

is used with 3 initial methods obtained by evaluating,

8
yi_yifl:h25;(l)fj+h2’yz(l)g4 ; 1= 1, ...,3

J=0

and 4 final methods obtained by evaluating,

8
YN+i—Ynti-1 = h Z 57\52ij+]‘+’127;§2491\{+4 ; i=9...,8
j=0
Following the same procedure as in Section 3, the coefficients
{B*®), 4*@} are obtained for the additional initial and final methods
of the GCE2BD7. They are readily available in Table 13 for brevity.

Example 6: The GCE2BDS8 given as:

1 (69823 4969 519493 6748817
Z/n+§79_573{n+3 =h ( 95800320047 T gggégso fn1 339916800 3016800/ n+2 T %3958400 70958100 n-+3
+ 623700 Jra + 19958400 fots — 2661120 Jnte + 950400 950100/ n+7 — 319334400 Jnts

263 90817
+ 7484400 f n+9) 380160 h? In+4

is used with 3 initial methods obtained by evaluating,
9
yi_yz’—l:h26;mfj+h27:(z)g4 ; =1 ...,3
7=0
and 5 final methods obtained by evaluating,

YN+i—YN+i-1 = hZ/BN+]fN+J+h27N+49N+4 3 i=95...,9
7=0
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The coefficients {3*®, 4} of the additional methods associated
with GCE2BDS are readily available in Table 14.

The main methods (derived from (10)) are implemented as BVMs
efficiently by combining them with their respective additional ini-
tial and final methods (derived from (17) and (18)). They are
combined as simultaneous numerical integrators for the solution of
the specified problem. Practically, the main methods and the ad-
ditional methods are combined as BVMs to give a single matrix of
finite difference equations which simultaneously provides the values
of the solution. Effectively, a modified Newton-Raphson method is
used (see Lambert [31]). The accumulation of error is not signif-
icant on the numerical results so obtained since the solutions are
obtained simultaneously (see [19, 27, 36-38]).

5. NUMERICAL EXAMPLES

In this section we tested extensively the GCE2BD on some stan-
dard stiff problems to illustrate the accuracy and efficiency of the
scheme. All computations were carried out using our written code
in MATLAB R2015a software package.

Problem 1: Consider the stiff test given by Cash [14]

Yy = —auy — Bya+ (a+ B —1) ety (0) =1
yh =Py —ays + (@ — B —1)e 'y, (0) = 1

In other to make this system homogeneous, an additional variable
y3 is introduced such that:

The eigenvalues of the Jacobian associated with the resulting sys-
tem are —a + i3, 0 and the required solution is

) =) =", yt)=t.

This problem is solved using step length £ =5 | step size h = 0.09
, =1 and g = 30 and the absolute errors are computed. The
numerical results displayed in Table 3 show that the GCE2BD5 is
more accurate than the conventional E2BD of Cash [14]. Further
comparison in Table 4 shows that even with a large step size our
scheme performs better than the conventional E2BD.

Table 3. Absolute error for Problem 1,
k=5 h=0.09, a=1, f=30,and Error y; = |y; —y (;)|, i = 1,2
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t Yi Error in Error in Error in
E2BD-Classl E2BD-Class2 GCE2BDb5
45 1y 01x107™ 0.1 x 1071° 0.6 x 107
Yy 0.1 x1071° 0.1 x 10719 0.8 x 1071°
90 y1  01x107" 0.1 x 1072 0.3 x 1071°
yp 0.1 x 10712 0.1 x 10712 0.1 x 10716
135 y;1  01x10™® 08x10 T 08x10 ©
Yo 0.1x 1071 0.6 x 1071 0.5 x 107'8
180 y1  01x107  01x10T  01x10 ™
y» 0.1x107Y7  01x107"  02x 107

Table 4. Absolute error for Problem 1, h=0.15, a=1, 8=230

and Error y; = |y, —y (t:)], i=1,2

t y;  Error in Error in Error in Error in
GCE2BD5 GCE2BD6  GCE2BD7  GCE2BDS
45 3y 02x107M  01x107  09x107B  04x107H
yo 04 x1071  02x1072 02x107'? 03x107
90 3 09x107™ 02x107"™ 02x107" 03x10°%
yo 03 x1078  03x107% 02x107%  01x107%
135 3 08x107° 01x107® 06x10"® 03x10°
yo 02x107%  01x107%  01x107¢ 0.1 x 1077
180 v 07x10°® 02x107® 02x100® 05x10° "
¥ 0.2x107Y7  02x107® 02x107*®  0.1x1071°

Problem 2: Consider the stiffly nonlinear singularly perturbed
problem which was proposed by Kaps [30] in the range of 0 < ¢ < 10

yi=—(e"+2)y+elys,  w(0)=1

Yo =t — Y2 — s, y2(0) =1
The smaller € is, the more serious the stiffness of the system (see
[3, 4]). Its exact solution is given by

Y1 =y, yp =€

The GCE2BD4 is applied to this problem using ¢ = 1072 and the

step sizes h = 0.01, 0.05 and the absolute errors |y; — y (¢;)], i =
1,2 in the interval 0 < ¢t < 10 are compared with the BBDFyg
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of Akinfenwa et al. [3] and the method of Wu and Xia [45]. It is
observed that the new method even though it is of order 7 compares
favorably with the BBDFg of Akinfenwa et. al. [3] of order p = 8
and performs better than the method of Wu and Xia [45] of order
p = 8 with smaller step sizes h = 0.001, 0.002 . N = (52) is
number of integration point. The details of the numerical results are
displayed in Table 5. In Table 6, it is noticed that the GCE2BD4 is
more accurate than the SDGBDF of Nwachukwu and Okor [37] and
the SDGAM of Nwachukwu and Mokwunyei [35] using e = 107* |
k=4 and h = 0.01.

Table 5. A comparison of methods for Problem 2, using e = 1073,
Absolute error, Error y; = |y; —y (t;)], i = 1,2

Methods t h N Error i, Error g
GCE2BD4 1 0.05 20 7.8530x 107 1.4732x 107"
10  0.01 1000 2.3988x 10723 2.7105x 10~
BBDFq 1 0.05 20 4.5602 x 10~ 6.2638 x 10713
10  0.01 1000 6.6466 x1072° 2.3988 x 10~'7
Wu and Xia[45] 1 0.002 500  2.5606 x 10~7 8.0150 x 1078

10

0.001

10000 5.5468 x 10716

6.0936 x 10712

Table 6. A comparison of methods for Problem 2 using € = 10~* and
h = 0.01, Absolute error, Error y; = |y; —y (t;)|, ¢ =1,2
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t vy, FError in FError in Error in
SDGBDF5 SDGAM GCE2BD4
k=4 k=4 k=4
2 y; 5156 x 107 2.038 x 107 2.082 x 10717
Yo 1.911 x 1071 7.087 x 1071 8.327 x 10717
4y 9571 x 107 3518 x 1077 1.572x 107
Yo 2.613 x 10713 9.594 x 107 4.510 x 10717
6 gy L771x107° 6428 x 10717 1.143 x 107
Yo 3573 x 10713 1.297 x 107 2472 x 10717
8 y1 3278 x 10777 1.176 x 107  4.764 x 10721
Yo  4.886 x 107 1.752 x 1071 7.373 x 10718
10 vy 6.065 x 1071 2150 x 1072 2.399 x 10~%
Y 6.680 x 1071 2368 x 1071  2.711 x 10717

Problem 3: Consider the stiff system giving in Fatunla [22] which
has been solved by Akinfenwa and Jator [2], Akinfenwa et al. [4],
Ismail and Ibrahim [26]

Y = —2000y; + 1000y, + 1, y1(0)=0

Yo =UY1 — Yo, y2(0) =0
The eigenvalues of the Jacobian are -2000.5 and -0.5. Thus, the
stiffness ratio is 4001. The theoretical solution is

Y1 (1) = —4.97 x 107120005 _ 5034 x 10~*e~ %% +0.001

Yo () = —2.5 x 1077720905 1,007 x 10735 4 0.001

Tables 7 and 8 contain the absolute errors, Error y; = |y; — y (t;)],
t = 1,2 at the end points ¢ = 5 and ¢t = 10 using the GCE2BD5. In
Tables 7, for the purpose of comparison, the system is integrated
with A = 0.0001. It can be seen in Tables 7 that our method is
superior in terms of accuracy to the method of Ismail and Ibrahim
[26] and compares favorably with the CBBDF5 of Akinfenwa et al.
[4] and the ECBBDF5 of Akinfenwa and Jator [2] for the same num-
ber of steps. In Tables 8, for a larger step size h = 0.1, our method
performs excellently compared with the method of Akinfenwa and
Jator [2].

Table 7. Comparison of methods at the end points t = 5 and ¢ = 10,

h =0.0001 and k£ =5 for Problem 3, Error y; = |y; — y(t;)| i=1,2
t  Ismail- Ibrahim k=5 CBBDF5 k=5 ECBBDF5 k£ =5 GCE2BD5 k=5
Error Error g Error 4, Error y;
Error y, Error y, Error y, Error yo

2.328953 x 1077
5.027468 x 1077
1.699965 x 1078
3.703239 x 1078

2.328953 x 107”7
5.027468 x 1077
1.700858 x 107®
3.705176 x 1078

2.328053 x 1077
5.027468 x 1077
1.700858 x 10°%
3.705176 x 1078

3.64920 x 1077
7.670023 x 1077
10 2.454035 x 1077
4.942995 x 1077

Ut
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Table 8. Comparison of methods at the end points t = 5 and ¢t = 10,
h =0.1 and k =5 for Problem 3 Error y; = |y; —y(t;)] i=1,2

h t ECBBDF5k=5 GCE2BD5 k=5
Error v, Error 14
Error ys Error o

0.1 5 3.163426 x 10~ * 2.328053 x 1077
6.610743 x 1077 5.027469 x 1077

0.1 10 2.005234 x 10~ * 1.700858 x 10~°
1.373470 x 1077 3.705176 x 1078

Problem 4: Consider the classical stiff test which was solved by
D’Ambrosio et al. [17]

y = Ay, t € [0, 50]

whereA:{_a _b]
b —a

with eigenvalues of A given as {—a + bi, —a — bi}.

We integrated Problem 4 using the GCE2BD with step lengths k =
6(1)8 and the numerical results are presented in Table 9. In Table
9, our results are compared with those of the following methods:
the MEBDF proposed by Cash [15] as a better version of the EBDF
family of methods and the Perturbed MEBDF (PMEBDF) and the
fully Perturbed MEBDF (FPMEBDF) proposed by D’ Ambrosio et.
al. [17] as improved versions of the MEBDF. From Table 9, it is
obvious that our class of methods performs excellently compared
with the methods of Cash [15] and D’Ambrosio et al. [17]. Further
examinations using the GCE2BD were made considering several
cases of {a, b} to investigate the performance of our scheme on stiff
problem whose Jacobian has some large eigenvalues close to the
imaginary axis. The results are given in Figs. 4, 5, 6 and 7. From
our findings (Figs. 4, 5, 6 and 7), it is clear that our scheme is well
suited for stiff system whose Jacobian has some large eigenvalues
near the imaginary axis.

Table 9. Maximum Absolute error for methods, MEBDF, PMEBDF,
FPMEBDF, GCE2BD applied to Problem 4
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h a b k MEBDF PMEBDF FPMEBDF GCE2BD
01 5 25 6 9.1458e+67 1.0827¢—10 6.4619¢—10 1.2796e—45
005 5 25 6 9.8280e—46 4.2093e¢—42 3.1724e—51 5.7578e¢—108
01 10 25 7 3.7745e+60 2.8380e—08 1.8857¢—10 7.9167e—74
005 10 25 7 4.2158e—24 8.6327¢—43 1.0682¢—41 9.1520e—218
0.1 10 15 &8 3.2440e+19 2.2573e—10 4.7513e—13 5.3678e—121
0.05 10 15 &8 2.1582e—21 5.9876e—31 6.2765e—38 2.1623e—218

function-axis

Fig. 4. Solution of Problem 4 for
{a =0,b =30} using GCE2BDS8

with h = 0.01

function-axis

function-axis

taxis

Fig. 5. Solution of Problem 4 for
{a =0,b =100} using GCE2BD8
with A = 0.01

function-axis

Fig. 6. Solution of Problem 4 for Fig. 7. Solution of Problem 4 for
{a =1,b =30} using GCE2BD8 {a =1,b= 100} using GCE2BDS8
with h = 0.01

with h = 0.01

Problem 5: Consider the linear stiff test solved by [11, 42, 44|
y(0)=1
y2(0) =0

Y

yh = 19y; — 21ys + 20y3 ;
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vy = 40y; — 40ys — 40ys ; Y3 (0) = —1

The theoretical solution is given by:

o (1) = %(e—% + e 1% (cos (40t) +sin (40t) ))

v (1) = %(e—% e 4% (cos (40t) + sin (40¢) ))
s (1) = %(264Ot(sin (40t) — cos (40t) ))

This problem was solved using the GCE2BD of order 6, 9 and
10 (GCE2BD3, GCE2BD6 and GCE2BD7 respectively), the rate
of convergence and number of computational steps (N = (%))
were also computed. The results are reproduced in Table 10 and
Table 11. From Table 10, our comparison with the results produced
by SDGEBDFs given in Ogunfeyitimi and Ikhile [42], ETRss and
TOMs given in [11] shows that our scheme performs much better
than those of [11] and [42] for the same order (order 6). In Table 11,
our scheme displays superiority to the ETRgs and TOMs for same
order (order 10). Thus, for this test, our scheme is more efficient
and accurate than the other schemes considered. Although only the
maximum absolute values are presented in Tables 10 and 11, Fig. 8
shows the complete solution for all the values of y;;4 = 1(1) 3 with
N = 180points.

Table 10. A comparison of methods for Problem 5, Error
=Mazx |y —y (t)| Rate = log, (%) where e’ is the maximum
absolute error for A, 0 <t <1

h N GCE2BD3 h N SDGEBDFs3 TOM ETRos
(Rate) (Rate) (Rate) (Rate)
2e-1 5 8181077 2e-2 50 322 x 1077 1.55x107% 3.51x 1077
(—) () () (—)
le-1 10 6.09x107™ le-2 100 3.79x 1077 9.77x107° 8.62x107°
(10.4) (6.40) (7.31) (5.35)
Se-2 20 9.57x107 " 5e-3 200 539 x 107 1.20x 1077 7.23x 1077
(5.99) (6.14) (6.35) (6.90)
2.5¢-2 40 8.19x107 ™ 2.5e-3 400 8.89x 107" 1.85x 1077 8.86x 1077
(6.87) (5.92) (6.01) (6.39)

Table 11. A comparison of methods for Problem 5, Error
=Maz |y (t) — y| Rate = log, (f—:) where e is the maximum
absolute error for h, 0 <t <1
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h N GCE2BD7 h N TOMs ETRo;
(Rate) (Rate) (Rate)
1.25e-1 8 7.719e — 04 2e-2 50 1.523e — 04  2.866e — 04
() () ()
6.25e-2 16 5.242e — 08 le-2 100 2.504e — 07  2.013e — 06
(13.85) (9.25) (7.15)
3.125e-2 32 8.825e — 14 5e-3 200 7.490e —11  2.208e — 09
(19.18) (11.70) (9.83)
1.5625e-2 64 2.082e — 17 2.5e-3 400 3.009¢ — 14  1.004e — 12
(12.05) (11.28) (11.10)

function-axis

UJ’ 0 D -

0 o2 0.4 0.6 0.8 1 1.2 1.4 1.6
t-axis

Fig. 8. Solution of Problem 5 using GCE2BD6 with N = 180

Problem 6: Consider the classical linear stiff system (Fatunla [22],
Yakubu and Markus [46])

- 10 —100 0 0 0 0 7
100 —10 0 0 0 0
, | o 0 -4 0 0 0
Y=1 o 0 0 -1 0 0o |¥
0 0O 0 0 —05 0
0 O 0 0 0 —01 |

v (0)=1,i=1(1)6
The eigenvalues of the Jacobian are A\; o = —10 £ 100¢, A3 = —4,
A = —1, Ay = —0.5 and A\¢ = —0.1. This problem is particu-
larly troublesome for most stiff systems due to the eigenvalues near

the imaginary axis (see, [22]). We integrated this problem using
GCE2BD8 and compared our results with Method(3.4)
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given in [46]. The comparison is presented in Table 12. Although
only the first four components of the computed solutions are consid-
ered in Table 12, the graphical plots are displayed in Fig. 9 for all
the values of y;;¢ = 1 (1) 6 with number of integration points (N) =
100. From Table 12, it is obvious that our scheme performs better
and it is much accurate than the method in [46].

Table 12. Absolute Error for Problem 6 using h = 0.01

t Yi Method (3.4) in [46] GCE2BD8
Order p =14 Order p =11

5 Y1 2.22044604925031 x 107 1.608442239844966 x 10~%
Y, 1.74166236988071 x 107  1.605539145513942 x 10723
ys  3.33066907387547 x 107'¢ 9.305781891221561 x 10~
Y, 2.22044604925031 x 1071¢  6.071532165918825 x 10~17

50 y1  1.66533453693773 x 107  4.505288687121358 x 10218
Yo 8.24340595784179 x 107'°  2.067926191149865 x 10728
ys  2.55351295663786 x 10715 9.172920294489976 x 10710
ys  3.77475828372553 x 107 3.749826979123097 x 107°

250 y;  5.86336534880161 x 107  4.940656458412465 x 1073
Yo 4.18068357710411 x 107'6  6.916919041777452 x 10732
ys  3.63598040564739 x 107'°  4.940656458412465 x 10732
ys  5.10702591327572 x 1071%  3.760035257753905 x 107120

500 gy, 8.73121562029733 x 10~ 458459520888726 x 10~°%
Yo 4.43167638003450 x 107'®  9.881312916824931 x 10732
ys  8.15320033709099 x 107'¢  4.940656458412465 x 10732
ys  1.66533453693773 x 107'¢  3.054171332054006 x 107228

X X X XX X X X[X X X XX X X X

1.5
-
1 ﬁlg o o L
1;9.5'7_:;-_% A e ¥2
- e | E]
15 e g2 — 4
iy T iy, 1 ¥
o5 H ..-_-_-"“._’“ R g | :: H
¥ |k Gy
-] | B HM 1 ¥ exaddyl
% | | ;g' ;l"-f (\ . o : et 2
£ I B N T s A Ciatas. s 1 T SR TH T FRVTRTIPIPRRR eomct 3§
2 ° .|.. I*:I!*II;'J'.‘!' s e | & exaciyd
2 ([ V4] |-;a & mxact yS5
= 3 . | |* ! enacd yh
+ il
0.5 -Ii|l |Jf
- 'Il'
15 \ 1 L . L
0 0.2 04 06 08 1 1.2

l-axis

Fig. 9. Solution of Problem 6 using GCE2BD6 with N = 100
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Problem 7: Chemistry stiff test suggested by Gear [23] which was
also solved by Cash [14]

v = —0.013y1 — 1000y1y; ; yi(0)=1
Yy = —2500y2y3 ; Y2 (0) =1
Yy = —0.013y; — 1000y1y3 — 2500ysys ; ys(0) =0

This problem was integrated using the newly constructed meth-
ods within the range [0, 10] and the efficiency curves obtained are
compared with the ODE15s code of MATLAB in Fig. 10 where
nfe = number of function evaluation and Tol = tolerance. It can
be observed from the figure (Fig. 10) that for a large tolerance level
(T ol = 10*3) the scheme produced solutions as accurate as those

of ODE15s code of MATLAB.

1.2 T T T T T
e e o——e—®
—g——— i
1 G el
UB = E
o y{1)
E 06k yi2) -
S ¥(3)
B oal L y(1)ode |
= o y(2)ode
w3 ode
02 = E
0 S— — -
0.2 . - : . .
0 2 4 6 8 10 12

Fig. 10. Solution of Problem 7 using GCE2BDS8 with
Tol = 1073, nfe = 33

Table 13. Coefficients and order (p) of the additional initial and final
methods for GCE2BD of order 10 (GCE2BD7)
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y f / e v
¢ Bo B B2 B3 Ba Bs Bs Br Bs V4 p
Initial additional methods

= = = = 5
1 29030400 1814400 3628800 362880 22680 1814400 3628300 1814400 5806080 11520 10
2 L L 2 L U 1 B S )

29030400 1814400 3628800 1814400 22680 1814400 3628800 1814400 29030400 2304
o . g = 5 =

3 5806080 1814400 3628800 1814400 22680 362880 3628800 1814400 29030400 1280 10

Final additional methods

—24¢ ¢ — 3903 6403 —5 3 43 —33¢ ¢
5 29030400 1814400 145152 1814400 22680 1814400 3628800 362880 29030400 11520 10
5 = — = — —

6 29030400 1814400 3628800 362880 22680 1814400 3628800 1814400 5806080 1280 10

p— —375 —297T5 =
7 29030400 1814400 3628800 1814400 22680 1814400 3628800 1814400 29030400 2304 10
S 48781 —187249 2317489 —5644237 —31457 2003017 —8213297 2577233 044607 —5728T 10
5806080 1814400 3628800 1814400 22680 362880 3628800 1814400 29030400 11520

Table 14. Coefficients and order (p) of the additional initial and final
methods for GCE2BD of order 11 (GCE2BDS)

i Bo B B2 B3 Ba Bs Bs Br Bs B Vs P
Initial additional methods

1 36953033 30049763 — 110748667 31554 —83T¢ - 51 599¢ —29535 — 5047 11
136857600 19958400 39916800 3991680 124740 19958400 13305600 6652800 63866880 1496880 380160

2 — 40157 574 = ] R —115645 523 —3102059 5609 —530113 11
958003200 19958400 39916800 19958400 623700 19958400 4435200 2217600 319334400 7484400 380160

3 109363 —235789 14668229 21381743 —26003 —T084243 64361 —96329 710827 —251 T71137 11
191600640 19958400 39916800 19958400 124740 3991680 13305600 6652800 319334400 1496880 380160

Final additional methods

5 —4032T 12899 —43007 2459 37957 7485217 —104277 1721 —23363 26 14797 11
958003200 19958400 7983360 19958400 623700 19958400 4435200 443520 45619200 7484400 76032

6 17783 —37987 585083 —381443 —26003 17867743 5558743 —162263 170321 —251 —90817 11
136857600 19958400 39916800 3991680 124740 19958400 13305600 6652800 63866880 1496880 380160

7 — 3¢ i 97t —143365% 91438 Dol —1494% 07 3L S696 —b6 i 260¢ 37 11
958003200 19958400 39916800 19958400 623700 19958400 13305600 950400 45619200 7484400 380160

3 3565 —3595: 508Y =112 —83753 7 —7I8963 230 : = = 1
27371520 19958400 39916800 19958400 124740 3991680 4435200 2217600 319334400 1496880 380160

2 47 757
39916800 19958400 623700

958003200 3991680 19958400 2661120 6652800 319334400 7484400 380160

6. CONCLUDING REMARKS

The generalized Cash-type second derivative extended backward
differentiation formulas (GCE2BD) has been developed and imple-
mented as self-starting BVMs which requires only the initial value
in (1) for the numerical solution of ordinary differential equations.
The proposed class of methods is not only accurate (see Tables 3-
12, Figs. 1, 4-10) but also reduces computational cost with fewer
numbers of step length (k), function evaluations (n fe) and compu-
tational steps (V). Also, because of the single block computation,
the accumulation error is not significant on the numerical results
obtained. The exceptional stability properties (see Fig. 2 and Fig.
3) of our new class of methods makes it suitable for dealing with
standard stiff problems. The GCE2BD displayed better stability
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properties (O, (k41)—y—stable and A, (x41)—v—stable for all values
of £ > 1) than the conventional E2BD which are only A—stable up-
to k = 5. The numerical results (see Tables 3-12 and Figs. 1, 4-10)
demonstrate its efficiency and good accuracy over other standard
methods in the literature for the integration of stiff systems. Con-
sidering the accuracy of this scheme and the fact that BVMs are
natural candidate for the direct solution of Boundary value Prob-
lems (BVPs) (see, Brugnano and Trigiante [11]), we wish to pro-
pose a direct solution using the GCE2BD for singularly perturbed
and/or stiff BVPs in the future.
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