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STABILITY AND BOUNDEDNESS PROPERTIES OF SOLUTIONS OF CERTAIN SYSTEM
OF THIRD ORDER DELAY DIFFERENTIAL EQUATION

ADETUNII. A. ADEYANJU

ABSTRACT. This paper is concerned with certain system of third order delay differential equation. By
using a suitable Lyapunov-Krasovskii functional as a tool, we investigate conditions for the stability, as-
ymptotic stability, uniform stability of the trivial solution and uniform ultimate boundedness of all solutions
of the equation considered. The results in this paper in some ways generalize and improve on some results
found in literature.

1. INTRODUCTION

In this paper, we are interested in studying the conditions that guarantee the stability, asymptotic
stability, boundedness and uniform ultimate boundedness of solutions of the following third order delay
differential equation

(1.1) X"+ HXNX"+GX)X'(t—1)+bt)X(t—1) = P(t,X,X', X"),
or its equivalent system
X = v,
(1.2) o=z
: Z = —HY)Z+b@)[ Y (s)ds—bt)X +G(X) [ .Z(s)ds

—~G(X)Y +P(1,X,Y,Z)

where 7 > 0 is a fixed delay constant, b(¢) is a continuously differentiable function of #; X, ¥, Z € R",
G and H are n x n positive definite continuous symmetric matrix functions of the arguments displayed
explicitly, the dots indicate differentiation with respect to 7, € RT = [0,00) and P : (RT x R" x R" x
R") — R". To ensure the existence and uniqueness of solutions of equation (I.I)) or system (T.2)), we
assume that the functions G and H are continuous and also satisfy a Lipschitz condition with respect to
their respective arguments.

In about five to six decades now, the study of qualitative behaviour (stability, boundedness, conver-
gence, periodicity among others) of solutions of third order (even second and higher orders) scalar and
vector, linear and non-linear differential equations with or without delay have received considerable at-
tention from many notable researchers (see, [1] - [26]). In many of the papers, the second method of
Lyapunov was used as a technique. To use this method, one needs to construct a suitable scalar function
called Lyapunov functional (or Lyapunov-Krasovskii functional). The function is expected to be posi-
tive semi-definite and its derivative negative semi-definite along the solution path of the equation being
studied. But unfortunately, to construct this function remains a difficult task especially for non-linear
differential equations.

Going through the literature, we found that Omeike [14] used this direct method of Lyapunov to ex-
amine the stability and boundedness of solutions of differential system of third order with variable
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delay, t(z), of the form
(1.3) X" +AX" +BX'+H(X(t— (1)) = P(t),

where A and B are real n X n constant symmetric matrices, 0 < 7(¢) < ¥, 7 is a positive constant, H :
R" — R" is a continuous differentiable function with H(0) = 0. Later, Tunc [20] considered a more
general third order delay differential equation of form

(1.4) X" +AX"+G(X'(t—(1))+H(X(t—1(t)) = F(t,X, X', X"),

where 7(¢) is a continuous differentiable function, with 0 < 7(r) < 1y, 7y is a positive constant and A
is an n X n constant symmetric matrix, G,H : R” — R" are continuous differentiable functions with
G(0) =0 = H(0). The author employed the direct method of Lyapunov and proved some interesting
results on the asymptotic stability, uniform stability, boundedness and uniform boundedness of solutions
to Eq. (T.4). The results in [20] generalize those in [14]]. Particularly, Eq. reduces to Eq. on
setting G(X'(r —7(¢))) = BX' and F(1,X,X’,X") = P(t) in Eq. (T.4).

Furthermore, using a suitable Lyapunov-Krasovskii functional, the problem of stability and bounded-
ness of solutions of certain third oder vector differential equation with constant delay ( 7; > 0) given by
(1.5) was considered by Tunc and Mohammed [21]].

(1.5) X" +y(XNX" +BX'(t — 1)) + X (t —11) = P(¢),

where ¢ is a positive constant, B is an n X n constant symmetric matrix, Y is an n X n continuous
differentiable symmetric matrix function. Equation (I.5)) in some ways generalizes and improves on
and (I.4). Also, Tunc [23] used this direct method of Lyapunov in establishing some results on
the asymptotic stability, boundedness and ultimate boundedness of solutions of the following vector
differential equation

(1.6) X"+ HXNX"+GX'(t—1))+cX(t—1)=F(@,X,X',X"),

where T > 0 is a fixed delay constant, c is a positive constant, G : R” — R" is a continuous differentiable
function with G(0) = 0 and H is an n x n continuous differentiable symmetric matrix function. The
Jacobian matrices of both G and H are assumed to exist, symmetric and continuous. Obviously, Eq.
(T.6) is more general when compared with Eq. (T.3).

Motivated by the works of Omeike [[14], Tunc [20], Tunc and Mohammed [21] and Tunc [23], we
shall employ the second method of Lyapunov to study certain conditions under which the third order
delay differential equation (T.I)) or system (I.2) has a stable trivial solution when P(¢,X,Y,Z) = 0 and
ultimately bounded solutions when P(¢,X,Y,Z) # 0.

Remark It should be noted that Eq. generalizes some equations found in the literature. For in-
stance, if in Eq. (I.I), weletb(t) = ¢, G(X)X'(t—1)) =G(X'(t — 7)) and P(¢, X, X", X") =F (t,X, X', X"),
we obtain Eq. (T.6) studied by Tunc [23]. Also, by taking H(X') = y(X'), G(X) = B, b(t) = ¢ and
P(1,X,X',X") = P(t) in Eq.(T.1) we arrive at Eq. (I.5) examined by authors in [21].

2. PRELIMINARY RESULTS

The following definitions, theorems and lemmas obtained from [8], [19] and [24] are needed to es-
tablish our main results.

First, let us consider the general delay differential system
2.1 X =f(x), x=x(t+0),-r<60<0,t>0,
where f : Cy — R” is a continuous mapping, f(0) =0,

Cu:={9 €C([-r,0L,R"): | ¢ [<H},

and for Hy < H, there exists L > 0, with | f(¢)| < L when || ¢ || < Hjy and C = C([—r,0], R") denote the
space of continuous vector function from [—r,0] into R”". We say that V : C — R is a Lyapunov function
on a set G C C relative to f if V is continuous on G, the closure of G, V' is defined on G and V' <0 on G.
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Definition 1 [[8]l, [24]]1 A solution ¢(t) of Eq. @.1) defined for t > 0, is said to be Lyapunov stable
if given an € > 0, there exists a § > 0 such that any solution ¢(t) of (2.1) with:

| 9(0)—¢(0) [|< 8,
satisfies
o) —¢() [I<e,

forallt >0, where || . || stands for the usual Euclidean norm.

If in addition to the definition of stability above, we have:
22) | 9(6) = (1) |+ 0as 1 — oo,
then we say the solution ¢(t) is asymptotically stable.

Definition 2 [[8], [24]] A solution ¢(¢) of Eq. @.I) is said to be bounded if there exists a § > 0
and a constant M > 0 such that || ¢ (¢,t0,%0)|| < M whenever ||xo| < B, t > to.

We will now provide some existing results on stability and boundedness of Eq. (2.I)) for complete-
ness sake.

Theorem 2.1[[8], [24]]] Suppose that there exists a Lyapunov function V(t,X) defined on 0 <t < oo, ||
X ||< H which satisfies the following conditions:

Theorem 2.2[[8]], [24]]] If the condition (ii) in Theorem 2.1 is replaced by
a([[ X)) =V, X) < b(|| X)),

where a(r) and b(r) are continuous-increasing positive definite function(CIP). Then the zero solution of

Eq. @2:0)) is uniformly stable.

Theorem 2.3[[8]], [24]] Under the assumptions of the Theorem 2.1, if

(iv) Vi, (1.X) < (| X ),

where c(r) is continuous on [0, €] and positive definite, and if f(t,X) is bounded, then the zero solution
of Eq. (2.1)) is asymptotically stable.

Theorem 2.4[[8], [24]]] Under the assumptions of Theorem 2.1, if
Vi (6, X) < —c(I[ X)),

where c(r) is continuous on [0, H] and is positive definite, then the zero solution of Eq. 2.1)) is uniformly-
asymptotically stable.

Theorem 2.5[[8], [24]] Suppose that there exist a Lyapunov function V (t,X) defined on I x R" which
satisfies the following conditions:

Theorem 2.6[[8]], [24]]] Suppose that there exist a Lyapunov function V (t,X) defined on 0 <t <R, ]|
X ||> R, (where R may be large) which satisfies:

Theorem 2.7[[8]l, [24]] Under the assumptions of Theorem 2.6, ifV<’2_1) (t,X) < —c(|| X ||), where c(r)
is positive and continuous, then the solutions of Eq. (2.1)) are uniformly ultimately bounded.

Theorem 2.8(LaSalle’s invariance principle)[[8]], [24]]]

If V is a Lyapunov function on a set G and x,(¢) is a bounded solution such that x,(§) € G fort > 0,
then (¢) # 0 is contained in the largest invariant subset of E = {y € G* : V'(y) = 0}, where G* is
the closure of set G and @ denote the omega limit set of a solution.
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Lemma 2.1[8]] suppose f(0) = 0. Let V be a continuous functional defined on Cg = C with V(0) =0,
and let u(s) be a function, non-negative and continuous for 0 < s < eo, u(s) — e as u — oo with u(0) = 0.
Ifforall g € C, U(|(0)]) <V(9),V(9)>0,V'(¢) <0, then the zero solution of X' = f(x;)is stable.

If we define Z = {¢ : V/(¢) = 0}, then the zero solution of x' = f(x,) is asymptotically stable, pro-
vided that the largest invariant set in Z is Q = {0}.

Lemma 2.2[19] Let A be a real symmetric n X n-matrix and
6(1 < )LI(A) § Aua (l = 1727"'an)a

where 8, and A, are constants representing the least and greatest eigenvalues of matrix A.
Then,
8.(X,X) < (AX,X) < AL (X,X).

3. MAIN RESULTS

In this section, we state the basic assumptions of our main results for the Eq. (I.I)) or its equivalent
system (T.2).
Assumptions:

Further to the earlier assumptions on G,H,b(t) appearing in (I.I) or (I.Z), we assume that there
exist some positive constants €, &, ag,ay,bo,b1,co,c1 and a negative constant d; such that the following
conditions are satisfied:

(i) the eigenvalues A;(H(Y)) and A;(G(X)) of H(Y) and G(X) respectively satisfy:
ap+€ < A(H(Y)) <ajand by < Ai(G(X)) <by,(i=1,2,3,...,n),

(i1)
d
co < b(l‘) <cy, b/(t) = Eb(l) <o =-—a,
(iii)
2(by —bo)?
apbg —c1 > 0,1 —aag > 0,e > M,
apbo — ¢y
@iv)
. K K> K3
T< mln{ 5 N }7
2aapbo(by +c1)” ap(br +c¢1) + (1 + aagbg +ap)c1 " by +c¢1 + (14 aapbo + ap) by
with

K1 = aapbpcy > 0,
K, = [(aobo —c)— Z(X(a%bo +a61)} >0,
Kz = [8 — Z(Xaobocal (a1 — (10)2] > 0.

Theorem 3.1. Suppose that conditions (i) - (iv) stated in the assumptions above are satisfied, then the
trivial solution of Eq. (I.1)) is uniformly asymptotically stable.

Proof. In proving this theorem, we make use of the following differentiable scalar function V(¢) =
V(t,X(t),Y(2),Z(t)) given as
1

2V (1) —aob(t) (X, X) +2a /0 (GH(GY)Y,Y)do + 2aasho | /0 (6G(6X)X,X)do

+bo(Y,Y) +(Z,Z) +20aadbo(X,Y) + 20taoho (X, Z) + 2an (Y, Z)

3.1 0
G- +2b(t)<x,y>—aa0b0<y,y>+z/1/ /t 1Y(6) |> d6ds
—T Jt+s

0 ot
wan [ [ Iz | aeas,
—T Jt+s
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where

. 1 ay by apby — ¢ ECp
0<Oc<m1n{—;—; ; : }7
ao’ by’ aobo’ 2(aZbo +ay"')’ 2a0bo(ar — ap)?

ay # ap; N > 0and A > 0 are constants whose values will be determined later. The Lyapunov function
defined in (3:1)) is similar to the one used in [23].

Obviously, Eq. (3.1) vanishes for X =Y = Z = 0 and it can be shown to be positive definite when
X #0,Y #0,Z # 0 as follows. From the basic assumptions on matrix functions H(Y) and G(X) and
Lemma 2.2., we obtain

1
av(ao+€) | Y IP< 2a0 [ (GH(GY)Y.¥)do < agay || ¥ P,
0
and
1
aaoh? || X [2< 2aaobo / (6G(6X)X, X)do < aaobob || X |7 .
0
Therefore,
1
2V (1) >aob(t) (X, X) +2a / (GH(GY)Y,Y)do + ctagh3 (X, X) + bo (Y. Y)
0
+(Z,Z) 4 20a3bo (X ,Y) + 2ataoho (X, Z) + 2ao(Y,Z) +2b(1)(X,Y)
0 ,t 0t
—aaob()(Y,Y)—i—z)L/ / 17(6) ||2d6ds+2n/ / 12(6) |I* d6ds,
—TJt+s —T Jt+s
_1 _1
= || @aoboX +aoY +Z ||* +aoho || ag *by ' b(1)X +ay *Y > —bo || Y ||?
b (t !
+ aaphd (X, X) — # 1X (12 +2a0 / ({GH(0Y) —Iao}Y,Y)do
0 0
— o%aghg || X ||* —aaobo | Y || +bo(Y,Y) +ag || Y |I?
0 t 0 t
+aob(t) || X ||2+2n/ / 12(6) ||2d0ds+2/l/ / 17(6) |2 d6ds,
—1Jt+s —TJt+s
_1 _1
> || ataghoX +agY +Z ||* +aobo || ag by 'b(1)X +a, 2 Y |?

o

+ {aaobj(1 — aag) + 5 aobo —c1)} || X ||* +[eao +ao(ao — atbo)] || ¥ ||

0
0 t 0 t
+2n/ / 12(6) ||2deds+2,1/ / 1Y(6) | d6ds,
—TJt+s —T Jt+s
_1 _1
> H aaoboX +agY +Z ||2 +apbg H a, zbglb(t)X—i—aO 2y Hz
C
+ {aapb3(1 —Ocao)+b—(])(aobo—c1)} 1| X ||? +[gao +ao(ao — atbo)] || Y |2 -

Thus, it is obvious from the above that we can find some positive constants K4, K5, K¢ such that

V() > Ka || X | +Ks | Y || +Ke | Z |

By letting
K7 = min{K4;Ks;Ks },
we have
(3.2) W) K{| X P+ Y 1P+ 127}

Hence, the function V(¢) is positive definite at all points (X,Y,Z) and zero only at point X =Y =Z =0.
In addition, V(¢) = 0 if and only if || X(¢) ||> + || Y (¢) ||> + || Z(¢) ||>= 0 and V(¢) > 0 if and only if
| X () 1>+ 1| Y () ||> + || Z(2) ||* 0. Tt follows then that

3.3) V(1) = Feoas || X(0) [P+ || Y () 1>+ 1 Z(1) | oo.
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Also,

2V (1) <aob(r)(X,X) + 2aq /0 {(GH(GY)Y,Y)do + aaghobi (X, X) + bolY,Y)

+(Z,Z) +20adbo(X,Y) + 20taoho (X, Z) +2ao(Y, Z) +2b(t)(X,Y)
0 t 0 t
—aa0b0<y,y>+2z// ||Y(e)||2deds+2n// 12(6) |I* d6ds,
—TJt+s —TJt+s

_1 _1
— || cavboX +ao¥ +Z |2 +aoko || ag *by ' b(1)X +ag *¥ P =bo | ¥ |2 +bo || ¥ |

b (t 1
+ aagboby H X ||2 —% H X ||2 +2610/0 <{GH(GY) —1610}Y,Y>d(7+ao H Y ||2

0 pt
— a3 | X | —aanb | Y | +aob(s) | X |2 +2n [ [ |1 z(6) | dods
—T s
0t
wo [ [ )| aeds+ai | v P,
—TJI+s

_1 _1
< || aaghoX +aoY +Z ||* +aobo || ay > by 'b(t)X +ay 2 Y |

|
+ {Ola()bo(bl — (Xa()bo) + ;0<a0b061 — C%)} || X H2
0 t
+ao(ar — aby) HY||2+217/ /+ 12(6) ||> d6ds
—TJIt+s

0 pt
+2A/ / 17(6) |> d6ds,
—TJt+s
clearly, apbocy — c% > 0 since apgbg —c1 > 0.

Then, for some positive constants Kg, Ky, K19 we have from the above that
(1) <Kg || X [|*+Ko | Y ||> +Ko | Z [|* -
Letting K;; = max{Ks; Ko; K0} we obtain
(3.4) () <Ku{l X P+ Y2 +11Z )7}
On combining inequalities (3:2) and (3:4), we get
(3.5) KBAIXIP+IY Pz 1Py <2ve) <ka{llX 1P+ Y P+ 11217

Given that (X,Y,Z) = (X(1),Y(¢),Z(t)) is any solution of system (I.2). Differentiating the Lyapunov-
Krasovskii function V() = V(X (¢),Y (¢),Z(t)) defined by (3:I) with respect to ¢ along the trajectory of
system (1.2, we get

V'(t) = — aaphob(t)(X,X) — (Z,G(X)Y) —ap(Y,G(X)Y) + atadbo(Y,Y)
— ataobo (X, H(Y)Z) + aadbo(X,Z) — (Z,H(Y)Z) +ay(Z,Z)

FbolV.Z)+ (Z.b(0) [ ¥(s)ds) + (Z2.G(X) /i Z(5)ds)
+ aaobo (X, G(X) /Z;Z(s)ds> + aaobo (X, b(1) Z;Y(s)dg
+ao(Y,G(X) tiTZ(s)ds>+b(t)<Y,Y>+ao<Y,b(t) " Y(s)ds)

-7

(3.6)

t t
AT Y 2T ZIP -2 [ |v(0)Pdo—n [ |Zz(6)|*do

1
+ 50" (1) (X, X) + B (1) (X, Y) + (@aoboX +aoY +Z,P(1,X,Y,Z)).
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Setting P(¢,X,Y,Z) = 0, we obtain

V'(t) = — aaphob(t)(X,X) — (Z,G(X)Y) —ao(Y,G(X)Y) + atadby (Y, Y)
— ataobo (X, H(Y)Z) + aadbo(X,Z) — (Z,H(Y)Z) + ao(Z,Z)

Fho(r.Z)+ (Z.b(0) [ Y(5)ds) +(Z.G(x) iZ(s)ds>
+ agho (X, G(X) /I;Z(s)ds> + aagbo (X, b(r) /I;Y(s)ds>
+ao(r,GX) [ Z(s)ds) + b)Y, )+ ao(¥,b(t) [ ¥(s)ds)

=T t—T
t
+AT|[YPnr | ZIP -2 [ [[Y(0) |76

t

1
-1 1Z(8) H2d9+anb’(t)<X,X>+b’(t)<X7Y>~
-7
This we can re-write as
3.7) V(1) = Vi(t) + V5 (1),

where

V] (t) = — aaphob(t)(X,X) — (Z,G(X)Y) —ap(Y,G(X)Y) + atadbo(Y,Y)
— ataobo(X,H(Y)Z) + aaibo(X,Z) — (Z,H(Y)Z) + ao(Z,Z) + b (Y, Z)

+ %aob'(z‘)<X,X) +b'(1)(X,Y) +b(t){(Y,Y),

and

Vi(1) = (Z,b(1) tifY(s)ds)—k(Z,G(X) lifZ(s)ds)—kocaobo(X,G(X) Y;Z(s)d@
+aaoho(X,b(1) [ Y(s)ds) +ao(r,GX) [ Z(s)ds) +ao(v,b(t) [ ¥(s)ds)

-7 -7 -7

t t
AT Y IPne | ZIP -2 [ |v(0)|Fdo—n [ |Z(6) | de.

From the definition of V] (¢), we have the following

L ! _ 1, 3 ~to e V)
aob (1) (X, X) +b/ ()X, Y) = 2b(1) || ag X +ag Y [ —=
0

Y 2;
. ¥

1
— 5 @aobob(t)(X, X) — aaoho (X, H(Y)Z) + aalbo(X,Z)

1 b
— —~aaobo | ()X + b2 (1) (H(Y) — Tap)Z || + 24020

: by | (0N ~Lao)z

199
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From the above estimates and condition (i) of the theorem, we obtain

1 1
Vl/(t) < —iaaob()Co || X ||2 —{aob() —C| — Ola%bo} || Y Hz —§<{H(Y) —Iao}Z,Z)

1 1 _1 b (t
+ Ly agx vty P -2y
2 ao
1 1 1 aaob
= gaabo || b2 (X +b73 (O(H) ~la0)Z | + 052 | (HY) ~Tao)Z |
1 1 1 (G(X) —1Ibo)? 2
—— [ (H(Y)—aoD)2Z+ (H(Y) —aol) " 2(G(X) —Ibo)Y ||> +—~L—"V || Y
2||(() aol)2Z+ (H(Y) —aol) 2 (G(X) — Ibg) ||+(H(Y)_a01)|| [t
and under the assumptions of Theorem 3.1, we have
1 by —by)?
V(1) < S aaoboco | X | ~{aohy — c1 — aadpo} | ¥ [P+ e

(3.8) aaobo

<{H(Y)—Iao}Z7Z>—% I I + I (H(Y)—1a0)Z ||*.

1
2
Similarly, from the definition of V;(r), we have the following.
t t
20,6() [ 25 <1 Z0 11 66) | [ 1206)1 s,
t

<bi |z [ 1126 |ds,

s 2 2

< 5 | ANZE) 7+ 11 Z(s) [IP}ds,

-7
= be 20 P +5b [ 112(6) P ds.
2 2 -1

In a similar way, we have the following

1 1 1 t
oapbo (X (1),G(X) Z(s)ds) < Eaaoboblf | X () |2 +§aaobob1/ | Z(s) || ds;
-t

-7

ot

2a0b0) [ ¥)as) < st | 20) P+ [ 176) P as

t 1 1 1
ol (0,G) [ 2(5)ds) < gaobie | 0) I+ 300 [ 206) | s
7 -7
t 1 2 1 t 2
aapbo(X(t),b(t) Y(s)ds) < Eaaobocﬂ || X(z) | —|—§aaobocl/ 1Y (s) |~ ds;
t—7 =7
and lastly,
t 1 2 1 ! 2
aofY (@0,b(r) [ Y(5)ds) < saoere | Y0 IP +5a0e1 [ (1 ¥(5) P ds
—7

-7

On putting these estimates in Vj(¢) we obtain

1
Vy(1) < iaaobof{bl o} | X ()|
1 1
+5a0{bi+e}T ] Y () I +5{bi+edt] () [&
1 t
+AT| Y (@) [+t 2() |1 —5{24 -« faom(aboJrl)}/f | Y(s)|* ds
-7

1 ot
— 52— b —agb (@b + 1)} / 12(s) |12 ds.
JI—7T
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. 1 1
By taking A = 5 (1 + aagbo +ap)c1 and = 5 (1 + aagbo + ap )b, we have

V(1) < s aagbot{by +c1} || X (1) ||

il SRR

1
3.9 +5a0{bi+e} | Y(0) P +5{br +ende || Z() |
1
+ 5(1 + aaobo +ap)e17T || Y (2) ||2 +§(l + aapbo +ap)bi7 || Z(1) ||2 .
Combining (3-8) and (3.9) and noting that § = —c, we have,

1
V/(l‘) <- *(Xa()b(){C() —21(by —|—C1)} I X H2

2

1 20 2(by —bp)?
- 5{ <2a0b0 —2¢; —20tadby — o f)
~ [(ao(by +e1) + (1 + aaobo +ao)en )]z} | ¥ |1

1

— 5 { ()~ Ta0) ~ 20a0bocy (H(¥) ~ 1a0)?)]

—[bi+er +(1+aa0bo+ao)b1]r} 1Z |

<-— %aaobo{co —21(by +c1)} | X Hz
= (aotn 1) 200 + 65" + e~ 2antn— ) o1~ o))

~ [(ao(b1 + 1) + (1 + aaoho +ao)en)] e} || ¥ |
—1 2 2
— —{[E—Zaaobgco (a1 —ao)’] = [b1+c1+(1 +06aobo+ao)b1]f} 1z

< - {Otaoboco — 2(Xa0b017(b1 +6‘1)} || X H2

{ [(aobo —c1)— Za(a%bo + aal )]

ap(by+c1)+(1 +O€aobo+ao)cl)}f} 1Y |2

T N =N =N =

{ [8 — ZOCaob()Ca] (a —a())z] — [b1 +c1+ (14 aapby +a0)b1] T} |4 ||2 .

N —

Taking
K| = aagbpcy > 0,

K, = [(aobo —Cl) — Z(X(a%bo —&—a&l)} >0,

K; = [8 — Zaaobocal (a1 — ao)z] > 0.

Then,

1
V(1) < = 5 1K1 —20aobo(by + 1)l || X |

— %[Kz—{(ao(bl +c1)+ (14 aapbo+ao)cr)}t] || Y H2

1
— E[K3 7{b1 +c +(1+Ota()b0 Jra())bl}f] || Z ||2 .

Let

K 1 K2 K3 }

T < min{ ; :
Z(Zaobo(bl—l-cl) (ao(b1+c1)+(1+aaobo+ao)c1) b1+C1+(1+O€a0bo+ao)b1
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It is possible to find some positive constants, K4, Ks, K¢ such that

V(1) < —Ka | X () [P =Ks || Y () |I* —Ks || Z(2) |17,

310 <K {| X P+ 1Y @) 1P + 11 2() |7} <o,

where

K7 = min{K4;Ks;Ks }.

So far, from inequalities (3.2), (3.10) and (3.3), (3.10) the trivial solution of Eq. (I.I)) is stable and

uniformly stable respectively.

Now, let us consider a set defined by
w={(X,Y,2):V'(X,Y,Z)=0}.

By applying the well-known LaSalle’s invariance principle (see, Theorem 2.8), we note that (X,Y,Z) €
W implies that X =Y =Z =0, i.e, (X,Y,Z) = (0,0,0). This fact shows that the largest invariant set
contained in W is (0,0,0) € W. Now, by Lemma 2.1 and Theorems 2.1 - 2.4, the trivial solution of the
equation (1.1) is uniformly asymptotically stable. U

The following is our theorem on uniform ultimate boundedness of solutions of Eq. (I.I) when
P(X,X',X") #£0.

Theorem 3.2. Suppose that all the conditions of Theorem 3.1 hold and in addition, there exist a positive
constant &, such that

(3.11) P(X,X',X") < & forall t >0,

then all the solutions of Eq. (I.1) are uniform-ultimately bounded provided that

K 1 K2 K3 }

T < min{ ; :
2aapby(by +c1)” (ap(by +c1) + (1 4+ aagbo +ap)c1) " by +c1 + (1 + aapbo + ao) by

with,

K| = aagbocy > 0,
K, = [(aobo — Cl) — Z(X(a%bo —&—a&l)} >0,

K5 = [8 — 20561()1)()651 (a1 — ao)z] > 0.
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Proof. The starting point in the proof of this theorem is the inequality since estimates (3.3)) is still
valid. From (3.6), we have

V(1) = — aaghob(t)(X,X) — (Z,G(X)Y) — ap(Y,G(X)Y) + aadby (Y, Y)
— aaobo (X, H(Y)Z) + aadbo (X, Z) — (Z,H(Y)Z) +ay(Z,Z)

Fhol0,2)+Zbte) [ V6)as)+2.606) [ Z(5)as)
+ aaobo(X,G(X) t Z(s)ds) + aaobo(X,b(1) t Y (s)ds)

-7 -7

taolv,G(X) [ Z(s)ds) + b)Y, V) +ao(¥,b(t) [ ¥(5)ds)

-7 -7

t t
FAT|[YPne | ZIP -2 [ |v(e)|Pdo—n [ |z(6)|?de
+ %aob’(t)<X,X> +'(t)(X,Y) + (aaoboX +aoY +Z,P(t,X,Y,Z)),

1
<~ 5 { @anboco ~ 20abot(br +en) } 1 X |P

B %{ [(aobo — c1) — 2a(agho +ay ")]

_ [(a()(b1 +C1)—|—(1 +O£aob0—|—a0)c])]f} || Y Hz

1
— 5{ [E—Zaaobocal(m —ao)z] — [b1 +a+(1+ Otaobo-l—ao)bl]f} || VA H2

+ (aaobo || X || +ao | Y ||+ [ Z ) | P(2,X.Y.Z) |-
By letting K7 < min{Ku;Ks;Ks} and 83 = max{aapbo;ay, 1}, we obtain
V() <= Ko { | X(O) P+ YO 1P+ 1 Z20) 1P+ &S X+ 1Y [+ 121D

The remaining part of the proof can be obtained by following the same procedure as highlighted in
Afuwape [4] and Meng [10]. Therefore, we omit this part of the proof. U

4. CONCLUSION

We have studied in this paper, some qualitative properties of solutions to a certain third order delay
differential equation by employing Lyapunov-Krasovskii approach. Sufficient conditions for the stabil-
ity, asymptotic stability, uniform stability and uniform ultimate boundedness of solutions to the systems
of equations considered were given. The results contained in this paper complement and improve on the
existing results found in the literature.

REFERENCES

[1] Ademola A. T., Arawomo P. O. Stability and ultimate boundedness of solutions to certain third-
order differential equations. Appl. Math. E-Notes 10 (2010), 61-69.

[2] Ademola A. T., Arawomo P. O. Stability and uniform ultimate boundedness of solutions of some
third-order differential equations. Acta Math. Acad. Paedagog. Nyhzi. (N.S.) 27, No. 1 (2011),
51-59.

[3] Ademola A. T., Ogundare B. S., Ogundiran M. O., Adesina O. A. Stability, boundedness, and
existence of periodic solutions to certain third-order delay differential equations with multiple
deviating arguments. Int. J. Differ. Equ., Art. ID 213935 (2015), 12 pp.

[4] Afuwape, A. U. Ultimate Boundedness Results for a Certain System of Third order Nonlinear
Differential Equations. J. Math. Anal. Appl. 97 (1983), 140-150.

[5] Afuwape A. U., Omeike M. O. Stability and boundedness of solutions of a kind of third- order
delay differential equations. Comput. Appl. Math. 29, No. 3 (2010), 329-342.



204

(6]

(7]

(8]
(9]
(10]
(11]
[12]
(13]

(14]

[15]
[16]
(17]

(18]

(19]
(20]
(21]
(22]
(23]
[24]

[25]

[26]

A. A. ADEYANJU

Afuwape, A. U. and Omeike, M. O. On the stability and boundedness of solutions of a kind of third
order delay differential equations. Applied Mathematics and Computation, vol. 200, no.1 (2008),
444 - 451.

Elsgoits, L. E., Norkin, S. B. Introduction to the Theory and Application of Differential Equations
with Deviating Arguments. Mathematics in Science and Engineering. Academic Press, New York
(1973).

Hale J. Sufficient conditions for stability and instability of autonomous functional-differential
equations. J. Differ. Eq. 1 (1965), 452-482.

Krasovskii, N. N. Stability of Motion. Applications of Lyapunova€2122s Second Method to Dif-
ferential Systems and Equations with Delay. Stanford University Press, Stanford (1963).

Meng, F. W. Ultimate Boundedness Results for a Certain System of Third order Nonlinear Differ-
ential Equations. J. Math. Anal. Appl. 177 (1993), 496-509.

Napoles, J. E. A note on the boundedness of an integro-differential equation. Quaest Math
2001;24(2), 213 - 216.

Ogundare B.S. On boundedness and stability of solutions of certain third order delay differential
equation. J. Nigerian Math. Soc. 31 (2012), 55-68.

Ogundare, B. S. and Afuwape, A. U. Boundedness and stability properties of solutions of general-
ized Liénard equation. Kochi J. Math., Vol. 9, pp. (2014), 97 - 108.

Omeike, M. O. Stability and boundedness of solutions of a certain system of third order nonlin-
ear delay differential equations. Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math. 54, No. 1
(2015), 109-119.

Omeike M. O. Stability and boundedness of nonlinear vector differential equations of third order.
Archivum Mathematicum, 50 (2014), 101-106.

Reissig R., Sansone G., Conti R. Non-linear differential equations of higher order. Translated from
the German. Noordhoff International Publishing, Leyden, (1974).

Sadek A. I. Stability and boundedness of a kind of third-order delay differential system. Appl.
Math. Lett. 16, No. 5 (2003), 657-662.

Tejumola H. O., Tchegnani B. Stability, boundedness and existence of periodic solutions of some
third and fourth order nonlinear delay differential equations. J. Nigerian Math. Soc. 19 (2000),
9-19.

Tiryaki A. Boundedness and periodicity results for a certain system of third order nonlinear differ-
ential equations. Indian J. Pure Appl. Math. 30 (4) (1999), 361-372.

Tung, C. Stability and boundedness in differential systems of third order with variable delay.
Proyecciones Journal of Mathematics Vol. 35, No 3 (2016), 317-338 .

Tung, C. and Mohammed S. A. On the qualitative properties of differential equations of third order
with retarded argument. Proyecciones, 33 (3) (2014), 325-347.

Tung, C. and Ates, M. Stability and boundedness results for solutions of certain third order non-
linear vector differential equations. Nonlinear Dyn. 45, No.3-4 , (2016), 273-281.

Tung, C. Stability and boundedness in delay system of differential equations of third order. Journal
of the Association of Arab Universities for Basic and Applied Sciences. 22 (2016), 76-82.
Yoshizawa, T. Stability Theory by Liapunova€2122s Second Method. Mathematical Society of
Japan, No. 9 (1966), Tokyo.

Zhao, Y., Sun, S., Han, Z. and Zhang, M. Positive solutions for boundary value problems of
nonlinear fractional differential equations. Applied Mathematics and Computation, vol. 217, no.16
(2011), 6950 - 695.

Zhao, Y., Wang, Y., Zhang, X. and Li, H. Feedback stabilization control design for fractional order
non-linear systems in the lower triangular form. IET Control Theory and Applications, vol.10, no.
9 (2016), 1061 - 1068.

Email address: adeyanjuaa@funaab.edu.ng/tjyanju2000@yahoo. com

DEPARTMENT OF MATHEMATICS, FEDERAL UNIVERSITY OF AGRICULTURE ABEOKUTA, NIGERIA



	1.   Introduction
	2.  Preliminary Results
	3.  Main Results
	4. Conclusion
	References

