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SOME PROPERTIES OF PICTURE FUZZY
MULTIRELATIONS

T. O. SANGODAPO

ABSTRACT. This paper investigates into the examination of picture
fuzzy multirelations as an extension of picture fuzzy relations. We
explore reflexivity, symmetry and transitivity of picture fuzzy mul-
tirelations over picture fuzzy multisets, and derive some associated
properties.

1. INTRODUCTION

The concept of Fuzzy Relation (FR) was a generalisation of classical
relation which was introduced by Zadeh [1]. The notion of Intuitionis-
tic Fuzzy Sets (IFSs) put forward by Atanassov [2] served as the basis
for the work of Bustince and Burillo [3]] who introduced Intuitionistic
Fuzzy Relation (IFR). Cuong and Kreinovich [4], introduced the notion
of Picture Fuzzy Relations (PFRs) as a generalisation of fuzzy relations
and intuitionistic fuzzy relations. Phong et al [5] examined some prop-
erties of composition of PFRs and proposed a new approach for med-
ical diagnosis using composition of fuzzy relations. In [6], Dutta and
Saikia studied equivalence picture fuzzy relation and some of its prop-
erties such as equivalence class, intersection and union of equivalence
relations were obtained. Hasan et al [7] defined max-min composition
and min-max composition for picture fuzzy relations and investigated
some of their properties and also discussed an application of picture
fuzzy relations in decision making. In [8], Hasan et al also defined pic-
ture fuzzy relation over picture fuzzy set, numerous properties related
to picture fuzzy relation were established and some operations were dis-
cussed with examples.
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Yagar [9] initiated the idea of Fuzzy Multisets (FMs) as an extension
of fuzzy sets. Shinoj and Sunil [10] introduced the concept of Intuition-
istic Fuzzy Multisets (IFMSs) as an extension of IFSs and FSs. San-
godapo and Feng [[11]] introduced the notion of Picture Fuzzy Multisets
(PFMSs) as a generalisation of the works in [9]] and [10].

In this paper, we contribute to the work of Sangodapo and Kausar
[12] on Picture Fuzzy MultiRelations (PFMRs). We discuss reflexivity,
symmetry and transitivity of picture fuzzy multirelations over picture
fuzzy multisets and obtained some properties associated with them. The
paper is organised as follows; Section 2 is based on basic definitions,
Section 3 discusses reflexivity, symmetric and transitivity of a picture
fuzzy multirelation over a picture fuzzy multiset and some properties
associated with them were obtained.

2. PRELIMINARY

Some basic definitions needed were stated from Zadeh [1]], Cuong and
Kreinovich [4]], Sangodapo and Feng [11] and Sangodapo and Kausar
[12].

Definition 1: Let Z be a nonempty set. A FR U on Z is a fuzzy set,
defined as

U= {((m,r2)7GU(r1,r2))|(r1,r2) S ZXZ}

where oy : Z x Z — [0, 1] denotes the membership function of the
fuzzy relation U, which assigns a degree of relatedness to each pair
(r1,r2). The value of oy (ry,r;) indicates to what extent ry is related to
ry according to the fuzzy relation U.

Definition 2: Let X be a universe. A Picture Fuzzy Set (PFS) Z of X is
an object of the form

Z = {(r1,0z(r),7z(r1),nz(r1))[rn € X)},

such that oz(r) € [0, 1] is called to as the degree of positive member-
ship, 7z(r1) € [0, 1] is called degree of neutral membership and nz(r;) €
[0,1] is called degree of negative membership of r; € X and for all
r €X,

oz(r1) +1z(r) +nz(r) <1
and the degree of refusal membership of r| € Zis 1 — (oz(ry) +12(r1) +
Nz(r1)).
Definition 3: Let Z; and Z; be two PFSs. Then, the inclusion, equality,
union, intersection and complement are defined as follow:

e 71 C 7, if and only if for all y € X, o7,(y) < 07,(y), 72,(y) <
17, (y) and 1z, (y) > Nz, ()’)
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e Z1=Zyifandonly if Z; C Z, and Z; C Z;.

o Z1UZy ={(v,02,(y)VOz,(), 72, (y) N2, (), 1z, (y) Az, ()| y € X }.
© ZiNZy ={(v,07 () A 02, (), 72, () N2, (¥)), 1z, (V) V 1z, (¥)) | y € X}
o Zi ={(»nz, (), 72, (y),07,(y)| y € X}.

Definition 4: Let Z; and Z, be nonempty sets. Then, a picture fuzzy
relation (PFR) U is a PFS over Z; x Z,, defined as

U= {{(r,r2),00(r1,r2), tw(r,r),nur,r)|(r,rn) € Zi x Zp}

with oy : Z1 X Zp — [O, 1], Ty 21 X 2y — [0,1], Nu :Z1 X2 — [0,1],
such that 0 < oy (r1,r2) + 1w (r1,r2) +Nu(ri,ra) < 1forevery (ry,r) €
Z1 X 2s.

Definition 5: Let U be a PFR between Z; and Z,. The inverse relation
of U, U~ between Z, and Z; is defined as

oy-1(r2,r1) =oy(ri,rn),ty-1(r2,rn) =1tw(ri,rn),Ny-1(r2,rn) =nu(r,r),

W (rl,rz) € (Zl XZ2).
Definition 6:Let U and V be two PFRs between Z; and Z,. Then,

o U<V <& (oy(r,rn) <oy(r,n)),(ty(r,rn)<ty(r,r))and (ny(ri,rn) >
Nv(ri,r2))

o UUV ={((r1,r2),00(r1,r2)Vov(ri,ra), ww(r,r2) Aty (ri,r2), Mu (r, r2) A
nv(r1,m2))|(r1,r2) € Z1 x Za}
o UNV ={((r1,n2),0u(r1,r2) Aoy (r1,r2),t(r1,r2) Aty (r1,r2), Nu (r1,r2) V
nv(ri,m2))|(r1,r2) € Z1 x Z3}

o U ={((r1,r2),nu(r1,72),7w(r1,m2),00(r1,72))|(r1,12) € Z1 X

2}

for every (r1,r2) € (Z) X Z3).
Definition 7: Let Y be a nonempty set. A PFMS Z in Y is charac-
terised by three functions namely positive membership count function
pmc, neutral membership count function n.mc and negative member-
ship count function nmc such that pmc : Y — W, nomc : Y — W and
nmc : Y — W, respectively, where W is the set of all crisp multisets
drawn from [0, 1]. Thus, for any r € Y, pmc is the crisp multiset from

[0, 1] whose positive membership sequence is defined by (6 (r), 62(r), -+, 0%(r))
such that o} (r) > 62(r) > --- > 624(r), neme is the crisp multiset from
[0, 1] whose neutral membership sequence is defined by (t1(r), 72(r),- -+, T2(r))

and nmc is the crisp multiset from [0, 1] whose negative membership se-
quence is defined by (n}(r),n3(r),---,n%(r)), these can be either de-
creasing or increasing functions satisfying 0 < o%(r) +15(r) + ni(r) <
IVreY, k=1,2,---,n.
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Thus, Z is represented by

Z={{roy(r), 5 (r),nz(n)lrer}
k=1,2,---,n
Definition 8: Let
Zi ={(r,05,(r),75,(r)),n5,(r))| r € Y}
and
Zy = {(r,065,(r)), 5,(r),nz, (")) r € Y}
be two PFMSs drawn from Y. Then,
© 21 C 7, & (0g,(r) < 0,(r)). (2, (r) < 75, (r)) and (n, (r) >
nzz()) k=1,2,---,n,reY.
o 7= ZQ,@Z]CZZ andZQCZI
o Z1UZy={(r, (03, (r)V o3, (r), (25, () AT, (r), (ng, (N Ang,(r)| re Y}, k=

1,2, ,n.
. %1;Zz={( (0, (r) Aoy, (n)(, (N AT, (r), (ng, (n)Vng, ()| re Y} k=

* Z{ = {<r7n§1(r>77:§1<r)’GIZ€1<6))‘ re Y}? k= 1727 YL
Definition 9: Let Z be a nonempty set. Then, a picture fuzzy multirela-
tion (PFMR) U on Z is PEMS defined by

U = {{(r1,r),05(r1,m), 0 (r1,r2), & (r1, 1)) (r1,72) € Z % Z}

where k=1,2,---, B (B is the cardinality of the PFMS Z) 6 (r), t&(r), nk(r) :
Y — W, and W is the set of all crisp multisets drawn from [0, 1].

Definition 10: Let Y be a nonempty set and Z; and Z, be PFMS in Y

with positive membership 651 (r)and G’Z‘Z (r), neutral membership ’L’Z (r)

and ng(r) and negative membership n§ (r) and TIZ(”) such that

k k
Gzl(’”);622<’”)>le( r), Tzz( r), 772,( )77752(”) Y —=-Ww
and W is the set of all crisp multisets drawn from [0, 1]. Then, the Carte-
sian product of Z; and Z,, Z; X Z; is the PEMS in Y x Y defined by

Gélxzz(rlam) = /\{651 (}’1), Géz(rZ)}v

%z, (ror2) = N2, (n), 7, (r2)}
and

M2,x2,(r,r2) = \{nz, (r1),m, (r2) }
Vri,rp €Y, k=1,2,--- B (B is the cardinality of the PFMS Z; and Z,).
Definition 11: Let U be a PFMS(Y xY), U C Z; X Z,. Then, U is called
a PFMR from Z to Z, if for all (r;,r) €Y X Y,

oy (r1,r2) < 65,2, (r1,12), T (r1,m) < 1o 7 (r1,72), NG (r1,72) = M5 7, (r1,72),
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with 0 < G{j(rl,rz) + T(]j(rl,rz) + Th’}(rl,rz) <.

In particular, if Z; = Z,, then U is called a PFMR on Z;.

Definition 12: Let U,V € PFMR(Z, x Z;). Then, U C V if for ev-
Y (of < o k <k d

ery ri,r2 €Y (og(r1,12) < oy(ri,r2)), (t(r1,r2) < ty(r1,72)) an

(& (ri,r2) > n&(r1,m2)); k=1,2,---,n. U CV and V C U, then

U=V.

Definition 13: Let U,V € PFMR(Z, x Z;). Then, UUYV is a PFMR

from Z; to Z, such that

Gl];UV(rhrz) = \/{Gl]}(rlarZ)vollﬁ(rb’Q)}a

oy (rir2) = N{w6 (rr2), w (ri,r2) )
and

Mooy (r,r2) = A {ng (r1,r2), 6 (1, m2) }
k=1,2,---,n.
Definition 14: Let U,V € PFMR(Z, x Z;). Then, UNYV is a PFMR
from Z; to Z; such that

oprv(r,r2) = N\t (r1,m2), 00 (r1,m2)},

v (rir2) = N{t6 (rir2), o (r1,r2) }
and

nlk/ﬂV<r1’r2) - \/{nlkl(rlvrz)vn‘l;(rl7r2)}
k=1,2,--- n.
Definition 15: Let U € PFMR(Z; X Zp) and V € PFMR(Z; X Z3).
Then, the composite relation V o U is a PFMR between Z; and Z3 de-
fined by

VoU = {{(r1,r3), 0oy (r1,73), Tos (11,73), Myors (r1,73))| (r1,73) € Z1 X Z3}

where V (r1,r3) € Z) X Zz and ¥V rp € Z;, its positive membership, neu-
tral membership and negative membership functions are defined by

ovou(ri,r3) = \/ {64 (r1,m2) Aoy (r2,r3)},
nev

oy (r,rs) = N\ {75 (r,r) ATy (r2,r3)}
rnev

and
Myou (r1,73) = N\ AnG (r1,r2) Vi (r2,73)
rneV
respectively.
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3. PICTURE FUZZY MULTIRELATIONS OVER PICTURE
FUZZY MULTISETS

Definition 16: Let U € PFMR(Z x Z). Then, R is called Reflexive if
of(r,r) =1, t(r,r) =0, and N5 (r,r) = 0.

k=1,2,---,B (B is the cardinality of Z) for all r € Z.
Proposition 1: Let U € PFMR(Z x Z) be reflexive. Then,

1. U~ is reflexive if and only if U = U~!
2. U VYV isreflexive for every V. € PFMR(Z x Z).
3. U AV is reflexive if and only if V € PFMR(Z x Z) is reflexive.

Proof:
1. Since U is reflexive, thus for every r € Z;

Gl]}(r, r)=1, ’L'lk](r, r) =0, and n(]j(r, r)=0.
Now, suppose that U —1 is reflexive, then for every r € Z,
65_] (r,r) =1, Tf/_l (r,r) =0, and 1‘[5_, (r,r) =0.

By inverse definition, we have

65_1(1’,1’) :GS(I’,I’),‘CS_I(I",T) - le](rvr)’n(];—l(nr) :nlk](r7r)'

So, forall r € Z,
of(r,r) =1; ©(r,r) =0 and nf (r,r) = 0.
Next, to show that U = U _1,
o (ri,r2) = 6y (ra,m1); T (r1,m2) = 6 (rayr1) and gy (r1,r2) = 0y (ra, ).

Using the reflexivity of U and U~! for all pairs (r;,7,) we have

O'f,(rl,rz) = le]_l (ra,r1) = le](rz,rl)

5 (r1,r2) = T (ra,r1) = Ty (ra,m)
and

NG (ri,r2) = N1 (ra,r1) = Ny (ra,r).

Hence, U = UL
Conversely, suppose that U = U~!. Since U is reflexive then for
every r € Z,

le](r,r) =1; ‘L'{j(r,r) =0 and nf,(r,r) =0.
Since U = U™, we have for all r|,r, € Z

oy (r1,r2) = 0y (ra,r1): T (r1,72) = Ty (r2, 1) and 0y (ry,r2) = g5 (ra, r1).
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Thus, for the U~!, we have

O.k

k
v

and

U_l(r,r) = G{}(r r)=1

() = T[lj(r,r) =0

nlk],l (r,r) = nlk](r, r)=0.
Therefore, U ! is reflexive.

2.

le]vv(r, r)= G[k](r, r) \/G{}(r, r)= 1\/6{5(1’, r)=1

‘L{‘,W(r, r)= le](r, r)A ‘L'{ﬁ(r, r)=0A T‘lj(r, r)=0
Ny (1) = N5 (7)) Ang (r,r) = 0A NG (r,r) = 0.

Hence, U V'V is reflexive.

3.

Gl]jAV(rvr) :G[lj(r,r)/\G‘];(r,r) = 1/\(7\]5(1’,1’) =1

T(]}/\V(r,r) = ‘L'lk](r,r) /\‘C‘Iﬁ(r,r) =0A ‘C‘]ﬁ(r,r) =0

nl]}/\V(nr) = nl@(rvr)vn‘lj(rar) :OVTI&];(EF) =0.
Hence, U AV is reflexive if and only if V' is reflexive.
Proposition 2: If U and V are reflexive PFMRs, then (i) U UV and (ii)

U NV are reflexive PFMRs.

Proof: Since U and V are reflexive, thus for every r € Z;

ok (rr)=1, T (r,r) =0, and nf (r,r) = 0.

o (r,r) =1, t(r,r) =0, and nf(r,r) = 0.
k=1,2,--- B (B is the cardinality of Z) for all r € Z.

Now,

GHUuv
65UV(r7r)
le]UV(rar) =
n(kJUV(rar) =

le/(r, r)V Gl‘f(r, r)

1v1
1

Y

o (r,r) AT (r,r)

0AO
0,

ng(rr) Amy(rr)
0AO
0.
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Hence, U UV is reflexive.
aounv
GlljﬂV(rﬂr) - Gll;(rvr)/\a‘lj(rvr)
1A1
1

Y

leJﬂV(rar) = Tllj(r,r)/\’v‘lﬁ(r,r)
= 0A0
— 0,

nlk]ﬂV(rar) = nlk](rvr)vn\];(rvr)
= 0VvO0
= 0.

Hence, U NV is reflexive.
Definition 17: Let U € PFMR(Z x Z). Then, U is called Symmetric if

o (r1,r2) = O (ra, 1), T (r1,r2) = Ty (r2, 1), and sy (r1,r2) = 0y (r2, 7).
i=1,2,---,B (B is the cardinality of Z) for all r|,r, € Z.

Proposition 3: If U is symmetric then U ! is also symmetric.

Proof: U is symmetric means that

oy (r1,r2) = gy (r2,11), T (r1,r2) =T (ra,r1), and 0 (r,r2) = 0y (ra, 7).
Also, since U~! is an inverse relation, then

o1 (r1,12) = 0 (ra, 1), Thoi (r1,72) = Ty (r2,r1), and mf_ (r1,72) =05 (r2,71).

o1 (r1,12) = 0 (r2,1) = o (r1,12) = 041 (r2,11),

T (r1,12) = TG (12, r1) = TG (r1,12) = 151 (r2,71)

and

N1 (r1,r2) =g (ra,r) = 0 (r1,r2) = g (ra,r1).
Proposition 4: Let U € PFMR(Z x Z). Then, U is symmetric if and
onlyif U =U"".
Proof: Suppose that U is symmetric, then

oy (r1,m2) =6 (r2,11), T (r1,m2) = T (ra,m1), and 0 (r1,r2) = g (ra,11).

Since U~! is an inverse relation,

6571(r17}"2):6[]}(}’2,}"1), T[];fl(rer):T(]}(’Q)rl)) andnll;fl(rUFZ):n[]}(’Q?rl)-

Now,

o1 (r1,12) = o (ra, 1) = oy (r1,12),
ok k

T[];fl(rl,’?) (r2;r]):TU(r17r2)
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and
nlljfl(rler) :Tl(k/(’%rl) :n{C](FIJ‘Z)-

Therefore, U = U~ !.
Conversely, suppose that U = U~!, then

O-l]}(r17r2) = G[kjfl(r17r2) = Gl]}(rzarl)v

0 (r1,rm2) = T (r1,12) = T4 (r2,71)
and
k ok ok
Mo (r1,r2) = Ny (r1,r2) = Ny (r2,r1)-

Therefore, U is symmetric.

Proposition 5: If U and V are symmetric PEFMRs, then UNV and U UV
are symmetric PFMRs.

Proof: If U and V are symmetric PEMRs, then

oy (r1,1) =0 (r2,11), T (r1,m2) =t (ra,r1), and 0 (r1,r2) = gy (ra,11).

and

oy (r1,12) =0y (r2,71), T (r1,r2) =T (r2,r1), and 1y (r1,72) = Ny (r2,71).
Now,

° Gy (r1,r2) =05 (ri,r2) Aoy (r1,r2) = 64 (r2,r1) A Oy (ra, 1) = Gy (12,71,
’L’l]j/\v(rl,rz):’L'[]j(rl,rz)/\r"}(rl,rz):Tl]j(rz,rl)/\’c‘lj(rz,rl):’L’[’j/\v(rz,rl)

and Ng vy (r1,72) = N5 (r1,72) V& (r1,r2) = N5 (r2, 1) Vb (ra,r1) =

Thk//\v(rz,r]).
Hence, U NV is symmetric PEFMR.

.le]\/V(r17r2) = 5(1’171”2)\/0‘];(1’1,}”2) :le](r%rl)vc\];(r%rl) :GI].(/\/V(’??”)?

oy (r1,r2) =T (6, ) ATy (r1,r2) = T (r2, 1) AT (r2, 1) = Ty (12, 71)
and Ngy (ri,r2) = N5 (r1,r2) AN (ri,r2) = 0 (ra, ) AN (ra,r) =

nl]}vV(rzarl)'
Hence, U UV is symmetric PFMR.
Remark 1: Note that; U oV is not symmetric in general because,

opoy(ri,r3) = Aoy (r,r) Ao (r2,r3)}
= \VA{oy(r2.r) A(og(r3,r2)}

£ Opoy(r3,r1),



346 T. O. SANGODAPO
oy (ri,r3) = N{w(r,r) AT (ra,r3)}
rn
= A{w(r2,r1) At (r3,m)}
n

7£ le]oV<r37rl)

and

Mooy (r,r3) = N (r1,r2) v (5 (r2,r3)}
= N (2, m) v (nfy(r3.72)}

# Moy (r3, 1)
Example 1: Let
Zy={1,4}, Z, ={2,5} and Z3 = {3,6}.

Define relation on U as

oy(1,2)=0.7, 7y(1,2) =0.2 and Ny (1,2) = 0.1
and

oy(4,5)=0.8, 7y(4,5) =0.1 and Ny (4,5) = 0.1
Define relation on V as

ov(2,3) =0.6, 17v(2,3) =0.3 and Ny (2,3) = 0.1
and

oy (5,6) =0.5, 1v(5,6) = 0.4 and Ny (5,6) = 0.1
Let P=UoV.Forr; =1 and r; =3 we have

op(1,3)=\/(ou(1,2) Aoy(2,3)) =0.7A0.6 = 0.6,

wp(1,3) = A\ (tw(1,2) A1(2,3)) =0.2A0.3=0.2
and
ne(1,3) = A\ (mu(1,2) Vny(2,3)) =0.1v0.1 =0.1.

Forr; =3 and r3 = 1, let P =V oU. Since there is no direct path from
3to 1 viaU and V, there is a need to check for possible compositions.
Suppose that a possible set for U and V defined backward,

op(3,1) =0 (if no composition exists),
7p(3,1) =1 (if no composition exists)

and
Np(3,1) =0 (if no composition exists).
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Thus, Gp(1,3) 75 Gpl(3, 1), Tp(1,3) 75 TP’(3,1) and T]p(l,3) 75 T]P/(371).
Similarly,

op(4,6) =\/ (ou(4,5) Aoy (5,6)) =0.8A0.5=0.5,

7p(4,6) = )\ (tw(4,5) A 1v(5,6)) =0.1A0.4 =0.1
and
np(4,6) = \ (Mu(4,5) Vv (5,6)) =0.1v0.1 =0.1.
Also, there is no direct path from 6 to 4 via U and V,

Opi(6.4) = 0 (if no composition exists),

Tpi(,4) = 1 (if no composition exists)
and

Np(6.4) = 0 (if no composition exists).
Thus, Gp(4, 6) 7& Op/(6,4)> Tp(4, 6) 75 TP/ (6,4) and TIP(4, 6) 75 Np(6,4)- Hence,
UoV #VoU. Therefore, composition of PFMRs is not true in general.
Proposition 6: Given U € PFMR(Z, x Zy) and V € PFMR(Z, x Z3).
Then, U oV is symmetric if and only if U oV =V o U, for symmetric

relations U and V.
Proof:

le]oV<r17r3) = \/{o-\l;(rlur‘Z)/\o-[k](rZarg)}
rn

= \H{oy(rs,r1) A(Sfs(r3,72)}
= VA{cG(r3,r2) A (G (ra,m)}
= Gl]}oV(r_%rl)?

oy (r,r3) = N{w(r,r) Aty (ra,rs)}
= A (r2r) A(th (r3,m2)}

= Nt (r3,r2) A (T (r2or1)}

= Toy(r3,m1)
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and

NGov(ri,r3) = N\{nw(ri,r2) Vg (r2,.r)}

rn

— A (r2r) v (b (r3,m2)}

L)

= NG (rs,r2) V(0 (r2,r1)}

= nlk]oV<r37r1)
for every (ry,r3) € Z; x Z3 and for every r; € Z;.
Definition 18: Let U € PFMR(Z x Z). Then, U is called Transitive if
for every triplet (ry,rp,r3) in Z X Z X Z whenever (ry,r;) and (rp,73) €
U with certain degrees of relatedness o (r1,72) and 65 (r2,73); T& (r1,72)
and 5 (r2,73); N (r1,72) and Nf (r2,73) then (ry,r3) € U with a degree
of relatedness oy (r1,73) > min{ oy (r1,12), 65 (r2,73) }; T (r1,73) < max{t};(r1,12), 75 (r2,73) }5
Nk (r1,r3) < max{nk(r1,r2),nk (r2,r3)}, respectively.
Proposition 7: Let U be a transitive relation. Then U~ is transitive if
and only if U = U~ !.
Proof: Suppose that U ~1is transitive, for every ry,1p,13 € 21 X Zp X 23,

opi(ri,r3) > \/ <G{}1(r1,rz)/\0{}1(1’2,73)),
€l

() < N\ (T[];fl(rh’?)\/Tl]jfl(rZa’%))
mEZy

and
M) < A (Wi () Vg (raa))
10XY2)
By inverse definition,

k k k k k k
GUfl(r17r3) :GU(F3,I’°]), TUfl(r17r3) :nU(r37r1)7nU71<r17r3) :nU(r37r])
Substitute these into the transitivity conditions for U~!, we have

op(rs,r) > \/ (G(]}(rz,rl)/\Gg(mrz)),
el

)< A (d2n)Veh(rsr)
el

and
n(rsr) < N\ (Th'?(f’za r) Vg (rs, rz))

el



PICTURE FUZZY MULTIRELATIONS... 349

Since U is transitive, it means that U is symmetric. Thus,

k k k k k k
oy (ri,r2) = oy(r2, 1), (r,r2) = 1y (r2, 1) and N (r1,r2) = Ny (r2, 1)
Hence, U = U .
Conversely, suppose that U = U~!. Thus,

k k k k k k
oy (ri,r2) = oy(r2,r1), w(r,r2) =ty (r2,r) and N (ri,r2) = N (r2, 1)
Since U is transitive, for every ry,rp,r3 € Z1 X Zp X 73,

op(ri,r3) > \/ (G(]?(Fl,rz)/\ff(]}(m»ﬁ)),
mEZy

’c{}(rl,m)g /\ (T[I;(rl,h)\/f{}(rz,rg,))
el

and
ng(rim) < A (nz’i(mrz) Vg (ra, r3))
el

Since U = U™, it means that transitivity conditions for U can be written
in terms of U~1. So,

G{j,l(}’],lg) = Gllj(r3,r1)
> \/ (GU(F?,,T2>/\GU(F2,I‘1)>
ey
= \/ GS,](I’],VZ)/\GU,I(I’Q,IB))
[2XV7)
o (r,rs) = t5(ra,r)
< /\ <’c{}(r3,r2)\/’c(]}(r2,r1)>
el
= A (g (r.n) VT _i(r,r3)
u-1\"1,r2 u-1\r2,53
ey
Ny (r1,r3) = ng(rs,r)
< A (m’?(r&rz)vmkf(rzﬂ’l))
el
_ k k
= /\ <71U_1(r1,r2)VHU_I(rz,m))
ey

Hence, U ! is transitive.
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Proposition 8:
Proof: First to show that U NV is transitive for transitive U and V

G (r1,72) = min{og (r1,r2), 05 (r1,72)},
ew (r1,72) = max{tg(r1,r2), 7 (r1,72)}
and
NG (r1,r2) = max{ng (ri,r2),ng (r1,r2)}.
For oy (r1,73),
G{;mv(l’h@) = min{G{}(rl,rz), (75(7‘2,1”3)}.
Since U and V are transitive, we have,
of (r1,r3) > min (G{}(rl,rz), of (r2, r3))
and
6‘15(1’1,13) > min (G{}(rl,rz), G(j(rz,l@))
Thus,

min (65(1’1,1’3),6(}(1’1,1’3)) > min [min <G,]}(r1,r2),c7{}(r2,r3)> ,min (G‘Ij(rl,rz),(ﬁ];(rz,m))}

since

min (G{jmv(rl,rz), O'l]}ﬂv(rz,m)) =min [min (G{}(rl,rz),c‘]}(rl,rz)) ,min (le](rz,rg),c‘l}(rz,r3))]

we have
o5y (r1,73) > min (dﬁmv(mrz)a o5y (2, r3)>

For le/nv(rl s I’3),
v (r1,73) = max{tk (r1,r2), 75 (r2,73) }. Since U and V are transitive,

we have,

w5 (r1,13) < max (T{}(rl 1), T8 (2, r3))
and

W (r1,r3) < max (ré(r.,rz),rém,rs))
Thus,

max (T[]‘](rl,r3),’c"§(r1,r3)) < max [max (’c{}(rl,rz),’c{}(rz,r3)),max <’c‘]§(r1,r2),’c{§(r2,r3))]

since

max (T(ljmv(rh’?), T(kmv(”Z, r3)) = max [max (‘Clk/(rl,rz), T‘/ﬁ(rl,rz)> ,Max <T5(7‘2,r3), T‘/j(rz,ig))]
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we have
o (riors) < max (ghoy (r,m2) Ty (r2,7s)

For 0y (r1,73),
Nk ey (r1,73) = max{nk (r1,r2),nk(r2,r3)}. Since U and V are transi-
tive, we have,
g (r,r3) < max (Uz]}(rwz)v ng(ra, V3)>
and
nb(r1.73) < max (nf (ri,r2). m (r2,73) )
Thus,
max <n5(r1,r3),n‘]§(r17r3)> < max [max <n[]}(r17r2), Thk](rz,l"3>) ,max (n‘]ﬁ(rl,rg),n‘]ﬁ(rz,m))]
since
max <Thkmv(r1,r2)a nz'?mv(rzﬁz)) = max [max (nzk/(rl,rz)» 775(?17r2)> ,max (Th]}(i’wa), v (r2, "3)>]

we have

NGy (r1,73) < max (Thkmv("l,rz)y NGy (r2, r3))

Next to show that U UV not transitive for transitive U and V. This will
be done by counter example.

Let Z ={1,2,3}.

Define relation U as
oy(1,2)=0.9, 7y(1,2) =0.1 and Ny (1,2) = 0.0,
oy(2,3)=0.8, ©y(2,3) =0.1 and Ny (2,3) =0.1
oy(1,3)=0.7, 7y(1,3) = 0.2 and Ny (1,3) = 0.1

Also, define relation V as
ov(1,2)=0.7, 7 (1,2) =0.2 and ny(1,2) = 0.1,
ov(2,3) =0.6, v(2,3) =0.3 and Ny (2,3) = 0.1
ov(1,3)=0.5, 1v(1,3) =0.4 and Ny (1,3) = 0.1

For U,

oy(1,3) =0.7 > min{0.9,0.8} = 0.8,

1(1,3) = 0.2 < max{0.1,0.1} = 0.1
and

Nu(1,3) =0.2 <max{0.0,0.1} =0.1.
For V,

ov(1,3) = 0.5 > min{0.7,0.6} = 0.6,
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(1,3) = 0.4 < max{0.2,0.3} = 0.3

and
Nu(1,3) =0.1 <max{0.1,0.1} =0.1.

Now, for U UV,

oyuv(1,2) = max{0.9,0.7} = 0.9,

tyuv (1,2) =min{0.1,0.2} = 0.1
and

T]UUv(l,z) = mm{O0,0l} =0.0

oyuv(2,3) = max{0.8,0.6} = 0.8,

tyuv(2,3) =min{0.1,0.3} = 0.1
and

Nuuv(2,3) =min{0.1,0.1} = 0.1

oyuv(1,3) =max{0.7,0.5} = 0.7,

tyuv (1,3) =min{0.2,0.4} = 0.2
and

Nuuv (1,3) =min{0.1,0.1} = 0.1
So, checking transitivity for U UV
oyuv(1,3) =0.7 #min{oyuv(1,2),0puv(2,3)} =min{0.9,0.8} =0.8.
Since 0.7 < 0.8, i.e
ouuv(1,3) # min{oyuy (1,2),000v(2,3)}

which implies that oyuy (1,3) does not satisfy the transitivity condition.
Similarly 7yuy(1,3) and Tyuy(1,3) satisfy not the transitivity condi-
tion.

Therefore, U UV not transitive.

Remark 2: A PFMR R is said to be Picture Fuzzy Multi Equivalence
Relation (PFMER) if it satisfies reflexive, symmetric and transitive.
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4. CONCLUDING REMARKS

In this paper, it has been established that the Picture Fuzzy MultiRela-
tions (PFMR) are extension of the Picture Fuzzy Relations (PFR). Re-
flexivity, symmetric and transitivity of picture fuzzy multirelations over
picture fuzzy multisets were introduced and some properties associated
with them were obtained.
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