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ABSTRACT. The theory of picture fuzzy sets was formulated
by Cuong and Kreinovich and is considered as one of the best
effective tool in decision making problems. In this paper, the
concept of picture fuzzy sets was studied. The notion of picture
convex fuzzy sets was introduced and some of its properties are
presented. Finally, we put forward the picture affine fuzzy sets
and investigate some of its characteristics.
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1. INTRODUCTION

In 1965, Zadeh [1] introduced fuzzy sets (FS) which is most rel-
evant in making decisions in an uncertain environment. He also
initiated convexity of fuzzy sets as an extension of classical convex
sets. In 1980, Lowen [2] extended Zadeh’s work by introducing the
concept of affine fuzzy sets in order to study convex fuzzy sets in
greater details and investigated the properties of both convex and
affine fuzzy sets using Euclidean points. After major contribution
of Lowen to Zadeh’s work on convex fuzzy sets, many researchers
have also studied the concept, such as, Liu [3] 1985 established some
properties of convex fuzzy sets. Yang [4] 1988, established the re-
lationship among three types of convex fuzzy sets. Feiyue [5] 1991,
extended Lowen’s work by introducing affine hulls of fuzzy sets and
established that the affine combination of a set of fuzzy points is
an affine fuzzy set. This was also established for convex fuzzy sets.
In 2002, Yang and Yang [6] were able to characterised convexity of
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fuzzy sets via semicontinuous conditions. Peng [7] 2010, proposed
two new definitions of convex fuzzy sets, i.e., convex (s, t]-fuzzy sets
via relation between fuzzy points and fuzzy subsets, and convex R-
fuzzy sets via implication operators of fuzzy logic. In 2010, Cheng
et al [8] put forward the concept of (s, t]-intuitionistic convex fuzzy
sets via cut set of intuitionistic fuzzy sets and neighborhood re-
lations between fuzzy point and intuitionistic fuzzy set. In 2017,
Sangodapo and Ajayi [9] contributed to Lowen’s work by estab-
lishing some properties of both convex and affine fuzzy sets using
fuzzy points. Many researchers have also studied and developed
various properties of convex fuzzy sets and affine fuzzy sets, see
[3, 4, 10, 11, 12, 13, 14, 15].
In 1986, Atanassov [16] initiated the concept of intuitionistic

fuzzy sets (IFSs) as one of the most generalisations of fuzzy sets
in order to handle uncertainties more accurately. In 2012, Huang
[17] generalised convex fuzzy sets to convex intuitionistic fuzzy sets
and obtained equal characteristics in terms of cut sets. In 2018,
Das and Mukhlalsah [18] also studied intuitionistic fuzy sets and
developed intuitionistic concex fuzzy sets, established various theo-
rems and illustrated with examples. In 2021, Sangodapo and Ajayi
[19] extended the Huang’s work to affine intuitionistic fuzzy sets
and also established its characteristics.
Cuong and Kreinovich [20] in 2013, generalised Zadeh and Atanassov’s

works by putting forward the theory of PFSs. This theory is a new
concept for computational intelligence problems to handle an im-
portant notion of neutrality degree that was lacking in IFSs theory.
This degree of neutrality can be seen in a voting environment where
voters may decide to: vote for, abstain, vote against and refuse of
voting.
In 2014, Cuong [21] investigated some characteristics of PFSs,

introduced distance measure and defined convex combination be-
tween two PFSs. Son [22] in 2016, introduced a generalised picture
distance measure and applied it to establish an Hierarchical Pic-
ture Clustering. In 2017, Dutta and Ganju [23] studied decomposi-
tion theorems of PFSs, defined (α, γ, β)-cut of PFSs, and extension
principle for PFSs and obtained their properties. PFSs has been
extensively studied and applied, see [24, 23, 25, 26, 27, 28] for de-
tails.
In this paper, we continue the study of PFSs and introduce pic-

ture convex fuzzy sets (PCFSs) and picture affine fuzzy sets (PAFSs).
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Finally, the characterisations of PCFSs and PAFSs were also es-
tablished. The organisations of the paper is as follows. In sec-
tion 2, we give necessary definitions and preliminary ideas of PFSs
used throughout the paper. Section 3 introduces some properties of
PCFSs and investigates its characterisations. In section 4, we intro-
duce PAFSs and establish its characterisations. Section 5 concludes
the paper and suggests direction for future research. In 1965, Zadeh
[1] introduced fuzzy sets (FS) which is most relevant in making de-
cisions in an uncertain environment. He also initiated convexity of
fuzzy sets as an extension of classical convex sets. In 1980, Lowen
[2] extended Zadeh’s work by introducing the concept of affine fuzzy
sets in order to study convex fuzzy sets in greater details and in-
vestigated the properties of both convex and affine fuzzy sets using
Euclidean points. After major contribution of Lowen to Zadeh’s
work on convex fuzzy sets, many researchers have also studied the
concept, such as, Liu [3] 1985 established some properties of convex
fuzzy sets. Yang [4] 1988, established the relationship among three
types of convex fuzzy sets. Feiyue [5] 1991, extended Lowen’s work
by introducing affine hulls of fuzzy sets and established that the
affine combination of a set of fuzzy points is an affine fuzzy set.
This was also established for convex fuzzy sets. In 2002, Yang and
Yang [6] were able to characterised convexity of fuzzy sets via semi-
continuous conditions. Peng [7] 2010, proposed two new definitions
of convex fuzzy sets, i.e., convex (s, t]-fuzzy sets via relation between
fuzzy points and fuzzy subsets, and convex R-fuzzy sets via impli-
cation operators of fuzzy logic. In 2010, Cheng et al [8] put forward
the concept of (s, t]-intuitionistic convex fuzzy sets via cut set of
intuitionistic fuzzy sets and neighborhood relations between fuzzy
point and intuitionistic fuzzy set. In 2017, Sangodapo and Ajayi [9]
contributed to Lowen’s work by establishing some properties of both
convex and affine fuzzy sets using fuzzy points. Many researchers
have also studied and developed various properties of convex fuzzy
sets and affine fuzzy sets, see [3, 4, 10, 11, 12, 13, 14, 15].
In 1986, Atanassov [16] initiated the concept of intuitionistic

fuzzy sets (IFSs) as one of the most generalisations of fuzzy sets
in order to handle uncertainties more accurately. In 2012, Huang
[17] generalised convex fuzzy sets to convex intuitionistic fuzzy sets
and obtained equal characteristics in terms of cut sets. In 2018,
Das and Mukhlalsah [18] also studied intuitionistic fuzy sets and
developed intuitionistic concex fuzzy sets, established various theo-
rems and illustrated with examples. In 2021, Sangodapo and Ajayi
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[19] extended the Huang’s work to affine intuitionistic fuzzy sets
and also established its characteristics.
Cuong and Kreinovich [20] in 2013, generalised Zadeh and Atanassov’s

works by putting forward the theory of PFSs. This theory is a new
concept for computational intelligence problems to handle an im-
portant notion of neutrality degree that was lacking in IFSs theory.
This degree of neutrality can be seen in a voting environment where
voters may decide to: vote for, abstain, vote against and refuse of
voting.
In 2014, Cuong [21] investigated some characteristics of PFSs,

introduced distance measure and defined convex combination be-
tween two PFSs. Son [22] in 2016, introduced a generalised picture
distance measure and applied it to establish an Hierarchical Pic-
ture Clustering. In 2017, Dutta and Ganju [23] studied decomposi-
tion theorems of PFSs, defined (α, γ, β)-cut of PFSs, and extension
principle for PFSs and obtained their properties. PFSs has been
extensively studied and applied, see [24, 23, 25, 26, 27, 28] for de-
tails.
In this paper, we continue the study of PFSs and introduce pic-

ture convex fuzzy sets (PCFSs) and picture affine fuzzy sets (PAFSs).
Finally, the characterisations of PCFSs and PAFSs were also es-
tablished. The organisations of the paper is as follows. In sec-
tion 2, we give necessary definitions and preliminary ideas of PFSs
used throughout the paper. Section 3 introduces some properties of
PCFSs and investigates its characterisations. In section 4, we intro-
duce PAFSs and establish its characterisations. Section 5 concludes
the paper and suggests direction for future research.

2. PRELIMINARY

In this section, we state some basic definitions related to PFSs
from Zadeh [1], Lowen [2], Atanasov [16], Huang [17], Das and
Mukhlalsah [18], Sangodapo and Ajayi [19], Cuong and Kreinovich
[20], Dogra and Pal [27].
Definition 1: Let X be a nonempty set. A FS A of X is an object
of the form

A = {⟨x, σA(x)⟩|x ∈ X}

with a membership function

σA : X −→ [0, 1]
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where the function σA(x) denotes the degree of membership of x ∈
A.
Definition 2: Let Γ be a FS of X, the t-cut set of Γ, denoted by
Γt is made up of members whose membership function is at least t.
That is;

Γt = {x ∈ X : σ(x) ≥ t} .
Definition 3: Let a nonempty set X be fixed. An IFS A of X is
an object of the form

A = {⟨x, σA(x), τA(x)⟩|x ∈ X}
where the functions

σA : X → [0, 1] and τA : X → [0, 1]

are called the membership and non-membership degrees of the x ∈
A, respectively, and for every x ∈ X,

0 ≤ σA(x) + τA(x) ≤ 1.

Definition 4: A picture fuzzy set A of X is an object of the form

A = {(x, σA(x), τA(x), γA(x))|x ∈ X},
where the functions

σA : X → [0, 1], τA : X → [0, 1] and γA : X → [0, 1]

are called the positive, neutral and negative membership degrees of
x ∈ A, respectively, and σA, τA, γA satisfy

0 ≤ σA(x) + τA(x) + γA(x) ≤ 1, ∀x ∈ X.

For each x ∈ X, 1 − (σA(x) − τA(x) − γA(x)) is called the refusal
membership degree of x ∈ A.
Definition 5: Let A and B be two PFSs. Then, the inclusion,
equality, union, intersection and complement are defined as follow:

• A ⊆ B if and only if for all x ∈ X, σA(x) ≤ σB(x), τA(x) ≤
τB(x) and γA(x) ≥ γB(x).

• A = B if and only if A ⊆ B and B ⊆ A.
• A∪B = {(x, σA(x)∨σB(x), τA(x)∧τB(x)), γA(x)∧γB(x))|x ∈
X}.

• A∩B = {(x, σA(x)∧σB(x), τA(x)∧τB(x)), γA(x)∨γB(x))|x ∈
X}.

• coA = A = {(x, γA(x), τA(x), σA(x))|x ∈ X}.
Definition 6: A FS A of X is called convex fuzzy set if for all
x, y ∈ X and λ ∈ [0, 1],

σA[λx+ (1− λ)y] ≥ σA(x) ∧ σA(y)
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Definition 7: A fuzzy set A is affine if for all x, y ∈ E, and λ ∈ R
σA[λx+ (1− λ)y] ≥ σA(x) ∧ σA(y)

Definition 8: Given an IFS A of X. Then, A is said to be intu-
itionistic convex fuzzy set if for all x, y ∈ X and for all λ ∈ [0, 1],

σA[λx+ (1− λ)y] ≥ σA(x) ∧ σA(y)

and
τA[λx+ (1− λ)y] ≤ τA(x) ∨ τA(y)

Definition 9: Let A be intuitionistic fuzzy set of E. Then, A is
said to be intuitionistic affine fuzzy set if for all x, y ∈ E and for
all λ ∈ R,

σA[λx+ (1− λ)y] ≥ σA(x) ∧ σA(y)

and
τA[λx+ (1− λ)y] ≤ τA(x) ∨ τA(y)

Definition 10: Let A, B be PFSs on X and λ ∈ [0, 1]. Then, the
convex combination of A and B is defined as

Cλ(A, B) = {(x, σCλ
(x), τCλ

(x), γCλ
(x))|x ∈ X}

where
σCλ

(x) = λσA(x) + (1− λ)σB(x),

τCλ
(x) = λτA(x) + (1− λ)τB(x),

γCλ
(x) = λγA(x) + (1− λ)γB(x)

∀ x ∈ X.
Remark 1: Definition 10 can be rewritten as a convex combination
of two points of a PFS A on X. That is;

PCC(A) = {((x, y), (σ;λ)(x, y), (τ, ;λ)(x, y), (γ;λ)(x, y))|x, y ∈ E}
for a PFS A and λ ∈ [0, 1] where

(σ;λ)(x, y) = (1− λ)σA(x) + λσA(y)

(τ ;λ)(x, y) = (1− λ)τA(x) + λτA(y)

and
(γ;λ)(x, y) = (1− λ)γA(x) + λγA(y)

∀ x, y ∈ E.
Definition 11: Let A = {(x, σA, τA, γA)|x ∈ X} be PFS over the
universe X. Then, (r, s, t)-cut of A is the crisp set in A, denoted
by Cr,s,t(A) and is defined by

Cr,s,t(A) = {x ∈ X|σA(x) ≥ r, τA(x) ≥ s, γA(x) ≤ t}
r, s, t ∈ [0, 1] with the condition 0 ≤ r + s+ t ≤ 1
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Zadeh [1] and Brown [29] established that convexity of fuzzy set
and cut set of fuzzy set are equivalent.
Lemma 1: A fuzzy set A is convex if and only if its cut sets are
convex.
Huang [?] established the equivalence of intuitionistic fuzzy set and
its cut sets
Lemma 2: An intuitionistic fuzzy set A is convex if and only if
the cut sets of intuitionistic fuzzy set A are convex.
Das and Mukhlalsah [18] also obtained the relationship between
intuitionistic convex fuzzy set and its cut sets.
Lemma 3: An intuitionistic fuzzy set is intuitionistic convex fuzzy
set if its every cut set is convex set.

3. PICTURE CONVEX FUZZY SETS

This section introduces picture convex fuzzy sets and establishes
some of its properties. From Remark 1, we define picture convex
fuzzy sets. Hereafter, we denote [0, 1] = I, and assume that X is an
n-dimensional real Euclidean space Rn denoted by E for concrete-
ness.
Definition 12: Let A be a PFS on E. Then, A is called a picture

convex fuzzy set, (PCFS) if for all x, y ∈ E and λ ∈ I,
σA[(1− λ)x+ λy] ≥ σA(x) ∧ σA(y),

τA[(1− λ)x+ λy] ≥ τA(x) ∧ τA(y)

and
γA[(1− λ)x+ λy] ≤ γA(x) ∨ γA(y)

Remark 1 can be extended to finitely many points of PFS A as
follows:
Definition 13: Let A be a PFS on E, x1, · · · , xn ∈ A. Then, the
picture convex combination of A, denoted by PCC(A) is a point x

with x =
n∑

i=1

λixi where

x = (σx, τx, γx), λi = (λiσ, λiτ , λiγ), xi = (σA(xi), τA(xi), γA(xi)),

σx =
n∑

i=1

λiσσA(xi), τx =
n∑

i=1

λiττA(xi), γx =
n∑

i=1

λiγγA(xi)

n∑
i=1

(λiσ + λiτ + λiγ) = 1 and (λiσ + λiτ + λiγ) ∈ I for each i.

Definition 12 can be defined in terms of Definition 13 as;
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Definition 14: Let A be a PFS on E and x1, · · · , xn be points in
A. Then, A is called a PCFS if for all xi ∈ A, i = 1, · · · , n and
λ ∈ I

σA{
n∑

i=1

λixi} ≥ σA(x1) ∧ · · · ∧ σA(xn),

τA{
n∑

i=1

λiai} ≥ τA(x1) ∧ · · · ∧ τA(xn),

and

γA{
n∑

i=1

λiai} ≤ γA(x1) ∨ · · · ∨ γA(xn)

and
d∑

i=1

λi = 1. Where λi and xi are as defined above.

Definition 15: Let A = {(x, σA(x), τA(x), γA(x))|x ∈ E} be PFS.
Then, the picture convex hull of A, denoted by Pch(A) is defined
as

Pch(A) := {x =
n∑

i=1

λixi : xi ∈ A;n ≥ 1, λi ∈ I,
n∑

i=1

λi = 1}

where x, λi and xi are as defined inDefinition 13 and the positive,
neutral and negative membership degrees are respectively defined
as follow:

σPch(A)(x) = ∧{σB(x)|σB ≥ σA(x)},
τPch(A)(x)(x) = ∧{τB(x)|τB ≥ τA(x)}
γPch(A)(x)(x) = ∨{γB(x)|γB ≤ γA(x)},

where B is a PFS of the form B = {(x, σB(x), τB(x), γB(x))|x ∈ E}.
Proposition 1: A PFS A = {(x, σA(x), τA(x), γA(x))|x ∈ E} is
PCFS if and only if Cr,s,t(A) is a PCFS.
Proof: Suppose that A is a PCFS. Let x, y ∈ Cr,s,t(A), then
σA(x) ≥ r, σA(y) ≥ r, τA(x) ≥ s, τA(y) ≥ s and γA(x) ≤ t, γA(y) ≤
t thus σA(x)∧ σA(y) ≥ r, τA(x)∧ τA(y) ≥ s and γA(x)∨ γA(y) ≤ t.
Since A is PCFS, then

σA[(1− λ)x+ λy] ≥ σA(x) ∧ σA(y) ≥ r,

τA[(1− λ)x+ λy] ≥ τA(x) ∧ τA(y) ≥ s,

γA[(1− λ)x+ λy] ≤ τA(x) ∨ τA(y) ≤ t

for all λ ∈ I. Thus, (1 − λ)x + λy ∈ Cr,s,t(A). Hence, Cr,s,t(A) is
PCFS.
Conversely, suppose that Cr,s,t(A) is PCFS for all r, s, t ∈ I, let
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x, y ∈ E, λ ∈ I. Let r = σA(x) ∧ σA(y), s = τA(x) ∧ τA(y), and
t = γA(x) ∨ γA(y). Now

σA(x) ≥ σA(x) ∧ σA(y) = r, σA(y) ≥ σA(x) ∧ σA(y) = r,

τA(x) ≥ τA(y) ∧ τA(y) = s, τA(y) ≥ τA(x) ∧ τA(y) = s,

γA(x) ≤ γA(y) ∨ γA(y) = t, γA(y) ≤ γA(x) ∨ γA(y) = t

which imply that x, y ∈ Cr,s,t(A). Since Cr,s,t(A) is PCFS, we have
(1− λ)x+ λy ∈ Cr,s,t(A). Thus,

σA[(1− λ)x+ λy] ≥ r = σA(x) ∧ σA(y),

τA[(1− λ)x+ λy] ≥ s = τA(x) ∧ τA(y)

and

γA[(1− λ)x+ λy] ≤ t = γA(x) ∨ γA(y)

Therefore, A is a PCFS.
Proposition 2: Let A = {(x, σA(x), τA(x), γA(x))|x ∈ E} and
B = {(x, σB(x), τB(x), γB(x))|x ∈ E} be PCFSs. Then, D = A∩B
is a PCFS.
Proof: Let x, y ∈ E, take λ ∈ I. Then,

σD[(1− λ)x+ λy] = σA[(1− λ)x+ λy] ∩ σB[(1− λ)x+ λy],

τD[(1− λ)x+ λy] = τA[(1− λ)x+ λy] ∩ τB[(1− λ)x+ λy]

and

γD[(1− λ)x+ λy] = γA[(1− λ)x+ λy] ∪ γB[(1− λ)x+ λy]

Since A and B are PCFSs,

σA[(1−λ)x+λy] ≥ σA(x)∧σA(y), σB[(1−λ)x+λy] ≥ σB(x)∧σB(y),

τA[(1−λ)x+λy] ≥ τA(x)∧ τA(y), τB[(1−λ)x+λy] ≥ τB(x)∧ τb(y)

and

γA[(1−λ)x+λy] ≤ γA(x)∨γA(y), γB[(1−λ)x+λy] ≤ γB(x)∨γb(y).

Thus,

σD[(1− λ)x+ λy] = [σA(x) ∧ σA(y)] ∩ [σB(x) ∧ σB(y)]

≥ [σA(x) ∩ σB(x)] ∧ [σA(y) ∩ σB(y)]

≥ [σA ∩ σB](x) ∧ [σA ∩ σB](y)

≥ [σA∩B](x) ∧ [σA∩B](y)

= σD(x) ∧ σD(y).
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,

τD[λx+ ((1− λ)x+ λy] = [τA(x) ∧ τA(y)] ∩ [τB(x) ∧ τB(y)]

≥ [τA(x) ∩ τB(x)] ∧ [τA(y) ∩ τB(y)]

≥ [τA ∩ τB](x) ∧ [τA ∩ τB](y)

≥ [τA∩B](x) ∧ [τA∩B](y)

= τD(x) ∧ τD(y).

and

γD[(1− λ)x+ λy] = [γA(x) ∨ γA(y)] ∪ [γB(x) ∨ γB(y)]

≤ [γA(x) ∪ γB(x)] ∨ [γA(y) ∪ γB(y)]

≤ [γA ∪ γB](x) ∨ [γA ∪ γB](y)

≤ [γA∪B](x) ∨ [γA∪B](y)

= γD(x) ∨ γD(y).

Corollary 1: Given any arbitrary family {Ai, i = 1, 2, · · · , } of
PCFSs in E, then their intersection is also a PCFS.
Proof: Let {Ai}i be an arbitrary family of PCFS of E. Then, the
intersection B =

∧
iAi is PCFS. If

σB[(1−λ)x+λy] ∈ B, τB[(1−λ)x+λy] ∈ B and ηB[(1−λ)x+λy] ∈ B,

then they belong also to every Ai, since Ai is PCFS. It implies that

σB[(1−λ)x+λy] ∈ B, τB[(1−λ)x+λy] ∈ B and ηB[(1−λ)x+λy] ∈ B

belong to every Ai, and consequently to their intersection, i.e., to
B.
Proposition 3: A PFS A is a PCFS if and only if for all finite

family ri ∈ E and λi ∈ I, i = 1, 2, · · ·n such that
n∑

i=1

λi = 1, we

have

σA

(
n∑

i=1

λiri

)
≥

n∧
i=1

σA(ri), τA

(
n∑

i=1

λiri

)
≥

n∧
i=1

τA(ri) and γA

(
n∑

i=1

λiri

)
≤

n∨
i=1

γA(ri),

(1).
Proof: Assume that A contains all finite family ri ∈ E and λi ∈
I, i = 1, 2, · · ·n such that

n∑
i=1

λi = 1, then this holds for two points

a, b ∈ E where a =
p∑

i=1

λiri, a = (σa, τa, γa),

λi = (λiσ1 , λiτ1 , λiγ1) and ri = (σA(ri), τA(ri), γA(ri)), σa =
p∑

i=1

λiσ1σA(ri), τa =
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p∑
i=1

λiτ1τA(ri),

γa =
p∑

i=1

λiγ1γA(ri),
p∑

i=1

(λiσ1+λiτ1+λiγ1) = 1 and (λiσ1+λiτ1+λiγ1) ∈

I for all i and
b =

p∑
i=1

ϕiri, b = (σb, τb, γb), ϕi = (ϕiσ2 , ϕiτ2 , ϕiγ2) and ri = (σA(ri), τA(ri), γA),

σb =
p∑

i=1

ϕiσ2σA(ri), τb =
p∑

i=1

ϕiτ2τA(ri), γb =
p∑

i=1

ϕiγ2γA(ri),
p∑

i=1

(ϕiσ2+

ϕiτ2 + ϕiγ2) = 1 and
(ϕiσ2 + ϕiτ2 + ϕiγ2) ∈ I for all i.
Thus,

σA ((1− δ)a+ δb) ≥ σA(a) ∧ σA(b),

τA ((1− δ)a+ δb) ≥ τA(a) ∧ τA(b)

and
γA ((1− δ)a+ δb) ≤ γA(a) ∨ γA(b)

The positive, neutral and negative membership degrees of a and b
are given by

σA = (1− δ)

p∑
i=1

λiσ1σA(ri) + δ

p∑
i=1

ϕiσ2σA(ri)

=

p∑
i=1

((1− δ)λiσ1 + δϕiσ2)σA(ri)

τA = (1− δ)

p∑
i=1

λiτ1τA(ri) + δ

p∑
i=1

ϕiτ2τA(ri)

=

p∑
i=1

((1− δ)λiτ1 + δϕiτ2) τA(ri)

and

γA = (1− δ)

p∑
i=1

λiγ1γA(ri) + δ

p∑
i=1

ϕiγ2γA(ri)

=

p∑
i=1

((1− δ)λiγ1 + δϕiγ2) γA(ri)

respectively with
p∑

i=1

[(1− δ)λiσ1 + δϕiσ2 ]+

p∑
i=1

[(1− δ)λiτ1 + δϕiτ2 ]+

p∑
i=1

[(1− δ)λiγ1 + δϕiγ2 ]
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=

(
p∑

i=1

(1− δ)λiσ1 +

p∑
i=1

(1− δ)λiτ1λiτ1 +

p∑
i=1

(1− δ)λiγ1λiγ1

)

+

(
p∑

i=1

δϕiσ2 +

p∑
i=1

δϕiτ2

p∑
i=1

δϕiγ2

)

= (1− δ)

(
p∑

i=1

λiσ1 +

p∑
i=1

λiτ1 +

p∑
i=1

λiγ1

)
+ δ

(
p∑

i=1

ϕiσ2 +

p∑
i=1

ϕiτ2 +

p∑
i=1

ϕiγ2

)
= 1− δ + δ

= 1.

and since

(λiσ + λiτ + λiγ) ∈ I, (ϕiσ + ϕiτ + ϕiγ) ∈ I

then

(((1−δ)λiσ1+δ)ϕiσ2)+((1−δ)λiτ1+δϕiτ2))+((1−δ)λiγ1+δϕiγ2) ∈ I

such that

σA[(1− δ)a+ λb] ≥ σA(a) ∧ σA(b),

τA[(1− λ)a+ λb] ≥ τA(a) ∧ τA(b)

and

γA[(1− λ)a+ λb] ≤ γA(a) ∨ γA(b).

The convexity of A means that A is closed under convex combina-
tions of two points. Therefore, A is a PCFS.
Conversely, suppose that A is PFS and n ∈ N. We shall use induc-
tion on n. For n = 1, the assertion is trivial. For (n−1) to n, n ≥ 2,

let r1, · · · , rn ∈ A and λi ∈ I, i = 1, 2, · · ·n with
n∑

i=1

λi = 1. As-

sume λi ∈ {0, 1} and δi :=
λi

1− λn

, i = 1, · · · , n − 1, thus δi ∈ I

and
n∑

i=1

δi = 1. By the induction hypothesis,
n−1∑
i=1

δiri ∈ A. Put

n∑
i=1

λiri = (1− λn)
n−1∑
i=1

δiri + λnrn
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Then, we have

σA

(
n∑

i=1

λiri

)
≥ σA(

n−1∑
i=1

δiri) ∧ σA(rn)

≥ σA(
n−1∑
i=1

(
λi

1− λn

)(ri)) ∧ σA(rn)

≥
n∧
i

σA(ri),

τA

(
n∑

i=1

λiri

)
≥ τA(

n−1∑
i=1

δiri) ∧ τA(rn)

≥ τA(
n−1∑
i=1

(
λi

1− λn

)(ri)) ∧ τA(rn)

≥
n∧
i

τA(ri)

and

γA

(
n∑

i=1

λiri

)
≤ γA(

n−1∑
i=1

δiri) ∨ γA(rn)

≤ γA(
n−1∑
i=1

(
λi

1− λn

)(ri)) ∨ γA(rn)

≤
n∨
i

γA(ri)

Proposition 4: For a PCFS A on E, Pch(A) consists of all the
convex combinations of the points of A.
Proof: The points of A belong to Pch(A), so all their convex com-
binations belong to Pch(A) by Proposition 3.

Conversely, let a, b ∈ E such that a =
m∑
i=1

λiri, a = (σa, τa, γa),

λi = (λiσ1 , λiτ1 , λiγ1) and ri = (σA(ri), τA(ri), γA(ri)), σa =
m∑
i=1

λiσ1σA(ri), τa =

m∑
i=1

λiτ1τA(ri),

γa =
m∑
i=1

λiγ1γA(ri),
m∑
i=1

(λiσ1+λiτ1+λiγ1) = 1 and (λiσ1+λiτ1+λiγ1) ∈
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I for all i and ri ∈ A and b =
n∑

j=1

βjsj, b = (σb, τb, γb), βj =

(βjσ2 , βjτ2 , βjγ2) and sj = (σA(sj), τA(sj), γA(sj)),

σb =
n∑

j=1

βjσ2σA(sj), τb2 =
n∑

j=1

βjτ2τA(sj), γb2 =
n∑

j=1

βjγ2γA(sj),
n∑

j=1

(βjσ2+

βjτ2 + βjγ2) = 1 and
(ϕiσ2 + ϕiτ2 + ϕiγ2) ∈ I for all i and si ∈ A. Thus,

((1−δ)λiσ1 +δϕjσ2)+((1−δ)λiτ1 +δϕjτ2)+((1−δ)λiγ1 +δϕjγ2)) ∈ I
Now,

σA(a) ∧ σA(b) ≥ σA(
m∑
i=1

λiri) ∧ σA(
n∑

j=1

ϕjsj)

≥ σA(r1) ∧ · · · ∧ σA(rm) ∧ σA(s1) ∧ · · · ∧ σA(sn)

τA(a) ∧ τA(b) ≥ τA(
m∑
i=1

λiri) ∧ τA(
n∑

j=1

ϕjaj)

≥ τA(r1) ∧ · · · ∧ τA(rm) ∧ τA(s1) ∧ · · · ∧ τA(sn)

and

γA(a) ∨ γA(b) ≤ γA(
m∑
i=1

λiri) ∨ γA(
n∑

j=1

ϕjaj)

≤ γA(r1) ∨ · · · ∨ γA(rm) ∨ γA(s1) ∨ · · · ∨ γA(sn)

Hence, λa+ϕb is another convex combination of points of A. There-
fore, the set of convex combinations of points of A is itself a convex
set that contains A which must coincide with the Pch(A).
Example 1: Let X = {1, 2, 3, 4, 5} and

A = {(1, 0.1, 0.2, 0.7), (2, 0.2, 0.5, 0.3), (3, 0.2, 0.4, 0.4), (4, 0.3, 0, 5, 0.2)}
be a PFS. To show that A is a PCFS. Take λ = 1

2
, x = 1, y = 3.

Then,

σA [(1− λ)x+ λy] = σA(
1

2
× 1 +

1

2
× 3)

= σA(2)

= 0.2

Also,

σA(x) ∧ σA(y) = σA(1) ∧ σA(3)

= 0.1 ∧ 0.2

= 0.1
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Since 0.2 > 0.1, it implies that σA [(1− λ)x+ λy] > σA(x)∧ σA(y).

τA [(1− λ)x+ λy] = τA(
1

2
× 1 +

1

2
× 3)

= τA(2)

= 0.5

Also,

τA(x) ∧ τA(y) = τA(1) ∧ τA(3)

= 0.2 ∧ 0.4

= 0.2

Since 0.5 > 0.2, it implies that τA [(1− λ)x+ λy] > τA(x) ∧ τA(y).

ηA [(1− λ)x+ λy] = ηA(
1

2
× 1 +

1

2
× 3)

= ηA(2)

= 0.3

Also,

ηA(x) ∧ ηA(y) = ηA(1) ∧ ηA(3)

= 0.7 ∧ 0.4

= 0.7

Since 0.3 < 0.7, it implies that ηA [(1− λ)x+ λy] < ηA(x) ∧ ηA(y).
Hence, A is a PCFS.

3.1 PICTURE AFFINE FUZZY SETS

Affine set and its related notions have already been defined and
studied in each of classical sets, fuzzy sets and intuitionistic fuzzy
sets. In a similar way, we define picture affine fuzzy sets and inves-
tigate some of its characteristics.
Definition 16: Let A be PFSs on E and λ ∈ R. Then, the

picture affine combination of A, denoted by PAC(A) is defined as

PAC(A) = {((x, y), (σ;λ)(x, y), (τ ;λ)(x, y), (γ;λ)(x, y))|x, y ∈ E}
where

(σ;λ)(x, y) = (1− λ)σA(x) + λσA(y)

(τ ;λ)(x, y) = (1− λ)(x) + λτA(y)

and
(γ;λ)(x, y) = (1− λ)γA(x) + λγA(y)
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∀ x, y ∈ E.
Definition 17: Let A be a PFS on E. Then, A is called a picture
affine fuzzy set, (PAFS) if for all x, y ∈ E and λ ∈ R,

σA[(1− λ)x+ λy] ≥ σA(x) ∧ σA(y)

τA[(1− λ)x+ λy] ≥ τA(x) ∧ τA(y)

and
γA[(1− λ)x+ λy] ≤ γA(x) ∨ γA(y)

Remark 2: In Definition 12, the membership degrees of the
line segment for the values taken from the unit interval, [0, 1] are
embedded in the membership degrees for the values taken from the
whole real numbers, R. Also, Definition 12 takes its value only
from the unit interval [0, 1] while Definition 17 takes any value in
R. It means that for convexity, there is a restriction on the values
it can take but affinity has no restriction on the scalar, because the
unit interval is a segment of R. Hence, Definition 12 is embedded
in Definition 17 but the converse is not true.
Definition 17 can be redefined for finitely many points of PFS A
as follows;
Definition 18: Let A be a PFS on E, x1, · · · , xn ∈ A. Then, the

PAC(A) is a point x with x =
n∑

i=1

λixi where

x = (σx, τx, γx), λi = (λiσ, λiτ , λiγ), xi = (σA(xi), τA(xi), γA(xi)),

σx =
n∑

i=1

λiσσA(xi), τx =
n∑

i=1

λiττA(xi), γx =
n∑

i=1

λiγγA(xi)

n∑
i=1

(λiσ + λiτ + λiγ) = 1 and λiσ + λiτ + λiγ ∈ R for each i.

Definition 17 can also be defined in terms of Definition 18.
Definition 19: Let A be a PFS on E and x1, · · · , xn be points in
A. Then, A is called a PAFS if for all xi ∈ A, i = 1, · · · , n and
λ ∈ R

σA{
n∑

i=1

λixi} ≥ σA(x1) ∧ · · · ∧ σA(xn),

τA{
n∑

i=1

λiai} ≥ τA(x1) ∧ · · · ∧ τA(xn),

and

γA{
n∑

i=1

λiai} ≤ γA(x1) ∨ · · · ∨ γA(xn)
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and
d∑

i=1

λi = 1. Where λi and xi are as defined above.

Definition 20: Let A = {(x, σA(x), τA(x), γA(x))|x ∈ E} be PFS.
Then, the picture affine hull of A, denoted by Pah(A) is defined as

Pah(A) := {x =
n∑

i=1

λixi : xi ∈ A;n ≥ 1, λi ∈ R,
n∑

i=1

λi = 1}

where x, λi and xi are as defined in Definition ?? and the positive,
neutral and negative membership degrees are defined as follow:

σPch(A)(x)(x) = ∧{σB(x)|σB ≥ σA(x)},
τPch(A)(x)(x) = ∧{τB(x)|τB ≥ τA(x)}
γPch(A)(x)(x) = ∨{γB(x)|γB ≤ γA(x)},

respectively, whereB is a PFS of the formB = {(x, σB(x), τB(x), γB(x))|x ∈
E}.
Definition 21: Let A = {(x, σA(x), τA(x), γA(x))|x ∈ E} be PFS
and r, s, t ∈ R, r + s + t ≤ 1. Then, the (r, s, t)-level set of A,
(P,A)(r,s,t) is defined as

(P,A)(r,s,t) = {x ∈ E|σA(x) ≥ r, τA(x) ≥ s, γA(x) ≤ t}
Lemma 1: A FS A is an affine fuzzy set if and only if Γt is an
affine set.
Proof: Suppose that A is an affine fuzzy set. Let x, y ∈ Γt, then
σA(x) ≥ t and σA(y) ≥ t, thus σA(x) ∧ σA(y) ≥ t. Since A is n
affine fuzzy set, then

σA [(1− λ)x+ λy] ≥ σA(x) ∧ σA(y) ≥ t ∩ t = t

for each λ ∈ R. Thus, (1−λ)x+λy ∈ Γt. Hence, Γt is an affine set.
Conversely, suppose that Γt is an affine set, for all λ ∈ R. Let t =
σA(x)∧σA(y). From first part, we obtained σA(x) ≥ t and σA(y) ≥ t
x, y ∈ Γt. Thus, by affinity of Γt, we have (1−λ)x+λy ∈ Γt. Hence,
σA [(1− λ)x+ λy] ≥ t = σA(x) ∧ σA(y). Therefore, A is an affine
fuzzy set.
Proposition 5: A PFS A = {(x, σA(x), τA(x), γA(x))|x ∈ E} is
PAFS if and only if (P,A)(r,s,t) is a PAFS.
Proof: The proof is similar to the proof of Proposition 1.
Proposition 6: Let A = {(x, σA(x), τA(x), γA(x))|x ∈ E} and
B = {(x, σB(x), τB(x), γB(x))|x ∈ E} be PAFSs. Then, D = A∩B
is a PAFS.
The proof is similar to the proof of Proposition 2.
Corollary 2: Given any arbitrary family {Ai, i = 1, 2, · · · , } of
PAFSs in E, then their intersection is also a PAFS.
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The proof is similar to the proof of Corollary 1.
Proposition 7: A PFS A is a PAFS if and only if for all finite

family ri ∈ E and λi ∈ R, i = 1, 2, · · ·n such that
n∑

i=1

λi = 1, we

have

σA

(
n∑

i=1

λiri

)
≥

n∧
i=1

σA(ri), τA

(
n∑

i=1

λiri

)
≥

n∧
i=1

τA(ri), γA

(
n∑

i=1

λiri

)
≤

n∨
i=1

γA(ri),

(1).
The proof is similar to the proof of Proposition 3.
Proposition 8: For a PAFS A on E, A(A) consists of all the affine
combinations of the points of A.
The proof is similar to the proof of Proposition 4.
Example 2: Let X = {1, 2, 3, 4, 5} and

A = {(1, 0.1, 0.2, 0.7), (2, 0.2, 0.5, 0.3), (3, 0.2, 0.4, 0.4), (4, 0.3, 0, 5, 0.2)}

be a PFS. To show that A is a PCFS. Take λ = 3
2
, x = 1, y = 3.

Then,

σA [(1− λ)x+ λy] = σA(−
1

2
× 1 +

3

2
× 3)

= σA(4)

= 0.3

Also,

σA(x) ∧ σA(y) = σA(1) ∧ σA(3)

= 0.1 ∧ 0.2

= 0.1

Since 0.3 > 0.1, it implies that σA [(1− λ)x+ λy] > σA(x)∧ σA(y).

τA [(1− λ)x+ λy] = τA(−
1

2
× 1 +

3

2
× 3)

= τA(4)

= 0.5

Also,

τA(x) ∧ τA(y) = τA(1) ∧ τA(3)

= 0.2 ∧ 0.4

= 0.2

Since 0.5 > 0.2, it implies that τA [(1− λ)x+ λy] > τA(x) ∧ τA(y).
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ηA [(1− λ)x+ λy] = ηA(−
1

2
× 1 +

3

2
× 3)

= ηA(4)

= 0.2

Also,

ηA(x) ∧ ηA(y) = ηA(1) ∧ ηA(3)

= 0.7 ∧ 0.4

= 0.7

Since 0.2 < 0.7, it implies that ηA [(1− λ)x+ λy] < ηA(x) ∧ ηA(y).
Hence, A is a PAFS.

4. CONCLUDING REMARKS

Picture fuzzy sets is a new area of research developed as a gener-
alisation of both fuzzy sets and intuitionistic fuzzy sets. In this
paper, the concept of convexity of picture fuzzy sets has been in-
troduced and some of its properties are obtained. Also, picture
affine fuzzy sets has been initiated and some of its characteristics
are established. An example is given for each of PCFS and PAFS.
For future research, picture convex fuzzy set can be extended to
(s, t]-picture convex fuzzy sets and some of its properties via cut
set of picture fuzzy sets and relations between fuzzy point and pic-
ture fuzzy set will be investigated. Also, the characterisations of
(s, t]-picture convex fuzzy sets to optimisation will be explored.
The theory can be applied to solve related problems in operations
research, optimisation problem, decision making problems, etc.
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