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APPROXIMATION OF FIXED POINTS OF A FINITE FAMILY OF MULTIVALUED
LIPSCHITZ PSEUDO-CONTRACTIVE MAPPINGS IN BANACH SPACES

M.S. MINJIBIR AND T.S. MUHAMMAD

ABSTRACT. In this work, approximation of fixed point of finite family of multi-valued Lipschitz pseudo-
contractive mappings is studied in the setting of uniformly convex Banach spaces. Utilizing a result in
[Ofoedu, E. U, Zegeye, H., Iterative algorithm for multi-valued pseudo-contractive mappings in Banach
spaces, J. Math. Anal. Appl., 372 (2010), 68-76.], a sequence {y, } is generated by the implicit scheme:
V1 €D, yp = (1—t3)yn—1+tazn, 20 € Tyyn, n=2,3,4,--+ T, =Ty, oa n» Where {t,} C (0, 1) such thatz,, —
lasn —oeand 7;,i=1,2,3,--- ,N,N € N, are multi-valued Lipschitz pseudo-contractive maps defined on
D such that Tix is a proximinal subset of D, D an open, convex and nonempty subset of a real uniformly
convex Banach space. The strong convergence of {y, } to a common fixed point of 7;’s, given existence of
such common fixed point, is shown using the defining properties of uniformly convex spaces. Furthermore,
using {y,} and certain characterization of pseudo-contractive maps, the explicit algorithm x; € D,
X1 = (1= Ap)xn + Aywy — A0 (X —x1), wy € Txy n=1,2,3,--,

where w,, is chosen appropriately and the parameters A, and 6, satisfy certain conditions, is shown to
converge strongly to a fixed point of a multi-valued Lipschitz pseudo-contractive map.

1. INTRODUCTION

The fixed point theory of multivalued mappings has attracted and continues to attract the attention of
many researchers. Part of the reasons, perhaps, is the connection of the theory with many real-world
applications. Apart from the theory of differential inclusions, used in studying differential equations
with discontinuous right-hand sides, which was the initial mainstay of applications, other applications
are found in Game Theory, Optimization Theory, etc. For instance, under some conditions, it has been
shown that in noncooperative static games, the equilibrium points of such games coincide with fixed
points of certain multivalued mappings (see, for example, [6] and [S] for more on these connections).
Additionally, in solving the inclusion problem of the form O € Au, which has many applications in solv-
ing partial differential equations, a technique used is to convert the problem into a fixed point problem
of an appropriate multivalued map.

Let E denote a normed linear space and E* its dual (this will be assumed throughout the paper, unless
otherwise stated). The generalized duality mapping J, : E — 2F" is defined as

Jo(x) = {f €E*: (x.f) = |x[| and ||f]| = [lx| "'}, q > 1,

where (-,-) denotes the duality pairing between elements of E and E*. When g = 2, J, is called the
normalized duality mapping and is denoted by J, that is,

J) = {f €E*: (x,f) = |xI|* and | f|| = ||xI|}-
E is said to be uniformly convex if for any € € (0,2], there exists 6 > 0 such that if x,y € E with

Il = Iyl = 1 and [lx—y] > &, then XF 1 _ 5,
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For a multi-valued mapping T : Z(T) C E — 2F, an element x € 2(T) is called a fixed point of T if
x € T(x), where 2(T) :={x € E: Tx # 0}. A multi-valued mapping T : Z(T) C E — 2F is called
pseudo-contractive if the inequality

x =yl < llx=y+e((x—u) = (y—v))
holds for all x,y € 2(T), u € Tx, v € Ty and for all 7 > 0. Equivalently (following Kato [10]), a
multivalued mapping 7 is pseudo-contractive if and only if for all x,y € 2(T), there exists j(x —y) €
J(x—y) such that
(w—v,j(x=y)) < |x—y|I*YueTx, veTy.
A multi-valued mapping A : Z(A) C E — 2F is called accretive if
lx—y|| <[[x—y+1(u—v)|| ¥x,y € Z(A), u € Ax, v € Ay and for each r > 0.

Following Kato [10], a mapping A : 2(A) C E — 2F is accretive if and only if there exists j(x —y) €
J(x—y) such that

(=v,jx=y)) =0
for each x,y € Z(A),u € Ax ,v € Ay. The Hausdorff distance h on 2F is defined as

h(U,V) = max {sup dist(u,V),supdist(v, U)} ,
uclU veV
where U,V C E and dist(x,K) :=inf{d(x,u) : u € K} forx € E, K C E. When restricted to € %(E), the
family of nonempty closed and bounded subsets of E, & becomes a metric on ¥ Z(E). A multivalued
mapping T : 2(T) C E — ¥ B(E) is called Lipschitz if there exists L > 0 such that

h(Tx,Ty) < L|lx—y||Vx,y € 2(T).
The map T is called nonexpansive when L = 1. The pseudo-contractive mappings, introduced first by
Browder [2], aside generalizing the nonexpansive mappings, are also closely related to the accretive
mappings, in fact, T is pseudo-contractive if and only if / — T is accretive, I being the identity map of
E. Owing to the intimate connection between accretive mappings and the theory of ordinary and partial
differential equations, the study of pseudo-contractive mappings has continued to attract a great deal

. . . . . du . . .
of attention. For instance, in the evolution equation m + Au = 0,u(0) = up which describes certain
phenomena, the operator A is accretive (see, e.g., [7], Ch. 8). Also, in the study of the more general

d
evolution equation d—’: +A()u(t) = f(t,u(t)),t > 0,u(0) = ug, a chief assumption on A is accretivity
(see, e.g., Browder [[1]). In fact, even for the initial-value problem for the 2nd-order doubly nonlinear

. d*u du du . .
equation: ) +A I + Bu = f(t),u(0) = up, E(O) = vy, accretivity of A, among others, is re-

quired to prove existence of a solution (see [16]).

A lot of work can be found in the literature concerning approximation, especially for singlevalued map-
pings. With regard to approximation of fixed points of multivalued mappings, the question of whether
the result of Browder [3] for (single-valued) nonexpansive mappings in Hilbert spaces can be obtained
for multivalued nonexpansive mappings was answered in the negative (see Pietramala [14]). In [13],
Ofoedu and Zegeye were able to extend the work of Morales and Jung [12] (we recall that the work
of Morales and Jung [12] was an extension of the result of Reich [[15] from the setting of uniformly
smooth Banach spaces and for nonexpansive mappings to that of reflexive Banach spaces having uni-
formly Géateuax differentiable norms and for continuous pseudo-contractive mappings) to multi-valued
settings. Ofoedu and Zegeye, precisely, proved the following theorem, which will be used in the sequel.

Theorem 1.1 ([13]). Let D be a nonempty open convex subset of a real Banach space X and T : D —
CB(X) be a continuous (relative to Hausdorff metric) pseudo-contractive mapping satisfying weakly
inward condition and let u € D be fixed. Then for each ¢ € (0,1) there exists y, € D satisfying y, €
tTy; + (1 —t)u. If, in addition, X is reflexive and has a uniformly Gareaux differentiable norm such that
every closed convex bounded subset of D has fixed point property for nonexpansive self-mappings, then
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T has a fixed point if and only if {y,} remains bounded as r — 1. In this case, {y,} converges strongly
to a fixed point of 7.

In the same paper [13]], Ofoedu and Zegeye obtained the following result.

Theorem 1.2 ([13]]). Let X be a reflexive real Banach space having a uniformly Gateaux differentiable
norm, D be a nonempty, open and convex subset of X, such that every closed, convex, bounded and
nonempty subset of D has the fixed point property for nonexpansive self-mappings. Let T : D — K(D)
be a pseudo-contractive Lipschitz mapping with Lipschitz constant L > 0, where K(D) denotes the
family of all nonempty compact subsets of D, and let u € D be fixed. Let {x,} be a sequence generated

iteratively from arbitrary xy € D, wy € Txg by

(1.1) Xnt1 := (1= Ap)xn + Agwn — A0, (xn — X0), Wi € Ty
Suppose that ||w, —w,_1|| = dist(w,—1,Tx,), n > 1. If F(T) # 0, then {x,} converges strongly to a
fixed point of T'.

Chidume et al. [5] improved the result of Ofoedu and Zegeye [[13] above in the class of g-uniformly
smooth Banach spaces, by weakening the Lipschitz assumption to continuity and boundedness on the
mapping and making the choice of w, easier. One notes that the choice of w, in the scheme of Ofoedu
and Zeyege [13] is not arbitrary. For the sigle-valued case, the perturbation of Mann algorithm given
by the explicit algorithm (I.T), which we use in Theorem [3.6]above, has the advantage of giving strong
convergence to fixed point for the class of Lipschitz pseudo-contractive mappings without having to
require A, and 6, to be acceptably paired (see, e.g., [7] Chapter 11). Chidume et al. [3] proved the
following theorem.

Theorem 1.3 ([5]). Let X be a g-uniformly smooth real Banach space and D be a nonempty, open and
convex subset of X. Assume that T : D — CB(D) is a multi-valued continuous (with respect to the
Hausdorff metric), bounded and pseudo-contractive mapping with F(T) # 0. Let {x,} be a sequence
generated iteratively from arbitrary x; € D by

X1 := (1= Ap)xy + Aty — 2,0, (x5 — x1), 14y € Txyy, n > 1.

Then, there exists a real constant Yo>0 such that if ),,?_1 < %6y, Vn > 1, the sequence {x,} converges
strongly to a fixed point of 7, where the sequences {A,}, {6,} satisfy certain conditions.

Following the work of Chidume and Shahzad [9] and that of Zhou and Chang [19], Song [17] con-
structed the following implicit scheme in the setting of uniformly convex Banach spaces.

Theorem 1.4 (see [17]). Suppose K is a nonempty closed convex subset of a uniformly convex Banach
space X and T; : K — K, i = 1,2,3,...,N, are Lipschitz pseudo-contractive mappings with Lipschitz
constant L > 0 such that F = (\_,; F(T;) # 0. Let {o,} be a real sequence satisfying the conditions
o, € (0,6] C (0,1) for some b € (0,1). Let {x,} be defined by
Xp = OpXp—1 + (1 - an)Tnx)17 n>1, T, =T, moa N-

Then, lim, e ||xy — Tixy|| =0, Vi€ I={1,2,3,...,N}. In addition, the sequence {x,} converges
strongly to a common fixed point of the mappings {7;} if and only if {x,} has a strongly convergent
subsequence.

It is our purpose in this paper to obtain a multivalued version of Theorem [[.4]and use it to prove the
convergence of an explicit scheme to a fixed point of a multivalued Lipschitz pseudo-contracive mapping
in uniformly convex Banach spaces.

2. PRELIMINARIES
A subset A of E is called proximinal if for each x € E there exists # € A such that
[|x — ul|| = dist(x,A).

Examples of proximinal sets are nonempty, closed and convex subsets of a Hilbert space. We denote by
Z(A) the family of all proximinal and bounded subsets of A.
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Lemma 2.1 ([13]). Let D be a nonempty open convex subset of a real Banach space E and T :
D — ¥ %(E) be a continuous (relative to the Hausdorff metric) pseudo-contractive mapping satisfying
weakly inward condition and let u € D be fixed. Then for each ¢ € (0,1) there exists y, € D satisfying
V€ [Tyt + (1 _l)bt.
Lemma 2.2. (See, e.g., [12]) Let J be the normalized duality mapping on E. Then, for any x,y € E, the
following inequality holds:
[l 217 < P 20 (e +3)), ¥ i +y) € J(x+y).
We shall also need the following lemma.
Lemma 2.3. ([11]) Let {a, }, {A,} and {7%,} be sequences of nonnegative numbers satisfying the con-
ditions: lim, .., o, = 0, lim,, . g—’; =0and Y, | o, = co. Suppose the recursive inequality
2’34»1 < )an - aﬂW(A’IH»l) + Y, n= 1,2,3,...
is satisfied, where y : [0,00) — [0,0) is a strictly increasing function such that it is positive on (0, o)
and y(0) =0. Then A, — 0 as n — oo.

Lemma 2.4. Sece, e.g., [18] Let {a,} be a sequence of real numbers satisfying the condition that for
some positive integer N, agyj — pjask — oo, j=0,1,2,--- ,N—1. Then {a,} converges if and only
ifayy1 —a, = 0asn— oo

3. MAIN RESULTS

We first use Lemma 2.1 (due to Ofoedu and Zegeye) to obtain the following lemma which is a multi-
valued analogue of Lemma 2.1(i) of [4] which will be used in the main results.

Lemma 3.1. Let E be a Banach space and D C E be nonempty open and convex. Let 7;: D —
¢%(D), i=1,2,3,...,N, be continuous pseudo-contractive mappings such that F = (", F(T;) # 0.
Let {t,}>_; € (0,1) and {y, };r_, be a sequence defined by
Yo € 5;
=1 =ta)yn-1+1tnzn, 20 € Tyyn, n > 1, Ty =Ty yod N-
Then, lim, ||y, — p|| exists for each p € F.
Proof. Using Lemma above, given y,_, taking t =t,, u = y,_, and T = T,, we obtain y, =
(1 —t3)yn—1 + tyz, for some z, € T,y,. Let p € F. Then, using the definition of y, above, Lemma
[2.1) and definition of the duality mapping, we obtain the following inequality
[lyn _P”Z = (tnzn+ (1 =t0)yn-1—p,j(¥n — P))
= (I =t2)Yn-1—P,JOn = P)) +1al2n — P, j(Yn — P))
< (L=t [yn—1 = Pllllyn = Pl +tallya = pl*-
It follows that, for all p € F,
[yn =PIl < lya—1—pll Vn > 1.
Thus,
lijn lys — p|| exists for each p € F.
Nn—soo

O

Theorem 3.2. Let E be a uniformly convex Banach space and D C E be nonempty, open and convex.
LetT; : D — #(D),i=1,2,3,...,N, be multi-valued Lipschitz pseudo-contractive mappings such that
F=NY,F(T;) #0. Let {y,} be a sequence defined by

3.1) n €D
Yn = (1 _tn)ynfl +tnzny 2 € Toyns 02> 2, Ty =Ty jod N,

where {7,}>_ | C (0,1) such that t, — 1 as n — c. Suppose that T;(p) = {p}, V p € F. Then,
limy,_ o dist(yn, Tiyn) =0,V 1 € {1,2,3,...,N}.
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Proof. Let p € F. By Lemma[3.1] lim,_, ||y, — p|| exists. This implies that {y,} is bounded and since
tp, — 1, it follows that {z,} is bounded. Also for y € T}y,,
[ya =Y < llyn = pll+ 1P =l
= llyn = pll +dist(y, Tip)
< llyn = pll+ max dist(w, T;p)
weTiyn

< \lyn =Pl +A(Tiyn, Tip)
S (1 +L)Hyn 7PH'

Thus, infyegyy, Vo — || < (1+L)||ya—p| forall I € {1,2,3,...,N}, where L :==max{L;:i=1,2,3,...,N}
and L; is a Lipschitz constant of 7}, i = 1,2,3,...,N. Hence, forall [ € {1,2,3,...,N},
diSt(yn»Tl)’n) < (1 +L)||yn _pH VneN.

Therefore, if ||y, — p|| — 0 as n — oo, the conclusion holds. We now assume that ||y, — p|| - 0 as n — co.
Then, ||y, — p|| = 0 > 0 as n — o . We first show that lim,_,e ||y, — ys—1|| = 0. For contradiction,
suppose ||y, — yn—1|| - 0 as n — eo. Then, for any ng € N fixed, we have

n = Vn-1

‘ [y = P
Hence, there exist & € (0,2], a subsequence {y,,k} of {y,} such that
Y = Yn—1 H Yy — Ynk 1—
I

’|y"0 rll Yng — PH [y — Pl H

By uniform convexity of E, there exists Jg, > 0 such that

(3.2) | = P) + =1 = P)|| < 2(1 = 8¢,)[[yny — p|| Vk large enough.

We note that as {||y, — p||} is monotone decreasing, ||y, — p|| < |[ys, — p|| for all k large enough. It

then follows that ‘ % H < 1 for all k large enough. Now, using inequality (3.2) we have

I ng I

-+ 0asn— .

> g for all k.

(On =P+ Ot = ). i =) < 10 =)+ Ot = Pl —
< 2(1— 8¢ lyno — lllym, —

which implies that

Vit = P J O, = P)) < 2(1 =8¢ [yng = PlllIy,, = Pl = llyn, = P11
Using the last inequality and pseudo-contractiveness of the mappings we get
yne =PI = g = P2 i Gome = P))
= (1= tw)Yn—1 +tn, 20y = D5 J (¥, — P))
= (1 =tn) Om—1 = P, JOnmg = P)) + tn (2 = P O = P))
< 2(1 1) (1= 8y )lymg — Py = Pl = (1=t 1y, = pII>
+ln[lyn, =PI
from which we obtain the following inequality
21 = tu )|y, = PIP < 201 =1, ) (1 = 8¢, )1y — Pl 1y =PIl =t [y — I
<21 =t ) (1= 8y lyng = Pl Iy, — PlI-

Therefore, ||y, — p|| < (1 — 8,)lyn, — p|| for k large enough. Taking limit as k — oo, we get 0 <
(1 —=6¢,)|lyny — P||- Since ng was arbitrary, we have

0 < (1= inf [y, — pll = (1= &) lim [}y, — pll = (1~ &) <o
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a contradiction. Therefore, lim, e ||y, — yn—1]] = 0. Hence,
||yn+i _yn” < Hyrhti —Ynti—1 +Ynti-1— oo = Ynt1 +Ynt1 _yn”
< Ynti = Yntitll + Ynviot = Ynti2ll + o+ [[Yas1 =yl = 0
asn —ooforalli € {1,2,3,...,N}. Thus,
lim |[ynss — yal| =0, Vi € {1,2,3,....N}.
n—yoo
Using the recursive formula (3:1), limy, e ||y, — yn—1]| = 0 and the fact that 7, — 1, we obtain
lim [|y, —z,|| = 0.
n—soo
Therefore, for zil € T1iyn such that dist(z,1i, Tytivn) = ||Z§, — Zn+il) (Zﬁ, exists since Tjx € P (D) for all
/), we obtain

170 = 2l < N1vn = Ynill + 1ynsi = 2nsill + znti — 24
= ”}’n _Yn+iH + ||yn+i - Zn+i|| +diSt(Zn+i7 Tn+i)’n)
< lyn = Ynrill + lnri = zuwill +  sup  dist(v, Tpivn)

V€T 4 iVn+ti

<|yn = Ynrill + 1ynti = znsill +H(Togivns Tnsivnti)
< (T+L)llyn = yutill + l[ynti — znrill = 0 asn — oo,
Thus,
(3.3) l}ggo||yn—z;|| =0,Vie{1,2,3,...N}.

For any [ € {1,2,3,...,N} fixed, setting n; = kN, k =1,2,3,---, it follows that

1
an S 7;1k+lynk = TkNH)’nk = Tl.)’nk~

Using (323),

dist(yn,, Tiyn,) +0ask — o V1e{1,2,3,..,N}.
For j € NU{0} fixed, let u € Tjy,,+; such that ||u—z£,k|\ = dist(zflk, TiYn,+j)- Then,

[ l
‘Hynm —ull = lyme = zu ] < Mymers = Yl + e =z, |

= ||y”k+j _yﬂkH +diSt(Zf’lk’T}ynk+j)
< ||ynk+j _yﬂkH +h(lenk, Eynk+j)
< (L4L)||yntj — Y|l = 0 as k — oo,

Therefore,
Jim (=l = o =21 =0

Since limy_seo |[yn, — zﬂlk | =0, we must have limy e ||y, +j — || = 0. Thus,
34 ,}g{lodiSt(y"Hj’ Tiyn+j) =0,j € NU{0}.
We note that for any w € Tjy,+1,v € Tiyy,

Y1 =Wl < [yn1 = yall + [[yn = vIl + v = wl]
so that taking infimum over v we obtain

[Yns1 =Wl < lynsr = Yall + dist(va, Tryn) + dist(w, Tryy)
from which we conclude that
[ynse1 =wll < [[ynr = yall 4 dist(vn, Tryn) + h(Tiynt1, Tiyn)-

Taking infimum over w gives

dist(Yns15 Tiyns1) = dist(yn, Tiyn) < (L4 L)[[yns1 = yall
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Similar arguments yield

diSt(ynalen) - diSt(yn+17T1yn+1) < (1 +L)||yn+1 _yn”-

Therefore,

(3.5) |dist(Vns1, Tryns1) = dist(yn, Tryn)| < (14 L) [yns1 —yall = 0asn — oo

By virtue of (3.4) and (3.3), Lemma[2.4| gives lim dist(y,, T;y,) =0, VI € {1,2,3,...,N}. O
n—soo

A mapping T : D — € 9B (D) is called hemicompact if for any sequence {x, } in D such that d (x,, Tx,) —
0 as n — oo, there exists a subsequence {x,, } of {x,} such that x,, — p € D.

Remark 3.3. If D is compact, every multi-valued mapping T : D — ¢ %(D) is hemicompact.

Corollary 3.4. Let E, D, T;, {y,} and {z,} be as in Theorem If T, is hemicompact for some
ip € {1,2,3,...,N}, then {y,} converges strongly to a common fixed point of the mappings {Z;}} .

Proof. From Theorem 3.2} dist(y,,Ti,yn) — 0 as n — co. Hemicompactness of T;, guarantees existence
of a subsequence {yy, } of {y,} such that y, — g € D as k — co. Continuity of 7;, i = 1,2,3,...,N (with
respect to h) implies that T;y, — Tgas k — o Vi € {1,2,3,...,N}. Now,

diSt(qa qu) S Hq_yﬂkH +diSt(ynka Tiynk) +h(Tiynka qu) - 0 as k — V i

Consequently, dist(g,T;q) = 0 for each i € {1,2,3,...,N} and this gives g € T;q (proximinal sets are
closed) for each i € {1,2,3,...,N}. Thus, ¢ € F. By Lemma limy,—e0 ||yn — ¢|| exists. Since
im0 ||y, — g|| = O, it follows that lim,, e, ||y, —¢|| = 0. O

Corollary 3.5. Let E, D, T;, {y,} and {t,} be as in Theorem [3.2] If D is relatively compact, then {y, }
converges strongly to a common fixed point of the mappings {T,}fv= 1

Proof. Since D is compact, each 7T; is hemicompact and Corollary applies. O

3.1. Explicit Algorithm. In this section, we shall use the implicit scheme of Theorem[3.2]to prove
strong convergence theorem for an explicit scheme for a multivalued Lipschitz pseudo-contractive map-
ping. Our theorem below, Theorem gives an extension of the main result (Theorem 3.1) of 8] for a
singlevalued map, due to Chidume and Zegeye, from the setting of real Banach spaces having uniformly
Gateaux differentiable norms to that of uniformly convex real Banach spaces and for a multivalued map.

Theorem 3.6. Let D be a nonempty, open and convex subset of a uniformly convex Banach space E and
T : D — 22(D) be a multi-valued Lipschitz pseudo-contractive mapping with Lipschitz constant L > 0
such that F = F(T) # 0 and T(p) = {p} Vp € F. Let {A,} and {6,} be real sequences in (0, 1] such
that

A
() iy see 6 = 0, i) A(146,) < 1, L2460, = oo, lim 2 =0 and

n—eo @,
USRS
(@ii) lim 92’179 =0. Letx* € F and {x, } be a sequence generated from arbitrary x; € D by
n—yeo nYn
(3.6) Xntr1 = (1= An)xn + Aawy — 4,0, (x — x1), wy €ETx, VR 2> 1,

where ||wy, —wy_1|| = dist(wy—1, Tx,),n > 2.Then, lim,_,e dist(x,, Tx,) = 0.

Proof. Since g—: — 0 as n — oo, we can find an Ny € N such that A, < d6, Vn > Ny, where d :=

m. Let x* € F(T) and let r > 0 be sufficiently large such that xy, € B-(x") and x| € B; (x").

Step 1. Here, we prove that the sequence {x,} is bounded. To show this, it suffices to show that x, €
B:=B,(x*), Yn > Ny. We now proceed by induction. The choice of r guarantees that xy, € B := B,(x*).
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We now assume that x,, € B for some n > Ny. Suppose, for the sake of contradiction, that x,,| ¢ B. Using
the recursive formula (3.6) and Lemma[2.2] we obtain

[2+1 _x*Hz = [|(xn = x") = A ((xn — W) + 0n(xn — x1))

(3.7)

2
I

<||xn _X*HZ =220 { (X0 — W) + 0 (xn — x1), j(Xnt1 —X7))
= [0 = x*|* = 226, [ 11 — [ |?
+2Afn<9n(xn+l *xn) - (xn *Wn) + en(xl 7)6*)

+ (1 = Wat1) = (gt = Wat1), J (ngr —x7)).

Since T is pseudo-contractive, we have (x,+1 — Wy+1, j(Xy+1 —Xx*)) >0V n > 1. Thus, from (3.7), we

get the following estimates

[T

(3.8)

(3.9)

< b = x| P = 22000 [ 1 — x|
240 (0 (X041 —Xp) 4 O (x1 —X7) + (X1 — %)
+(Wn = wnt1), j (Kns1 —X7))

< [l =X = 2000 s 1 — x| P 4 22 [2] |1 — X
Fdist(Wn, Txp1) + O] Jr1 — x"[[] [[xn41 — X7

< [l =X = 2000 s 1 — X" [P 4+ 22 [2] |1 — X
Fh(T X, Txpt1) + O 1 — X[ [] |31 — x|

< o = X2 = 2206, || X0 1 — X¥]|* 424, [6, ]| x1 — x¥|
+ 2+ L) (o1 = Xal | T Pearr — x|

< [l = x| = 24000 i1 — x7||* 422, [0, 1 — x|
+(2+L) A | (xn —x* +x" —wy) + Oy (xn —x" +x" —x1)|[]
XXt — x|

< [l = x| = 2200 1 — x| [P+ 22 [0, 1 — x|
+ Q2+ L) A (24 L) = x|+ 6nllxr — X[ ] |1 — x|

< o =17 = 22000 a1 — 2"

22, [/'Ln(2+L)<§+L)r+92"r] R

since x,, € B, x| € B (x*) and 6, < 1. We now have from (3:9) that

22 Pn 1 =271 < [otn =2 = |1 =72

+24, [l,,(2—|—L) (§+L>r—|— Gznr} [1nr1 —x¥|]

Thus, since ||x,+1 —x*|| > r > [|x, —x*||, we get

5 0
O Xn 11 —x7[| < |:An(2+L) (2+L>r+ 2”r:| )

So, it follows from the last inequality that

A

N 5 r
=l < g0 (3 +2)r4 5]

since

<larogn ) Gre)res) =

B

.
0, ~ 22+L)(3+L) 0

This is a contradiction since x4 ¢ B. Thus, x,, € B for all positive integers n > Ny. The sequence {x,}

is therefore bounded.
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Step 2. We prove that ||x, — y,|| — 0 as n — oo, where {y, } is the sequence obtained from Lemma 3.1
with 1, = 1 — 6, and yy = x;. Using the recursive formula @ and Lemma@, we have
|21 —ynHz = (= Yn) = An((xn — wn) + 0n(xn —xl))”z
| = Yl | = 22 {(%n — W) + 6 (X —x1), j (X1 — Yn))
[0 = Yl 1” = 220080 (K1 = Y (1 = ¥2))
F240(0n (X1 — Yn) — (Xn — W) = O (X0 —x1), J(Xn1 = Yn))
||sz _Yn”z - 2Afn6n”xn+l _Yn”z +2A'n<6n(xn+l _xn)
+[9n(x1 —¥n) = (n _Zn)] - [(xn-H —Wni1) — (Yn _Znﬂ
+[(xn+1 *Wn+1) - (xn *Wn)]aj(xrwl *yn»a Wyt1 € Txpy.

IN

(3.10)

From the pseudo-contractiveness of T, we have for some j(x,11 —y,) € J(Xpt1 — yu) that, {(x,11 —

Wn+1) - (yn _Zn)aj(xn+1 _yn)> >0Vn>1.
Also, using the definition of y, we obtain

0(x1 =yn) = (¥n —=2n) = 0, 20 € Tyn.
Therefore, from (3.10), we get
||xn+l 7yn‘|2 < ||xn 7yn||2 *2z'nen||xn+l 7yn||2+2z'n<9n(xn+l *xn)

F (o1 = Wa1) = (60 = wa)], J(Xnt1 = Yn))

<= vul* = 22080 X1 — Y [* + 22 dist (Wi, Txs1)
<[ et = il |+ 4, 150 = W+ 8 (=001 = Yl

< ||xn_)’n||2_22'n9n||xn+1_)’n||2+2afnh(Txn,Txn+1)
x||xn+1_yn||+4/1r%”xn_wn+9n(xn_xl)||||xn+l_ynH

< b = all? = 2208 Pn1 =yl
+21n(2+L)||xn+l_anHanrl_yn”

< b = all? = 2208 Pnr1 =yl

3.11) F2A2 (24 L) [0 — Wi + 0 (%0 — x1) || [|X1 — V|-
Since x, and {y,} are bounded, a real number M > 0 exists such that from (3.TT),
(3.12) ng1 = Yl ® < (12 = yal* = 22060 Xn 1 — yul* + 2472+ L)M.

Using pseudo-contractiveness of T again, we have

1
Y1 =yall < lyn-1 =Y+ r (On—1=20-1) = (Yn —2a)) Il
n

0,_ 0,_
= ||yn—1_yn+( glxl_rélyn—l>_(x1_yn>|

6n—l
(Bt 1) ol +

6,_
( g ! 1>M1, for some M; > 0.
n

IN

(3.13)

From (3:12) and (3:13), we get

6,1
||xn+1_yn||2 < ||xn_y,,1||2_23ﬂ9n|xn+1_yn||2+M1<ré _1)
n

+2A2(2+L)M.

The conditions on {A,} and {6,}, the foregoing inequality and Lemma imply x,11 —y, — 0 as
n — oo, Thus, from the Lipschitz continuity of T and the fact that A, — 0, it follows that x, —y, — 0 as
n— oo,
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Step 3. We prove that dist(x,, Tx,) — 0 as n — co. Since dist(y,, T,) — 0 as n — oo from Theorem[3.2]
we have

dist(x, Tx) < [[%n — Y|+ dist(yn, Tyn) + h(Tyn, Txn)
< Jen = yull + dist(yn, Tyn) + L |0 — yal|
= (14+L)||x;, — yn|| +dist(yn, Ty,) — 0 as n — co.
O

Remark 3.77. Examples of A, and 6, satisfying the conditions (i), (if) and (iii) of Theorem are:
Ap 1= (n+11)a ,0, = (n+11)b’ with 0 < b < aand a+b < 1, see, for example, [8].

Corollary 3.8. Let D, E, T, {x,}, {4,} and {6,} be as in Theorem[3.6] Suppose T is hemicompact,
then {x,} converges strongly to a fixed point of 7.

Proof. From Theorem 3.6 we get dist(x,,Tx,) — 0 asn — oo. Since T is hemicompact, there exists
a subsequence {x, } of the sequence {x,} such that x,, — x* € D as k — co. Now, dist(x*,Tx*) <
|[x* — X, || 4 dist(x, , Txn, ) + A(Tx, , Tx*) — 0 as k — co. This implies that dist(x*,7x*) = 0 and this
gives x* € Tx* = Tx* which in turn implies that x* € F. From Step 2 of the proof of Theorem [3.6,
Yn, — X* as k — co. Since {||y, —x*||} has a limit by Lemma it follows that y, — x* as n — co.
Consequently,

[Pen = | < [lon =yl [+ [[yn = ¥"|] = O as n — oo

which shows that {x, } converges strongly to x*. O

Corollary 3.9. Let D, E, T, {x,}, {A,} and {6,} be as in Theorem [3.6] If, in addition, D is relatively
compact, then {x,} converges strongly to a fixed point of 7.

Proof. Compactness of D makes T hemicompact and Corollary applies. O

A mapping T : D — €% (D) is said to satisfy condition (I) if there exists a strictly increasing function
f1]0,00) — [0,00) with £(0) =0and f(x) > 0 for all x € (0,0) such that d(x, T (x)) > f(d(x,F(T)) Vx €
2(T).

Corollary 3.10. Let D, E, T, {x,}, {A,} and {6,} be as in Theorem[3.6| withN=1and Ty =T.If T
satisfies condition (I), then {x,} converges strongly to a fixed point of 7.

Proof. Let {y,} be the sequence obtained from Lemmawith ty :=1— 6, and yp = x;. From Theorem
we have lim,,_. dist(y,, Ty,) = 0. Since T satisfies condition (I), we have lim,_,. f(dist(y,,F)) =
0. Hence, there exists a sequence {p;} C F and a subsequence {yy, } of {y,} such that

1
Im, = Pl < 3¢ Yk

Since the sequence {||y, — p||} is monotone non-increasing, we have

1
||y"k+1 _pkH < Hynk _pkll < ? V k.

Thus,
1Pt = Pell < Pk = Y [+ g — il
11
(3.14) < oeT Tk
1
<51

This shows that {p;} is a Cauchy sequence in D. Hence, py — g € D. From the fact that py — ¢ as
n — oo and T si Lipschitz, we get

(3.15) dist(q,Tq) < |lq — pill +dist(px, T pi) + h(Tipi, Tq) — 0 as k — oo.
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This implies that dist(q,7q) = 0. It follows that ¢ € F. Now,
e = all < [y — Pell + | P — gl

1
<?+||pk—q||—>0ask—>r><:.

This shows that y,, — g as k — eo. From Lemma3.1} lim,, . ||y, — ¢|| exists. Thus, limy .. ||y, — gl =
lim, . ||y, — ¢|| = 0 and this gives y, — ¢ as n — oo. The proof is complete by applying Step 2 of the
proof of Theorem [3.6] O

We give an example below where our algorithm is used to approximate a solution of a constrained
minimization problem:

(e,

where f: H — RU{eo} is a convex function, H a real Hilbert space and K a convex nonempty subset
of H.

Example. Let f : H— R be a convex and Fréchet differentiable function with V f : H — H Lipschitz.
Suppose K is compact, convex and nonempty. Then starting from any x; € K, the sequence

(3.17) Xn+1 = Xn — lnvf(xn) - Anen(xn —X1 ),n =1,2,3,---,
converges strongly to a solution x* of (3.16) given that x* is in the interior of K.

Indeed, we note that convexity of f makes V f accretive. Therefore the map T defined T =1—Vf is
pseudo-contractive. Since V f is Lipschitz, T is also Lipschitz. Moreover, since K is closed and bounded
and f is continuous, then problem (3.16) has a solution x* such that V f(x*) = 0. Therefore Tx* = x*,
i.e., T has a fixed point. Compactness of K makes 7 hemicompact. Thus, by Corollary[3.8] the sequence
{xn} defined by (3.6) converges strongly to a fixed point x* of 7 which gives V f(x*) = 0 making x* a
minimizer of f on K. Now the sequence {x,} given by with T = I — V f reduces to (3.17).

Acknowledgement. The authors wish to thank the anonymous referees for their suggestions which
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