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VALUE OF A DIFFERENTIAL GAME PROBLEM WITH
MULTIPLE PLAYERS IN A CERTAIN HILBERT SPACE

A.J. BADAKAYA

ABSTRACT. We study differential game problem involving
countable number of pursuers and one evader in the space ls.
Players’ motion obey ordinary differential equations with inte-
gral constraints subjected to the control functions of the players.
Termination time of the game is fixed. The payoff functional is
the greatest lower bound of distances between pursuers and the
evader when the game is terminated. Optimal strategies of the
players are constructed and value of the game is found.
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1. INTRODUCTION

There are numerous publications devoted to the study of pursuit-
evasion differential game problem with multiple pursuers, for ex-
ample [1], [2], [4], [5], [6], [7], [8], [9], [10], [11], [13], [14]. In some
of these cited papers, motions of the players obey the differential
equations:

i = a(tyu(t),2(0) = z0, §=b(EW(t)y(0) =y, (1)

where u(t),v(t) are control functions of the players which are ei-
ther subjected to geometric or integral constraints. The questions
answered include but not limited to finding value of the game; con-
ditions for completion of pursuit and construction of optimal strate-
gies of the players.

The problems considered in [8], [10], [11] and [14] motions of the
players obey the differential equations (1), the case where a(t) =
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b(t) = 1. Algorithm for determining the payoff function for all pos-
sible players’ positions is constructed in [11]. Ivanov and Ledyaev
[10] obtained sufficient conditions for finding optimal pursuit time
in the space R?, where control functions subject to geometric con-
straints. Optimal strategies of the players and value of the game is
found in [8]. In [14], condition for capture of at least one evader is
obtained, where the control functions for both pursuers and evaders
are subjected to geometric constraints with state variable also con-
strained.

Optimal strategies of the players and sufficient conditions for op-
timality of pursuit time in the differential game problem with mul-
tiple pursuers described by (1) in the space R? are announced in [4].
In this study control function is subjected to geometric constraint.

In [6] differential game described by (1), where a(t) = b(t) = 1,
of many pursuers and one evader is studied in the space l5. Geo-
metric constraints imposed on the control functions of the players.
Optimal strategies of the players are constructed and value of the
game is found.

Ibragimov and Mehdi in [5] studied pursuit-Evasion differential
game with many inertial players described by (1 ), the case where
a(t) = b(t) = (6 — t), in the space ly. Control functions of the
players are subjected to integral constraints(the case for geometric
constraints is studied in [2]). Value of the game is found and op-
timal strategies of the players are constructed. This problem was
also studied in [3] but with a different approach.

In the present paper, pursuit-evasion differential game problem
with countable number of pursuers and one evader described by
(1) is investigated in the space ly. Termination time of the game is
fixed. The payoff functional is the greatest lower bound of distances
between pursuers and the evader when the game is terminated.
Optimal strategies of the players are constructed and value of the
game is found. The present work generalizes the problem considered
in [5]. Therefore, the two papers are closely related in spirit.
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2. STATEMENT OF THE PROBLEM

[e.e]
Consider Iy = {a = (a1, 09,...) : Zai < oo}, with inner prod-
k=1

uct (-,-) : lop X ly = R given by (a,3) = > apfr and norm
. E
[| -] :1la — [0, +00) givenbyHaH:(Zai) ,a, B El.
k=1
Let the motions of countably many pursuers P;, i = 1,2,... and

the evader E in the space [y be described by the equations

{ Pt @ = a(t)u;, x;(0) = xo;,
E = b(t)v, y(0)=yo,

where x;, T, Ui, Y, Yo, v € la, u; = (w1, Ui, ... ) is a control param-
eter of the pursuer P; and v = (v, v,...) is that of the evader.
Furthermore, a(t) and b(t) are scalar measurable functions such
that a(t) > b(t) for all t € [0,7] and let

(2)

A(T) = /OT a’*(s)ds < oo, B(T) = /OT b (s)ds < oo,

where T is fixed positive number which denotes duration of the
game.

Let a ball (respectively, sphere) of radius r and center at point
zo be denoted by H(xg,7) = {z € ly: ||z — xo|| < 7} (respectively,
S(zo,r) ={x €ly: ||x — x| =r}).

Definition 1. A function w;(-),u; : [0,T] — la, such that wy :
[0,T] - Rk =1,2,..., are Borel measurable functions and sat-
1sfies the inequality

(where p; is given positive number) is an admissible control of the
ith pursuer.
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Definition 2. A function v(-),u; : [0,T] — la, such that uy :
[0,T] - R'k =1,2,..., are Borel measurable functions and sat-
1sfies the inequality

(where o is given positive number) is an admissible control of the
evader.

When the players’ admissible control are chosen from given initial
positions zg; and g, the corresponding motions z;(-) and y(+) of the
players are defined as

IZ(t) = (Iil(t), Iiz(t), o ),
{ y(t) = (1), y2(t),...), (3)

where the coordinates are of the form
t t
Tir(t) = ok +/ a(s)u(s)ds, yr(t) = yor +/ b(s)vg(s)ds.
0 0

It can be shown that z;(-), y(-) € C(0,T; ly), where C(0,T; l3) is
the space of continuous functions

a(t) = (a1(t), as(t),...) €ly, t >0,

such that

o a(t),0 <t < T, k=1,2,... are absolutely continuous
functions
e a(t),0 <t <T,is a continuous function in the norm of .

Definition 3. A function U;(t,x;,y,v), U; : [0,00) X1y X1y X1y — I3,
such that
i.i - a(t)U’L(ta Zis Y, U)7 xz(o) = X0,
- ! )
y = b(t)v, y(0) = yo,

has a unique solution (x;(-), y(-)), where z;(-), y(-) € C(0,T1y),
for any admissible control v = v(t),0 < t < T of the evader E
is called the strateqy of the pursuer P;. A strateqy U; is deemed to
be admissible if each of control involved in the formation of this
strategy is admissible.
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Definition 4. Strategies U;y of the pursuers P;,v = 1,2,... are
said to be optimal if

inf Fl(Ula UQ, .. ) = Fl(U10> Ugo, .. .),
U1,Ua,...

where T'y(Uy, Uy, ... ) = sup, infic; ||2(T) — y(T)||; Ui are admis-
sible strategies of the pursuers P;, and v(-) is an admissible control
of the evader E.

Definition 5. A function V(t,z1,22,...,y), V : [0, 00) X ly X
ly--+— 1y, such that

{ [L’Z = a(t)ui, .’L"Z(O) = .’1702',7; = 1,2, Ce
y = b(t)v(taxbx% s 7y)7 y( ) = Yo,

has a unique solution (x1(-),z2(+),...,y(+)), with x;(-) , y(-) €
C(0,T51y), for arbitrary admissible control u; = w;(t), 0 <t < T,
of the pursuers P;, is called a strateqy of the the evader E. The
strateqy V' is said to be admissible when each of the control that
formed the strateqy is admissible.

Definition 6. A strategy Vi of the evader E is said to be optimal if
supy Io(V) = Iy(V), where Ty (V') = infy, () us(),... inficr ||2:(T) —
y(T)||, where u;(-) are admissible strategies of the pursuers P;.

If I'y(Uyg, Ugg, . .. ) = I'a(V) = 7, then we shall say the game has
a value ~y [13].

The problem is to find the optimal strategies U;y and Vj of the
players P; and E, respectively, and value of the game described by

2).

3. ATTAINABILITY DOMAINS

Consider the game described by (2). The attainability domain of
the pursuers P; at time 7" from initial position z;y at a time 5 = 0
is the closed ball H (29, AY?(T)p;). To see that,
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/0 : a(s)u(s)ds

< ( / ) a2<s>ds) " ( / ) Hm(sm?ds)

< A2 (T)Pi-

ei(T) = o] = \

1/2

(here we used solution (3) of (2) and Cauchy-Schwartz inequality).
On the other hand, if Z € H(z;, AY?(T)p;), that is

|z — 20| < AY2(T)pi,

then for the pursuer’s control

The admissibility of the pursuers’ control follows from the relations

(/OTHuZ-(s)IIQdS) V2 B (/OT a?(s)lzf(;)xioyyzds) 1/2

Similarly, the attainability domain of the evader E at time 7" from
the initial position y, at time ty = 0 is the closed ball H (yo, BY?(T)o).

4. AUXILIARY GAME

In this section, we study the game with only one pursuer P, for
1t = k and evader F . For simplicity, we drop the index k. This
means we study the game described by
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. 3
E:g=>b(t)v, y(0) = yo, (5)
with the state of the evader E satisfying the inclusion y(7') € X,
where the set X is defined as follows:

{ P = a(t)u, 2(0) =z,

If xg = o, then

X={ael:2(\ a—y) <A*D)p*},

where A is arbitrary fixed unit vector.

If ¢ # yo and for p > o, then

X ={ac€l:2(yy—zo,a) < B(T) (p> = ) + |lyo||> = ||wo| [} -
In the game described by (5), the goal of the pursuer P is realize

the equality z(7) = y(7) at some 7 € [0,7] and that of the evader
E is the opposite.

Lemma 1. If p > o and y(T) € X, then there exists pursuers
strateqy guaranteeing the equality x(T) = y(T) .

Proof:
let v = v(t) be an arbitrary admissible control of the evader E. We
defined the pursuer’s strategy as follows

(t), if zo = Yo,

(( v
( So(t), if xo # Yo, ,

(6)

@‘Q
V\_/V\_/

5(6) = { v(t) = (o(t), ehe + ey 2L (02 — 02) + (u(t), )2, t € [0,7]
u(t), te(r, 1],

= T tE [0,7] and 7 is the instant time at which z(7) =

y(7) for the first time.

If zy = o, then using (6) it easy to deduce that z(T") =
now let xg # yo. Using the strategy (6), we have y(t) —x(¢
where

y(T). We
) =en(t),
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n(t) = llyo — zol| + / b(s)(v(s), €)ds

- /0 ) \/% (P = %) + (v(s), €)ds. (M

We now claim that there exists a number 7 € [0,7] such that
n(7) = 0. Since n(0) = ||yo — xo|| > 0, to prove our claim it remains
to show that n(7") < 0.

For the last integral in (7) we have

/0 \/%w — 0) + B(s)(u(t) €)2ds = / [R(s)|ds

where R(t) = <b2(s) %, b(s){v(t), e)) , i.e., a two dimensional

vector function. But

[ sy > /

Consequently, we have

n(T) < |lo — xol] + / b(s)(u(t), ¢)ds

- (B(T) (0 - %) + ( / U)o, e>ds)2> R

But by our assumption that y(7T') € X, for xy # o, we have

2(yo — 20, y(T)) < B(T) (p* = %) + | lyolI* = [0l I,
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from which we can deduce that
B(T) (p* = *) + ||yl | — HonQ_

e i )
Now using the definition (3) of y(7") we have
(e,y(T)) = <e, Yo +/0 b(s)v(s)ds>
= (e, yo) —i—/o b(s)(v(s), e)ds,
and using this and (9), we have
JRCCRE ST} (10)

where , , , ,
B(T) (p* = a°) + [|yol|* = [|ol|

A=
2|lyo — wol|

Since B(T) (p* — o) > 0 (i.e.,, p > o and B(T) > 0), then it
follows from (8) and (10) that
n(T) < [lyo — @ol[ + A = (yo, €)
2\1/2
= (B(T) (p* = o) + (A= {yo, €))7) . (11)
We now show that the right-hand side of the last inequality is
equal to zero. That is
1Yo — @ol| + A = (yo, €)
2y1/2
= (B(T) (p* = 0®) + (A= (yo. €))°) " (12)

The expression in the left hand side of this equation is positive,
we can therefore square both sides of this equation and obtain

[lyo = @ol[* + (A = {yo, €))” +2llyo — ol (A = (yo, €))

= B(T) (p* = *) + (A = (g, )"
This implies that

H%—mW+w%—mu(

B(T) (p?> — o) + 2 —lzol]?
IR PTG
2|lyo — ol

= B(T) (p* — 0?).
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This equality is true since
190 — ol I* + [lyol I* = Izoll* — 2[lyo — 2ol l(yo, €) =0

This means that n(7") < 0. Therefore, a number 7 € [0, T exists

such that n(7) = 0. Hence, y(r) — x(7) = 0. Furthermore, for

t € (7, T] and using the strategy (6) i.e., u(t) = %v(t), we have

x(T)=z(r) + / a(s)u(s)ds = y(r) + / b(s)v(s)ds = y(T).

The proof of the lemma is complete.

5. MAIN RESULT

In this section, we construct optimal strategies of the players and
value of the game described by (2).

Let

{12051 (VBT € Ut s VAT 1)

i€l
(13)
where [ = {1,2,...}.

Suppose that the following assertion is true

Assertion 1. There exists a nonzero vector py such that (yo —
Tio, po) >0 foralli € I.

Theorem 1. . If the Assertion 1 holds and o < p; +yA™*(T)
for all i € I, then the number v defined by (13) is the value of the
game (2).

We now state some lemmas that are going to be used in the proof
of the theorem above. Consider the sphere S(yo, ) and finitely or
countably many balls H(z;9, R;) and H(yg, ), where x;9 # yo and
r and R;,© € I are positive numbers.

Lemma 2. (see [6]). Let the se X; be defined as follows:
i. If x;0 = yo then
Xi = {Z c lg . 2<Z—y0, )\0) S Rz}



DIFFERENTIAL GAME PROBLEM WITH MULTIPLE PLAYERS ... 297

it. If T # yo, then

Xi={2€l2:2(yo — w0, 2) < R} =1 + [[wol|* = [|zol[*} -
If Assertion 1 is true and H(yo, 1) C ;e H(xi0, Ri) then
H(y0> 7“) - Uie] X;.
Lemma 3. (see [6]). Let inf,cr R; = Ry > 0. If Assertion 1 is true
and for any 0 < € < Ry the set|J,c; H(xi0, R; —¢€) does not contain

the ball H(yo,r), then there exists a point §j € S(yo, 1) such that
|7 — zio|| > Ry for alli € 1.

Proof of Theorem 1:
To prove this theorem we need to construct strategies of the those
players that will satisfy the following inequalities:

suplnf ly(T) —ei(Dll <7y < | inf inf{ly(T) = (DI, (14)

u,uz,(-)...

where v(+) is an arbitrary admissible control of the evader, and
u1(+), ua(+) ... are an arbitrary admissible controls of the pursuers.

To prove the inequalities in (14), we first show the left hand in-
equality, which means that the value 7 defined by (13) is guaranteed
for the pursuers. To do that, we start by constructing strategies of
the pursuers.

Let us introduce dummy pursuers z;, ¢ € I, whose motions are
described by the equations

Z.Z‘ = a(t)wf, ZZ(O) = ZTj0,

and whose controls must satisfy the inequality

(/ ' (i) s " ne

where pi(€) = pi + AV (T) + £A-V2(T), k= max{1, o},
e€ (0,1).

It can be shown that the attainability domain of the dummy
pursuers z; at time 7' from initial position ;o is the ball

H (ZEZ'(), ﬁZ(E)Al/Q(T)) .
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We now construct the strategies of the dummy pursuers z; as
follows:

wi(t) = %U(ﬂ’ if Tio = Yo, 15)
' %d)z(t)? Zf €40 7& Yo, ,
where
2 s .
sty = | 20 = ) ede e /B (RHE) — o) + (u(0) )2, 1 € [0, 7]
U(t)’ tG (TL’,T];
e = @%ﬁ?gm t € [0,T] and 7; is the instant time at which

2zi(1;) = y(m;) for the first time if it exists.

We now show that the strategy (15) is admissible.
i. For x;o =y, and 0 <t < T

< pi +YATVAT) + —ATVA(T)
= pi(e).

ii. For x;0 # yo, and 0 <t <T':

T T; T
[ lwieias = [ ji(Pas + [ o) Pas

i

" 2 pile) —o® [T,
g/o Hv(s)||ds+TT)/o 2 (s)ds
+ [t Ps

</ ||v<s>u2ds+’3i§§(—;)" | #es

<o’ +pi(e) —o® = P (e).
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We now use these strategies of the dummy pursuers to construct
the strategies of the pursuers z;

Ui(t) = ﬁfzg)w?(t), 0<t<T. (16)

It is cheap to show that this strategy is admissible.

We now show that these strategies ensure the left hand inequality
in (14) as follows:
Considering Assertion 1 and the fact that

H (yo, B*(T)o) < | JH ( AT+ + 5) ,
el 2

(see definition of v and lemma 2 ) we have

H (yo, B'*(T)o) c | J X7,

iel
where the set X7 is define by
1. for Tio = Yo,
)(Z6 = {Z €ly: 2<Z—y0, )\0) < \/A(T)p—l-v%—ki},
ii. for 0 7é Yo

X;:{Z€l222<y0—1'i0, Z>§Q},

where Q) = (\/A(T)pjL v+

Consequently, the point y

|

-

7

2
) _ BT)o + [[yoll? = Izl

—~

T) € H (yo, B(T)"?c) belongs to
some half space X for some 7 = s € I and s depends on e.

Since p;(€) > o (assumption of the theorem and definition of
pi(€) ); then it follows from the Lemma (1) that if the dummy
pursuer zg uses the strategy (15), then z4(7") = y(7T"). With this
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and considering the strategy (16) we have
y(T) — 2o(T)|| = [[25(T) — x(T)]|
‘ € o Ps ’LUO
{/dﬂ@ﬁ)ﬁw)ﬂoﬁH
< [ llatoustt - i

+A mw@&w—pswmﬂwt

ps(0)
We now estimate the integrals in the last inequality. Let us show
that

hmsup/ |la(t) 2(t)) ||dt =0, (17)

e—=0 ;71

If z;0 = yo, then by (15) wi(t) = v(t) = w)(t) and obviously (17)
holds. Similarly if x;0 # o, using (15) and with assumption that
. €10, T exists then

/Hw (0)|[2dt

:[ﬁ% TG0, e —/ol0) + (o), ?)
< [" (Ve @it e = Vo0 + o), e?) at
S/O ( o(e) — \/726#

L33
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62

=2 k«/ kQA

< (247YX(T )+(27+1)A (T)) €.

;2((T)) (Pz( ) — 2) ; the fact that

Here we use the notation o(e) =
€ (0, 1); k = max[1, p;] and the inequality
“£U<1+7A1ﬂav

The estimation of the first integral is as follows

/0 la(t) (wi(t) — w®(t)) ||dt

:[mwm@@—wwww

< ([ o) " ([ 11wt - uto) 2ar) "

< pe,

for some positive number . We have the equality (17) holding for
the case xg # yo-

The second integral can be estimated as follows:

[ o (0~ -”so )Hdt

_ (1 ) (0[] dt
(- >”</:uw2<t>w>“
< (1 ) AYA(T = .

Therefore, we have

[y(T) — s (T)[| < pe + 1.
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From this, the inequality (14) follows.

We now prove the inequality in the right hand of (14) which will
implies that the value ~ is guaranteed for the the evader.

Now if v = 0 there is nothing to construct because any admissible
control of the evader can do the job. Therefore we let v > 0.

For any € > 0 , we have

H (3/07 Bl/Q(T)) Z UH (iﬂz‘o, Al/Z(T)Pi +v = 6) )

i=1

(see (13)). Then, by Lemma 3 there exists a point i € S(yo, BY?(T))o
or || — yo|| = B?(T)o such that

17 — wiol| > AY2(T)p; + 7.

With this and the fact that

1/2

[|2io(T') — waol| < (/OT a2(t)dt) B (/OT Huz‘(t)HZdt) < AVA(T)p,

we deduce that

|7 = 2:(T)|| = |y — wiol| — [|z:(T) — wio|
> AYA(T)p; +~ — AV3(T)pi

Proving § = y(T') then the right hand inequality of (14) will follow.
Now if the evader uses the control

v(t) = B~Y*(T)ob(t)e, 0<t<T,

where ¢ = 2= then
[15—vol
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y(T) = yo + / b(t)v(t)d

T
=yo + / V(t)B~Y2(T)oedt
0

Y—"Y
15 = yol|
This completes the prove of the theorem.

= yo+ B"*(T)o =7.

6. DISCUSSIONS

The Problems studied in [5] and [3] are exactly the same and in
each of the paper, value of the game was found. However, the con-
dition p > o, which is required in finding the value of the game in
the former paper, is dropped in the later paper. As a result of this,
the optimal strategies of the players constructed in the two papers
are different.

Equations of motion of the players in game studied in [3] and [5]
are special cases of that considered in this paper. In this work, we
consider arbitrary functions a(t) and b(t) in place of the linear func-
tion (6 —t) considered in the last two cited papers. These functions
are arbitrary but are required to satisfy the inequality a(t) > b(t)
for all t € [0, 7.

The result of this paper can be implemented not only to the
problem in [5] but also to many differential game problems. For
example, it can be implemented for a differential game problem for
which equations of motion of the players is described by

P, . @; = (cost)u;, x;(0) = xg;,
{ E:g= (sint)v, y(0)=yo,
where ¢ € [0,7] . In particular, a game of fixed duration with
T =7, a(t) = cost and b(t) = sint.

Furthermore, the optimal strategies of the pursuers constructed
in this paper are modified popular p-strategy used in [5].
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7. CONCLUSION

We obtained value of a differential game problem with multiple pur-
suer and one evader in the Hilbert space [5 under certain conditions.
Optimal strategies of the players were constructed.

The problem considered in this paper is a further research rec-
ommended in the paper [5]. We employed method of proof that
requires use of the solution of an auxiliary differential game in prov-
ing the main result. This approach was also used in many papers
(see, for example [3], [5], [10] and [12]).
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