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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF SOME SECOND-ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

S.J. OLALEYE', G. AKINBOZ, O. 0. ADUROJA?, A. T. ADEMOLA* AND O. A. ADESINA?

ABSTRACT. This paper investigates the asymptotic behaviour of solutions of some
second-order nonlinear ordinary, delay, and stochastic differential equations. The
order of these differential equations are reduced to a system of first order and em-
ployed to construct a suitable complete Lyapunov functions and functional. Standard
conditions are imposed on the nonlinear terms to obtain criteria that guarantee the
asymptotic behaviour of solutions of the considered equations. Examples are given
to illustrate the obtained results. Our results improve and extend some well-known
results in the literature.

1. INTRODUCTION

The study of problems that involve the behaviour of solutions of ordinary differential
equations (ODEs), delay or functional differential equations (DDEs or FDEs), and sto-
chastic differential equations (SDEs) has been dealt with by many outstanding authors;
see, for instance, Ademola and Ogundiran /], Arnold [11], Balakrishnam [[13], Burton
[14H16]], Hale [21-23], Itd6 and Nishio [24], Kellert er al. [25]], Lasalle [[26], Liu and
Raffoul [28]], Mao [31] and Yoshizawa [37]].

Many differential equations of second order have been derived since the beginning
of the 18th century as models for problems of classical mechanics and other fields of
science. Consequently, the study of problems involving the asymptotic behaviour, ex-
istence and uniqueness of solutions of ordinary differential equations, delay differential
equations and stochastic differential equations have been dealt with by several authors
such as Abou-El-Ela et al.[1, 2], Ademola [3]], Ademola et al.[4H6], Alaba and Ogun-
dare [8, 9], Cartwright and Littlewood [17], Ezeilo [18, 19], Levinson [27], Omeike et
al. [32], Tejumola [33]], Tung [34], Yenicerioglu [35. 36] and so on to mention but a
few.

From the literature, the most often used method to study the asymptotic behaviour of
solutions of differential equations is the second method of Lyapunov. See for instance,
Max [31], Lyapunov [29,130], It6 and Nishio [24]. The major advantage of this method
is that the qualitative behaviour of solutions can be obtained and discussed without
any prior knowledge of the solutions. However, the construction of the Lyapunov
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functions remains a general problem due to the lack of a unique way of constructing
the functions.

So far, the study of second-order nonlinear ordinary differential equations, delay
differential equations and stochastic differential equations has led to some interesting
results. For instance, Graef ef al. [20] studied the asymptotic behaviour of solutions of
a second-order nonlinear differential equation

(a1 (D)) +q1() fi(x)g1(x') = ra (1)

In another interesting paper, Tung [34] established sufficient criteria for the stability
and boundedness of solutions of non-autonomous differential equation of second order
K+ ar (t)[ o (x, )X + g2 (x, X)X |x + b (t)ha (x) = en(t,x,%).

Alaba and Ogundare [8] worked on the asymptotic behaviour of solutions of certain

second-order ordinary differential equations of the form
K 43 (1) 30,0 )d + b3 (1) g3 (x) = es(t,x,x).

Next, we shift our attention to second-order nonlinear delay differential equations,
Ademola et al. [4] worked on the periodicity, stability, and boundedness of solutions
to the following nonlinear delay differential equation

X'(8) + @) falx(t),x(t = p (£)),X' (1), X' (t = p(2))) + ga(x(t — p(2))) = pa(*),
where p4(-) = pa(t,x(t),x'(t)). We now consider second-order nonlinear stochastic

differential equations with Abou-El-Ela et al. [1, 2] where new results on stability and
boundedness of solutions of the equation of the type

X'(t) + g5(x (1)) + bx(t — h) + 0x(1) €' () = ps(t,x(t),x' (t — h))

was acquired. Ademola et al. [5] obtained new results on the stability and boundedness
of solutions to a certain second-order nonautonomous stochastic differential equation
of the form

X (t) + ge(x(2),x' ()X () + fo(x(t)) + Ox(t)0'(t) = pe(t,x(t),x'(t)).
However, our interest is in the study of the asymptotic behaviour of solutions of the
differential equations

X)) 4 g (2, x(2), X (£))X' (1) + £ (x(2)) = p(t,x(2), % (1)); (L.1)
X (1) +g(t,x(r), X (0))X (1) + f(x(t — b)) = p(-); (1.2)

and
X () +g(t,x(t), %' (£))X (t) + £ (x(1)) + ox(1) @' (1) = p(-), (1.3)

where o, h, are positive constants with 4 being the delay constant, the functions, g €
C([RT xRxR,R), f € C(R,R), p(-) = p(t,x(1),

X'(t)), p € C(RT xR x R,R) are continuous functions, R™ = [0,0),R = (—oo,00) and
o(t) € R™ (an m—dimensional standard Brownian motion (or Wiener process) defined
on a probability space). The remaining parts of the paper are as follows, definitions
and some basic results on the asymptotic behaviour of solutions of vector ordinary,
delay, and stochastic differential equations are given in Section [2| We state and prove
the main results of this paper in Section[3] while examples are given in the last section.
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2. PRELIMINARIES

Consider the system
y/:f<say>7 (2.1)
where y is an n—vector. Suppose that f(s,y) is continuous on R* x D, where D is a
connected open set in R". Let C be a class of solutions of equation which remain
in D, yo(s) be an element of C and || - || denotes the Euclidean norm in R".

Definition 2.1. (See [37]) The solution y(s) = 0 of equation (2.1)) is stable, if for any
€ > 0 and any sp € R, there exists a 8(g,s0) > 0 such that ||y(s; so, o, )| < € for all
s > 5o whenever ||yo|| < 6(&,s0).

Definition 2.2. The zero solution of equation (2.1]) is asymptotically stable, if y(s) =0
is stable and if there exists a dy(so) > O such that y(s;s0,y0) — 0 as s — oo whenever

[lyoll < So(s0).

Definition 2.3. A solution y(s;s0,y0) of equation (2.1)) is bounded, if there exists a
0 > 0 such that ||y(s;s0,y0)|| < 8, for all s > 0, where 6 may depend on each solution.

Definition 2.4. A solution y(s;sg,yo) of equation (2.1)) is ultimately bounded for bound
E, if there exists a E > 0 and a T} > 0 such that for every solution y(s; 5o, yo) of equation
1), [Iy(s:50,v0) |

< E, for all s > 5o+ 77, where E is independent of the particular solution while 77 may
depend on each solution.

Lemma 2.5. (See [37]). Suppose that there exists a Lyaponuv function V (s,y) defined
on 0 < s <oo,||y|]| <H, H >0 which satisfies the following conditions
(i) V(s,0)=0;
(ii) a(||y||) <V(s,y), where a(Vv) is continuous and increasing; and
(i) V, ’ s,y) < 0, (the upper right-hand derivative of the function V along the
ti

on path of (2.1)).
Then the zero solution of the system (2.1) is stable.

Lemma 2.6. (See [37]]). Suppose that there exists a Lyaponuv function V (s,y) defined
on 0 <s < oo, ||y|| < H, H> 0 which satisfies the following conditions
(i) V(s,0)=0;
(i) a(|lyll) < V(s,y) < b(|ly
a(v) — e as Vv — oo; and
(iii) V(s,y) < —c(||y|l), where ¢(Vv) is positive and continuous.

), where a(v),b(v) are continuous increasing and

Then the zero solution of the system (2.1]) is uniformly asymptotically stable.

Lemma 2.7. (See [37]) Suppose that there exists a non-negative Lyapunov function
V(s,y) on I x Q such that V@( y) < —W(y), where W(y) is positive definite with
respect to a closed set Q in the space Q. Moreover, suppose that f(s,y) of the system
(2.1) is bounded for all s when y belongs to an arbitrary compact set in Q and that
f(s,y) satisfies conditions

(a) f(s,y) tends to a function H(y) for y € Q as s — e and on any compact set in

Q this convergence is uniform. Consequently, H(y) is a continuous function
on Q; and
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(b) Corresponding to each € > 0 and each y € Q, there exists a §(¢,z) > 0 and a
T(g,z) > 0 such that if ||y —z|| < 8(¢,z) and s > T (€,z), we have || f(s,y) —
(s,2)|| <€
with respect to Q. Then, every bounded solution of approaches the largest semi-
invariant set of the system
Y =H(y) (2.2)
contained in Q as s — 0. In particular, if all solutions of (2.1 are bounded, every
solution of (2.1)) approaches the largest semi-invariant set of (2.2]) contained in Q as
§ — oo,

Next, for y € R, ||y|| is the norm of y, and a given r > 0, C denotes the space of
continuous functions mapping the interval [—r,0] into R” and for ¢ € C,

lell=sup [9(6)].

—h<6<0
Cy will denote the set of ¢ € C such that ||@|| < H. For any continuous function y(u)
defined on —r <u <A, A > 0, and any fixed s, 0 < s < A, the symbol y;, will denote
the restriction of y(u) to the interval [s — r,s], i.e., y, is an element of C defined by
ys(0) = y(s+6), —r < 0 < 0. Let y/(s) denote the right-hand derivative of y(u) at
u = s, and consider the functional-differential equation

Y (s) = £(s,55), (2.3)
where s € R and the initial value ¢ : [—r,0] — R” with supremum norm, r > 0, Cy is
an open ball of radius H in C;

Ch = {9 € C([-rO0LR") : |o]| <H}.
Definition 2.8. (See [37]). A function y(so, @) is said to be a solution of equation (2.3))
with initial condition @ € Cy at s = s¢, so > 0, if there is a T > 0 such that y(so, @) is
a function from [sg — r,s9 + T') into R”, with the properties
(1) ys(s0,0) € R" forsg <s <so+T;
(i) ys(s0,9) = @; and
(iii) y(so,¢) satisfies equation (2.3)) for so < s < so+T.
The definition of stability and boundedness can be given in the same way as for or-
dinary differential equations, that is, by replacing the initial value yg and the solution
y(s350,y0) by @ and y;(so, @), respectively.
Definition 2.9. (See [37]) A functional V = V (s, ¢) defined on s € R™, ¢ € Cy is
called Lyapunov functional for the system if
1) a(|lell) < V(s,@) < b(||@||), where a(v) and b(v) are continuous increasing
and a(v) — o0 as v — oo; and
(ii) V(s, ¢©) < —c(|lo|l), where ¢(v) is continuous and positive for v > 0.

Definition 2.10. Let V (s, @) be a continuous functional defined for s > 0, ¢ € Cy. The
derivative of this functional V along the solutions path of equation (2.3) is defined to
be

) 1
V(S, Q) = 5158+8up3 V(s+8,y545(s,9)) =V (s,35(s0. )],
where y(so, @) is the solution of equation (2.3)) with yy, (so, @) = ©.
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Lemma 2.11. (See [37]). Let V : R™ x Cy — R be continuous and locally Lipschitz
in @, V(s,0) = 0 and such that

@) Wi(l]) <V(s,p) < Wy(|@[); and
(ii) V@(s, ©) <0, where W; (i = 1,2) are wedges.

Then the solution y; of equation (2.3)) is uniformly stable. If we defined

Q={pecCu:Vgy(p) =0},

then y; = 0 of equation (2.3)) is asymptotically stable, provided that the largest invariant
setin Q = {0}.

Lemma 2.12. (See [37]). Let V(s,¢) be a continuous Lyaponuv functional on C
and let U; denote the region such that V(s,¢) < I. Suppose that V(s,¢) > 0 and
V(s,(p) < 0 for all (s,¢) € U; and that there exists a constant K > 0 such that
|¢(s0, @0)| < K forall (s, 9) € Uj. If E is the set of all points in U; where Vi (s, 9) =0
and M is the largest invariant set in E, then every solution of equation (2.3)) with initial
value in U; approaches M as s — oo.

Finally, consider the nonautonomous n-dimensional stochastic differential equation.
dys = F(s,ys)ds+ G(s,ys)dQ;, 2.4)

on s > so with initial value yy, = yo, where F : Rt x R” — R" and G: RT x R" — R"*"
are measurable functions, Q; € R™ (an m—dimensional Wiener process defined on a
probability space). Suppose that both F and G are sufficiently smooth for equation
to have a unique continuous solution on s > 0 which is denoted by y(s,yo), if
y(0) = 0, with further assumption that F(s,0) = 0,G(s,0) = 0 for all s > 0.

Then, the stochastic differential equation (2.4) admits zero solution y(s,0) = 0.

Definition 2.13. The zero solution of the stochastic differential equation (2.4)) is said
to be stochastically stable or stable in probability, if for every pair of € € (0,1) and
n >0, 3a d = d(e,n) > 0 such that P{|y(s;y0)| <7, Vs >0} > 1— ¢, whenever
[yo| < bo.

Definition 2.14. The zero solution of the stochastic differential equation (2.4)) is said

to be stochastically asymptotically stable, if it is stochastically stable and in addition if

for every pair of € € (0,1) and n > 0, 3 a &y = p(€) > 0 such that Pr{ 1i_>my(s;y0) =
§—>00

0} > 1— €, whenever |yy| < &.

Definition 2.15. A solution y(s,so,yo) of the stochastic differential equation is
said to be stochastically bounded or bounded in probability if it satisfies E¥0|y(s,yo)|| <
C(s0, |[yol|), for all s > so, where E*° denotes the expectation operator with respect to
the probability law associated with yp, C : RT x RT™ — R is a constant depending on
S0 and Yo-

Definition 2.16. The solution y(s, s, yo) of the stochastic differential equation (2.4) is
said to be uniformly stochastically bounded, if it satisfies

EX||y(s,y0)|| < C(|lyol]), for all s > 50, where E* denotes the expectation operator
with respect to the probability law associated with yp, C : RT — R™ is a constant
depending on yj.
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LetV € C1?(RT, R x R") denote the family of nonnegative functions V (s,y) (Lya-
punov function) defined on R* x R” which are once continuously differentiable in s
and twice continuously differentiable in y. By 1t6’s formula, we have

dv(s,y) =LV (s,y)ds+Vy(s,y)G(s,y)do(s), (2.5)
where
_dV(s,y)  IV(s,y)
LV(S?y) - as + ay F(S,y)
+ StracelGT (s.3)Viy(5.)Gs.3)),
_(9V(sy)  IV(s.y)
Vy(s»)’) - ( ayl ) ) ayn )
and

2V (s,y)
V. = =7/ [ i=1.2.--- .n.
yy<sa)’) ( aylayj )nxnu L] 3 < N

Lemma 2.17. (See [31]]). Assume that there exist V € C'2(R* x R*, R*) and a posi-
tive constant ¢ such that

(i) V(s,0) =0;

(i) V(s,y(s)) > o([[y(s)[|); and
(iii) LV (s,y) <0 forall (s,y) € RT x R™.

Then the zero solution of stochastic differential equation is stochastically stable.
Lemma 2.18. (See [31]). Suppose that there exist V € C12(RT x R”,RT) and positive
constants ¢g, @1, ¢> such that
(i) V(s,0) =0;
1) do(|ly]) < V(s,y) < d1(]|¥]]), do(v) — oo as v tends to infinity; and
(iii) LV (5,) < —@a([ly]) for all (s.y) € R x R

Then the zero solution of stochastic differential equation (2.4)) is uniformly stochasti-
cally asymptotically stable in the large.

Assumption 2.19. (See [28]). Let V € C1?(R*T x R”, R"), and suppose that for any
solutions y(sg,yo) of stochastic differential equation (2.4) and for any fixed 0 < 59 <
T < oo, we have

T
o / V2(5,5(5)) G (5,(s))ds } < e 2.6)
50
where 1 <i<n, 1<k<m.

Assumption 2.20. (See [28]). A special case of the general inequality is the
following condition. Assume that there exists a function p(s) such that

IV, (5,5(8))Gir(s,3(s))| < p(s), (2.7)
whereyEJR2 1<i<n, 1<k<m, andforany fixed0 <s9<T < oo,

T
/ p>(s)ds < oo. (2.8)

S0
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Lemma 2.21. (See [28]). Assume that there exists a Lyapunov function V (s,y(s)) €
Ch2(RT x R® R™), satisfying Assumption [2.19} such that, for all (s, y(s)) € R* x R",
@) [ly(s)[l” <V (s,y(s))
(i) LV (s,y(s)) < —a(s)[[y(s)[[* + p(s); and
(ifi) V(s,3(s) = VE(s,3(s)) <,
where o,y € C(RT;R™), j k and u are positive constants, j > 1 and y is a non nega-
tive constant. Then the solutions of the stochastic differential equation (2.4)) satisfy

Elly(s.30) | < [V(soso)e” 0+ [ (au
%0 2.9

. 1/j
() @]
for all s > s¢.

Lemma 2.22. (See [28]). Assume there exist a Lyapunov function V € C'?(R* x
R™ R™T), satisfying Assumption [2.20} such that for all (s,y(s)) € Rt x R",
) YOIV < V(s.(s)) < [Iv(s)*

(i) LV (s,y(s)) < —a(s)|[y(s)]]” + w(s); and

(iff) V(s,(5)) = V¥ (s.5()) < n,
where o,y € C(RT;R™"), j, k and v are positive constants, j > 1 and y is a non neg-
ative constant. Then the solutions of the stochastic differential equation (2.4) satisfy
inequality (2.9) for all s > sp.

Corollary 2.23. (See [28]]).
(a) Suppose all the hypotheses of Lemma [2.21] hold and in addition,

/ s(/.wc(u) +y(u))e i®dEg, < B (2.10)

0
for all s > sg > 0, for some positive constant B; then all solutions of stochastic
differential equation (2.4) are stochastically bounded.
(b) Again suppose all the hypotheses of Lemma hold and in addition, if con-
dition is satisfied; then all solutions of stochastic differential equation
(2.4)) are uniformly stochastically bounded.

3. MAIN RESULTS

This section presents boundedness and the behaviour of solutions as t — . The
equivalent system of equation (1.1)) is

X' =y, y =pl(t,x,y)—g(t,x,y)y— f(x) (3.1)

where the functions f,g and p are defined in Section [l We define the Lyapunov
function V(x,y) =V as

2V = (@® 4 b*)x* + (b + 1)y* 4+ 2axy + xf(x), (3.2)
for all @ > 0, and b > 0 are constants.

Theorem 3.1. Further to the basic assumption on the functions g, f and p in equation
(1.1)), suppose that a,b, by, c, B are positive constants and that
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(i) g(t,x,y) > a; c
(i) f(0) =0, < & < by, forall x £0, f'(x) < c forallx, b> -~ and

x
a
(iii) |p(t,x,y)| < B forallz > 0.

Then every solution of system (3.1) satisfies

20420 <o)+ {en [ipsston ()]

for all t > 1y, where the constant P, = P (g, A2, A3, A7,a,b,x(ty, ),
¥(t9), 61, 82,) > 0 and the constant P» = P>(A;,A3,44,45) > 0.

Theorem 3.2. Suppose that conditions (i) to (iii) of Theorem [3.1]hold, and in addition
Jo |p(t,x,y)|dt < B < o, for all t > 0, x and y. Then every solution (x(¢),y(¢)) of the

system (3.1) satisfies
limx(r) = 0; limy(r) = 0. (3.3)

t—ro0 t—o0

One influential lemma that is extremely important to the proofs of Theorems (3.1| and
will be stated and proved.

Lemma 3.3. Suppose all the conditions of Theorem [3.1]hold, then there exist positive
constants A; = A;(b) and A, = A»(a,b,b;) such that

(2 +y?) <V < (2 +y?) (3.4)

for all x and y. Furthermore, there exist positive constants A3 = A3(0;1, ;) and A4 =
A4(a,b) such that along the solution path of system (3.1])

VD < — A +y7) + Aa(x +y)2|p(t,x,y)| ¥ x and y. (3.5)

Proof. Let (x(¢),y(t)) be any solution of (3.1). From equation (3.2)), it is clear that
V(0,0) = 0,for all # > 0. Re-writing equation (3.2)), we have

V= %{(ax+y)2+ (b2+@)x2+by2}.

Since (ax+y)? > 0 for all x and y, and from hypothesis (ii) of Theorem [3.1} there
exists a positive constant d; such that

V >di(x* +y?) (3.6)

with dj = 3 min{b*>+b,b}. Applying the inequality |xy| < 3 (x*>+)?) on equation (3:2)
gives

1
V< 5([412—1— <b2+b1) —|—a]x2—|— (b+1 —|—a)y2> :
There exists a positive constant d> such that
V <dy(x +)%), 3.7)

where dp := max{a®> +b*+a+b;,1+a+b}. From inequalities and (3.7),
inequality (3.4) is established with d; and d; equivalent to A; and A, respectively.
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Moreover, the time derivative of equation (3.2)) along the system (3.1)) gives

Ve = —a@x2 — [(b+ 1)g(t,x,y) —a} V- [ag(t,x,y) s
+b@ —f'(x) - (az+b2)}xy+ [aer (b+ 1)y}p(t,x,y)~

Following the hypotheses (i) and (ii) of Theorem 3.1} equation (3.8)) could be simplified
as

Vi < —abs® —aby® + eyl + [alxl + (b + Dbl |[p(x ). G9)

Applying the inequality |xy| < 1(x*+y?) and the fact that (|x| +|y|)? < 2(x* +)?) for
all x,y € R, in inequality (3.9), there exist two positive constants d3 and d4 such that

Vi < —d3(F +37) +da( + ) Pp(t,x,y)] (3.10)
withd; :=ab— %c and dy := v/2max{a, b+ 1}. Inequality (3.10) establishes inequality
(3.5) with d3 and d4 equivalent to A3 and A4 respectively. O

Remarks 1. If p(z,x,y) =0, inequality (3.10) becomes
Vi < —A(x* +)%) <0, (3.11)

Proof of Theorem Let (x(¢),y(¢)) be any solution of the system (3.1)). Recall from
equation (3.3)) that Vi < —A3(x%4+y2) + (x> +y*)/2|p(t,x,y)], for all r > 0, x and
y. From inequalities % and (3.7), we have

V\1/2 Vv
(P 4+y2)12 < (—) and — A3 (x> +y%) < —A3 (—), (3.12)
d d>
where A3 is a positive constant. Using inequalities (3.12)) in (3.5]), we have
Ve < —AsV +A6V2|p(t,x,y)], (3.13)
A A
where As ;= d—3 > 0and Ag := ﬁ > 0. Inequality (3.13]) can be further written as
2 1
VEm < —2MV + A6V 2 |p(t.x,y)], (3.14)
A
where A7 := ?5 Further simplification of inequality (3.14) gives
Vi + A9V < AV 2 [p(r,x,3) | - 25V, (3.15)
A
where Ag := Zﬁ > 0. Inequality (3.13]) can be written as
VEm + 4V < AV |p(1.x,y)]. (3.16)

Dividing inequality (3.16) by V!/2? and from hypothesis (iii) of Theorem 3.1, we have
first order differential inequality

VeV 2+ 4V < A6 (3.17)
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!
On multiplying inequality (3.17) by ¢! and integrating from fy to ¢, we have
X A Ae [ 2
VI2(1) < e~ 3 [v1/2(to)e77’0 +3 ﬁﬁ“ds] . (3.18)
Iy
Using inequality (3.4) and (3.18), we obtain
2 2 A -
x(t)+y (t) <e 7t[P1—|—P2/ eTSds] ,

Iy
M2 2 12 1 A8 .
where P = /l_? (x (to) +y (t0)> e20 and P, = 2671 For convenience, let A7 = 1,
then we have . )

() 2 (1) < e M [Pl +P2/ e%ds} . (3.19)

fo
]
Remarks 2. If p(t,x,y) = 0, then inequality (3.19) reduces to x*(¢) +y?(t) < Adge 1Py

and x*(t) +y%(t) — 0, as t — oo, which established that, the zero solution of the system
(3.1) is asymptotically stable.

Proof of Theorem Let (x(¢),y(t)) be any solution of the system (3.1). Now from
inequality (3.3) and choosing (x* +y?)'/2 > A;0 where Ajo := 2BA; A4 > 0is a con-
stant, then inequality (3.5]) becomes

1
Vi < —5/13(x2 +y%) <0, forall x,y and r > 0. (3.20)

Consider the set Q; = {X(¢z) = (x(¢),y(¢)) € R2|V@(I,X(t)) = 0}. Since equation

can be written in the form X' = F (X (1)) + G(¢,X (1)), where F (X (t)) = (v, —g(t,x,y)y —
F(x) and G(t,X (1))

= (0, p(t,x,y))T. Then by inequality (3.20), and the fact that

V (X(¢)) =0 on Q implies that x = y = 0, it follows that X’ = 0 has solution (X (¢))7 =
K" where X(t) = (x(t),y(t)) € R? and K = (k;,k;). For X(¢) € R? to remain in Q,

we must have k; = k; = 0. The largest invariant set in € is {0,0} so that by inequality

(3.6), (3.7) and (3.20), all assumptions of Lemmaholds with @ = X (¢) € R?, hence
by Lemma[2.7] equation (3.3) is established. Hence the proof. U

Now we consider equation (1.2)) and its equivalent system
X =y,
t
Y = pltxy) = (e sy S0+ [ fx(s)y()ds.

where 0 < £, 1s a constant to be determined. The main tool to be used in proving our
results is the continuously differentiable Lyapunov functional V = V (¢,x;,y;) defined
as

(3.21)

X
2V = b2x* +by? + (ax+y)* +2 /0 f(s)ds

0 rt
+y/ / ¥*(6)d6ds,
—hJt+s

where 7Y is a positive constant that will be determined later.

(3.22)
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Theorem 3.4. In addition to the basic assumption on the functions f, g and p in equa-
tion (1.2)), suppose that a,b,h, B, P,Q are positive constants such that

(i) g(t,x,y) > a for all x and y;

Gi) £(0)=0,b< L&) < B forall x #0;
(i) |f"(x)| < P for all x;
(iv) 0 < h where

ab ab
h { , }; d 3.23
<M P +2a1b) PRrat2n) S (3-23)

™) [pt,xy)[ <Q, Q<o
Then every solution (x;,y;) of the system (3.21)) satisfies

limx(t) =0,  limy(t) =0. (3.24)

t—ro0 f—o0

A lemma will be stated and proved which will be used in the proofs of our results.

Lemma 3.5. Suppose all the conditions of Theorem [3.4]holds, then there exist positive
constants A;1, A2, A3 such that

t
A2 +92) <V < A2 +37) + A3 / hyZ(s)ds (3.25)
[_

for all # > 0, x and y. Moreover, there exist positive constants Aj4 and A;5 such that
along the solution path of system (3.21))

Vs < —Aa( +57) + Ais (x| + [y (2,5, )] (3.26)

Proof. Let (x;,y;) be any solution of (3.21)). From equation (3.22)) we have V (¢,0,0) =
0 for all # > 0. Also, the double integrals term in (3.22)) is nonnegative, @ > b for all

x #0, and (ax+y)? > 0 for all x and y, there exists a positive constant A;; = Ay (b)
such that

V> A (x* +y%), (3.27)

where A1 := gmin{l +b,1}. Applying the inequality |xy| < %()c2 +y?) on equation
(3.22), since @ < B for all x # 0, there exist positive constants Aj, and A;3 such that

t

V< @+t s [ (), (3.28)

t—h

where A1y = %max{(a2 +b*+a+B),(a+b+1)}, and 413 = %'y. Hence, from in-
equality (3.27) and (3.28)), inequality (3.25)) is established.
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Furthermore, the time derivative of the functional V defined by equation (3.22) along
the solution path of the system (3.21)) is

V = —a@x2 - [(b—f— 1)g(t,x,y) —a}y2

- [b@ +ag(t,x,y) — (a® +b2)}xy+ [ax+ (b+ l)y} X
(3.29)

plrxy)+ [ax+ G+ 1] [ 7 60)(0)ds
+ %/ [hy2 — /tthyz(s)ds] :

Applying hypotheses (i)-(iii) of Theorem and the obvious inequality |xy| < %(x2 +
y?) in equation (3:29)), we have

1 1 P y
Ve < —Eabx —Eaby +§[ax +(+1)y ]h+§[hy
t P ¢
—/ hyz(s)ds} —|—§(a—|—b—|—1)/ hyz(s)ds (3.30)
t— —

— (Ws +We) +max{a,b+ 1}(|x| +[y[)|p(1,x,y)],

1 1
where Ws := 1 [abx2 + 4(ag(t,x,y) — a®)xy + abyz] and Wy := ) [abx2 + 4(b@ -
x

b?)xy + abyz} . Since W5 and Wg, are quadratic expressions, it is not difficult to show
that

1 2
Ws =W > Zab x| yl] =0, (331)
for all x and y. Using estimate (3.31) in (3.30) we have
1 1 h
A N R ) _[ 1P } 2
V@ < 2abx 2aby +2 (b—|- ) +7Yly

1 ! h
+5 y—(a+b+1)P]/ y(s)ds+ 3 (aP+ )’ (3.32)
t—h
+max{a, b+ 1}(|x[+|y])[p(t,x,y)]-
On choosing ¥y = (a+ b+ 1)P > 0, there exist positive constants 414 and A;5 such that

V! < —Aa (P +y%) + Ais([x] + [y | p(t,x,3)] (3.33)

for all xand y # 0, where A4 := 3 min {ab— (2a+b+1)hP, ab— (a+2b+2)hP} and A5 :=
max{a,b+ 1}.
Proof of Theorem Let (x;,y;) be any solution of the system (3.21)). Since inequal-
ity (Jx| +[y[)? < 2(x* +y?), then inequality (3.33) can be written as
VI < —Aua(? +y7) + Age (P + 7)1, (3.34)
with 116 = v24;50Q. There exist positive constants A7 and A;g such that inequality

(3.34) becomes
V' < —Ai7 (@ +y%) <0, (3.35)
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1
for all ¢ > 0, x and y provided that (x? —|—y2)1/2 > Mg, where A7 := 5114 and ;g :=

27Lf412,16. Now consider the set Q, = {X, = (x/,y;) €R?: V@ (1,X) = 0}. Since the
system (3.21)) can be written as
X'=F(X,)+G(,X),
where
. T

PO = (3 -stexyy 16+ [ Faoas) |

and
G(1,%) = (0,p(t,x,y))".

From inequality (3.35]), and the fact that V(/@I) (t,X;) = 0 on Qp, implies that x =y =0

and since £(0) = 0, it follows that X’ = 0 has solution (x;,y;)” = (k;,k2)T. For X; € R?
to remain in €, we must have k; = k, = 0. Since the largest invariant set in Q, is {0,0}

so that by inequality (3.27), (3.28) and (3.35), all assumptions of Lemma holds
and hence by Lemma equation (3.24)) is established. U

Finally, we shift to stochastic differential equation (1.3)) and consider the equivalent
system

X = Y y/ = p<t7x7y) - g(tvxvy)y _f(x) - wa/(t>7 (3.36)
where the functions f, g and p are defined in Section[I} The continuously differentiable
Lyapunov function V = V(x(z),y(z)) employed is defined for all a > 0,b >0
constants.

Theorem 3.6. Suppose that a,b, o, 3, and B are positive constants such that
(i) a < g(t,x,y) for all x and y, g(,0,0) = 0;
e — f®) .
(i) f(0)=0,b< Tx < B for all x # 0;
(ili) 30%(b+1) < ab; and
(iv) |p(t,x,y)| < Bg forallr > 0, x and y.

Then the solution (x(z),y(t)) of the stochastic differential system (3.36) is uniformly
stochastically bounded.

Theorem 3.7. Suppose that all hypotheses of Theorem hold. In addition, if hy-
potheses [y |p(t,x,y)|dt < oo is satisfied, for all # > 0, x and y. Then every solution

(x(2),y(t)) of the system (3.36)) satisfies
limx(t) =0,  limy(r) = 0. (3.37)

t—o0 f—od

The proof of the following lemma will be used in the proofs of Theorems and
B4

Lemma 3.8. Suppose all the conditions of Theorem [3.6]holds, then there exist positive
constants A9 and Ay such that along the solution path of (3.36)

Mo(x® +y%) <V < Aag(x? +37) (3.38)
for all x and y. In addition, there exists positive constants Ay; and Ay, such that

Vg5 (x,y) < =221 (2 +¥%) + Az (x| + y]) [p(t,x,Y)] (3.39)
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forallz > 0,x and y.

Proof. See the proof in Lemma (3.3)) which establishes estimate (3.38)) with d; and d,
equivalent to A9 and Ay respectively. Furthermore, from equation (2.5)), we find that

LV@z3e) = —% [a@ - %Gz(b—k 1)})62

; (3.40)
=3 [+ gt,x,3) = a)y? + [+ (b + Dylp() — Wi,

where

Wy = %{ [a@ — %Gz(b—k 1)]x2+2[b@ +ag(t,x,y)
— (@ 4B+ £ () |y + | (b+ g(r,x,y) —a]y? |-

Noting that W5 is quadratic, it is not difficult to show that

W z% N[a%") - %cz(w D]l

2
- \/[(b+ Dg(t,x,y) —a} !yl] >0,

for all x and y. Using estimate (3.41)), hypotheses (i) and (ii) of Theorem[3.6]in equation
(3.40), we have

1 1 1
LVg3g) < —3 [ab— EGZ(ZH— 1)}x2 — Eaby2 + [ax+ (b4 1)y|p(t,x,y).

(3.41)

Using the hypotheses of Theorem [3.6]there exist positive constants d; and dg such that
Vg5 < —dr(x® +y?) +ds(|x] + ) | p(r,x,y)] (3.42)
forall > 0, x and y, where d7 := %max {ab - %Gz(b—i— l),ab} and dg := max {a,b—l—

1}. Hence, inequality (3.42) establishes inequality (3.39) with d7 = A, and dg = A2
respectively. U

Proof of Theorem[3.6] Let (x(z),y(t)) be any solution of the system (3.36). Re-writing
inequality (3.39), noting hypotheses (iv) of Theorem 3.6 we have

1 1
Vg < —5121@2 ) - Sl [(\x\ — BoAy;'A2)?
+ (9] = Boks; Az2)? | +

for t > 0,x and y where A4 := B%?LZ_I] 2222. Since A1, A2, and By are positive constants
and of course (|x| — BoAy;'A422)? + (|y] — BoAy;' A422)? > 0, for all x and y, then there
exists positive constants A3 such that

LVg3g)(x,y) < —Aa3 (x> +y%) + A, (3.43)
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for r > 0,x and y, where dy3 = %),21. Therefore, condition (ii) of Lemm is
satisfied with ot (r) = Ap3, W(t) = Apa, r=2. Similarly, from inequality (3.6)), hy-
potheses (i) and (iii) of Lemma hold with j = k = 2 so that g = 0. Also, from
inequality (2.10) of Corollary [2.23] for u =0

t 1
u(x u)+ ]l/ u eifu a(s)ds] du = )_’712424 [1 _ 67123([7[0):|
| [wete) +y(w) = 4
< A3 s
fort > t9 > 0. Inequality (3.44) satisfies (2.10) of Corollary with B = AxuA,;' > 0.
Furthermore, from equation (2.6) and (3.2)) there exits a positive constant A»s such that
[Vis(6,2,9)Gie(t,x,9)| = o [[ax+ (b + Dy]| < Aps (" +37), (349

where Ays 1= %G max{2a+b+1,b+ 1}. Similarly from estimate (2.8)) of Assumption

[2.20|and inequality (3.45)), we have
T
Ms [ (20 +520) dr <o (3.46)
Io
for any fixed 0 <ty < T < oo. In conclusion, using inequality (3.45)) in (2.9)), we have

1/2
EXO|IX (1,X0)|| < {/126()% +33) +7Lz4/1;31] (3.47)

for all # > 9. All hypotheses of Lemma [2.22] are satisfied and inequality (2.10) holds
so that hypotheses of Corollary [2.23] (b) hold, by Corollary [2.23] (b) all solutions
(x(2),y(t)) of the system (3.36)) are uniformly bounded. O

Proof of Theorem[3.7] Let (x(1),y(t)) be any solution of the system (3.36). Since
(Ix|+[y]) < vV2(x2 +y*)'/2 and choosing (x? +y?)/2 > dy where dy = 23/2d;1ngo >
0 is a constant, then inequality (3.42)) becomes

LVggg)(x,y) < —dio(x*+y*) <0 (3.48)

1
for all + > 0, x and y where djo := §d7. Now, from the proof of Theorem the
uniform boundedness of solutions of system (3.36)) has been established.
Consider the set Q3 := {X(t) = (x(t),y(t)) € R?|LV3g = 0}, and since system
(3.36]) can be written in the form
X'(t)=A)X(t) +X ()@ (1) + G(t,X (1)),

where

X(t) := ( )yc ),A(f) = < _b _g(;l,x,y) )’ ©= ( —‘(5) 8 )

x
and

G(t,X(1)) == (0, p(t,x,y))"
By inequality (3.48)), and the fact that LVg3g) (X (r)) = 0 on Q3 implies that, x =y =0,
since f(0) =0, g(z,0,0) = 0, it follows that A(z)X(t) = 0, X(t)@'(r) = 0, so that
X' = 0 has solution X (1)7 = KT, where X (¢) = (x(¢),y(¢)) € R? and K = (ky,k;). For
X(t) e R? to remain in Q3, we must have k; = ky = 0. The largest invariant set of
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course in Q3 is {0,0} so that by inequality (3.6), (3.7) and (3.48), all assumptions of
Lemma [2.12] hold true and hence estimate ([3.37) is established, which complete the
proof of Theorem O

4. EXAMPLES

In this section, we shall present examples of ordinary, delay, and stochastic differen-
tial equations to illustrate applications of the results obtained in the previous section.

Example 4.1. Consider the second-order nonlinear non-autonomous ordinary differ-
ential equation
X"+ (342t + | cos(xx) )X + (x +sinx) = [1 +¢+xx] L. (4.1)
Equation (4.1)) is equivalent to system
X =y,
, _q . 4.2)
y=14t+xy)" — (x+sinx) — (3+ 27+ |cos(xy)]|)y.

Compare systems (3.1) and (4.2), the following relations hold:

(i) The function g(z,x,x") := 3+ 2¢ + | cos(xy)|. And since |cos(xy)| > 0 for all x
and y, it follows from hypothesis (i) of Theorem [3.1] that

g(t,x,y) =342t +|cos(xy)| >a=3Vr>0.
(ii) The function f(x) := x+ sinx, clearly f(0) = 0. From hypothesis (ii) of The-

orem@:H@, x#0. Since —0.2 < 2% < 1 for all x # 0 it
X X X
follows that
08=p< I 1 W 5 s
X X

f()

The behaviour of function f(x), — and the bounds on @ are shown in
Figure Again f/(x) = 1+ cosx < ¢ = 2 for all x. Also, from items (i) and (ii)
we find that b > % implies that 1 > % Figure shows the paths of cosx, f’(x)
and the upper bound of the function f”(x).

1
(iii) The function p(t,x,y) := T And of course since 1+ + |xy| > 1,
|p(t,x,y)| < B =1, for all + > 0,x and y. Hence, since all the hypotheses
of Theorem [3.1| are satisfied, then the solution (x(z),y(z)) of system (4.2) is

bounded.

(iv) In addition, the function [ ——
o 1+1+|xyl

Then every solution (x(z),y(t)) of the system (4.2)) satisfies

dt < B <o forallt >0, x and y.

tlggx(t) =0, llggy(t) =0.
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—f(x), —M, —a=1, —b=1
X
FIGURE 1. Paths and behaviour of f(x), fx) and the bounds on fx)
x X

VY

2n 4n om

= Cosx,™ f"(x

=1+ Cosx, — C=2|

FIGURE 2. Behaviour of cosx and f(x) on

[—67,67].
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Example 4.2. Suppose f(x(¢)) = f(x(t —h)) in equation (@.1]), we have the following
second-order nonlinear non-autonomous delay differential equation
X"+ (342t 4| cos(xx')|)x' 4+ [(x — k) +sin (x — h)] = (1 +14+xx') . (4.3)
Equation (4.3)) is equivalent to a system of first-order delay differential equation
¥ =y ¥ = (1+1+x9)7 = (3421 +]cos(wy)|)y
. ! (4.4)
— (x+sinx) + h(y(s) +cos(s))y(s)ds
t_

Recall our considered second-order DDE

(1) + g (t,x(1), ' (1)) (1) + f (x(t — ) = p(t,x(2),X(1)).

As in Example {.1] the functions g, f and p of equation (4.4) satisfy conditions of
Theorem [3.4] Then every solution (x(t),y(¢)) of the system (#.4) satisfies

limx(7) = 0; tlgn;y(t) =0.

t—roo

Example 4.3. Consider the second-order nonlinear non-autonomous stochastic differ-
ential equation

X"+ (342t + |cos(xx')|)x' + (x +sinx) +0.11xe'(¢)

= (1+r+xx)"" (%)
Equation (4.3)) is equivalent to system
X =y,
Y = (1+1+xy) "' = (x+sinx) — (3+27 + ]| cos(xy)| )y (4.6)
—0.11x0/(2).

Now from system ([3.36)) and (4.6)), we have the following relations:

(i) The function g(z,x,x’) = 34 2t + |cos(xy)|. And since |cos(xy)| > 0 for all x
and y, it follows from hypothesis (i) of Theorem [3.6]

g(t,x,y) =3+2t+|cos(xy)| >a=3,t>0, xand y.
(ii) The function f(x) = x+ sinx, x # 0. From hypothesis (ii) of Theorem

P&y S0 0 Tt follows that 70 — 14 5% S 0.8 Ths,
X X X X
08—p< ) 1 S0 g5 Ly
X

And of course hypothesis (iii) of Theorem [3.6]is satisfied
(iii) The function p(¢,x,y) = [1 +¢+xy]~!. And since 147+ |xy| > 1, ¢ >0, x and
y, then |p(t,x,y)| < By =1forallt > 0,x and y.
Items (i) to (iii) fulfill all hypotheses of Theorem hence by Theorem
solution (x(¢),y(¢)) of the stochastic differential system (4.6) is uniformly
stochastically bounded. In addition to Theorem 3.6|
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iv) The function | ————
() ({ 1+1+|xy|

Then every solution (x(¢),y(¢)) of the system satisfies

dt < B <o forall >0, x and y.

tlggx(t) =0, tlggy(t) =0.
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