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GENERALIZED ERROR ESTIMATION OF THE TAU
METHOD IN ORDINARY DIFFERENTIAL EQUATIONS

K. ISSAL R. B. ADENIYI AND B. M. YISA

ABSTRACT. The numerical method for solving Non-linear
ODEs is reported here based on the generalized Tau approxi-
mant earlier derived. The error estimation of the Tau method
for both linear and non-linear ODEs, overdetermined and non-
overdetermined type were also examined and generalized with
the use of chebyshev polynomials as perturbation terms. Some
numerical problems were solved to illustrate the effectiveness
and simplicity of the generalized scheme.
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1. INTRODUCTION

The Tau method [3, 4, 7, 14, 16, 17, 18, 21, 26, 28| for the case
of numerical solution of ODEs and in [5, 8, 22| for the case of nu-
merical solution of PDEs. Application of orthogonal polynomials
especially chebyshev and legendre polynomials and their numerical
merits in solving ODEs and PDEs numerically have been discussed
in series of papers [3, 6, 17, 18, 29]. The idea of these orthogonal
polynomials as perturbation terms is the central idea and philo-
sophical feature of the Tau method. Ortiz and Pham Ngoc [23]
worked on the structural relations between the Tau method and
other numerical methods [13, 23].

The error estimation for ODEs has been reported by many re-
searchers, including [1, 2, 3, 4, 7, 9, 10, 15, 19, 26, 27, 28, 30| to
mention view. The dependence of error on the degree and on the

length of the interval of approximation was discussed by El-Daou
and Ortiz [12].
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2. REVIEW OF GENERALIZED TAU APPROXIMANT

In this section, we consider Tau approximant for the recursive form
of the differential equation:

m N, o
Ly(z) = Z (Z P,n,kxk> y " (z) = Z frx",a<x<b (1)
r=0 k=0 r=0
m—1
L*y(x.) = arky(r)(a:rk.) =, k=1(1)m (2)
r=0

by seeking an approximant

yn(z) = Zarxr, r < 400 (3)
r=0

of y(x) which is the exact solution of the corresponding perturbed
system

Ly,(x) = foa" + Hy(z) (4)
Ly (xp) = ag, k=1(1)m (5)

where L is the linear differential operator, " (z) is the derivative
of order r of y(x),P, (), ag, Tk, a and b are real constants, o is
an integer,

m+s—1 m+s—1 n—m+i+1
H (.CE) _ 7T . ([L’) _ T C(nfer’iJrl)xr
n - i+14 n—m+i+1 - i+1 r

(6)
is the perturbation term, the parameters 7;, i = 1(1)(m + ) in (6)
are to be determined and

L) = 3" " = Cos {nCasl (La_b)] (7

b—a
r=0

is the chebyshev polynomial valid in the interval [a,b]. The integer
s is the number of overdetermination of (1), and is given by:

s=max{N,—r>0]0<r<m} (8)

In 1956, Lanczos [20] introduced the use of canonical polynomial
{Q,(x)}, r > 0 into the Tau method and the difficulty involved
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in their construction was removed by Ortiz [19] and generalized by
Yisa and Adeniyi [29] as

1 n—s _ Ui oom—s
Qn($):2km:ok!(n_s)Pk kts {:D [Z (Z]!( J ) ha- k) Qn-s-k()

k=1 \j=k

+Z (Z]( ) mk) Qns+k<x>]}

k=0 \j=0

(9)

So, by varying m and s in equation (1), we have:
For Case m=1and s =1

We have
n+1

Ly, (x )_fo +ZTz+IZCn+Z

n+1

= £LQ.(z) + Z Tit1 Z CUILQ, (x
r=0
o n+i
=L {Zfr@r +ZTz+1ZC(n+Z Qr }
r=0

n+1

- Z [ Qr(z) + 7 Z C"Q, () + 1 Z CtQ,(x) (10)
r=0 r=0 r=0

Now, substituting (9) in (10); expanding the resulting equation
and equate the coefficient of undetermined canonical polynomial
(i.e Qo(x)) to zero, we obtain

n+1

lec P+TQZC"HP +wa_o (11)

Take Py = 1. Equation (11) is the coefﬁment of undetermined
canonical polynomial (i.e Qo(x)) and for ease generalization we as-
sume Qo(r) = 1, we obtain

n+1

- ZquT + ZTZ-{-IZCR—H (12)
r=1

where ¢, = Q,(x) — P, and

—Po,opnq - (n - 1)P1,0Pn72 - (n - 1)P1,1Pn71
Poi+(n—1)P

P, = (13)
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Case m=1,s=2
From (4), we have

o n n+1
=Y [Qi(@)+ 1Y CMQux)+ 1Y CrTIQ,(x)
r=0 r=0 r=0
n+2 (14)
+ 73 Z O£n+2)QT(I')
r=0

Again, putting (9) in (14); expanding the resulting equation and
equate the coefficient of undetermined canonical polynomials (i.e
Qo(z), Q1(x)) to zero, we obtain

n+1 n—+2

lec P+TQZC"HP+T ZC"+2P+ZfT P=0 (

Take Py = 1, P, = 0 for coefficient of Qo(z), for coefficient of
Q1(z) take Py = 0, P, = 1 and for y,(z) we assume Qo(z) =
Q1(z) = 1,and take Py = P, = 1, we obtain

n—+i

- Z fTQT + Z Ti+1 Z C ) CJT (16)
r=2

where

—(n—2)P1,0Pn—3— (Po,o+ (n—2)P1,1) Ph—2 — (Po,1 + (n —2)P12) Pr—1

P, =
" Py2+ (n—2)P13

(€

and qn = Qn(x) - P,

Case m=2,s=1:

substituting (9) in (4); expanding the resulting equation and equate
the coefficient of undetermined canonical polynomial (i.e Qg(z)) to
zero, we obtain

n—1 n+1
Y Cr VP4 Z CM P+ Z CmOPp, +Z f,Pr =0 (18)
r=0

Take Py = 1 for the coefficient of Qy(x), and for y,(z) we assume
Qo(z) = Py =1, then we obtain the solution:

n—1+1

- ZquT +Z7—2+1 Z O(n 1+Z ZL’ (19)
r=1
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and
n+1

=" QL) + Z Tint Z C Q) (o)
r=1

Case m =2, s =2:

substituting (9) in (4); expanding the resulting equation and equate
the coefficient of undetermined canonical polynomials (i.e Qo(z)
and @Q1(x)) to zero, we obtain

n+1
TIZCn Vp, +TQZC( )P, +T3ZC(H+1 Pr+7y4 ch+2)P +ZfTPT_O (20)

r=0 r=0 r=0 =0 r=0

for the coefficient of Qo(x), take Py = 1 and P, = 0, and for the
coefficient of Q1(x ) take P, = 1, Py = 0 and for y,(x) we assume
Qo(z) =Q1(x) =Py =P =1, then we obtain the solution

n—1+17

= ZfT‘qT ZTZJrl Z C(n 1+ QT ) (21)
r=2

and
n+1

=Y QL) + Z i1 Z CmHIQ)! ()
r=2

Observing the trend in the Tau approximant of the first and second
order ordinary differential equations presented above, we derived
the general formula

m+s—1 n—m+i+1

:Zfrqr(x)+ Z Tit1 Z Ot g () (22)
r=s =0 r=s

Assume Q,(z) = P.=1,r=0(1)(s — 1)

o m—+s—1 n—m-+i+1 )
(@) =Y HQX@+ Y Ty, OTTIQM@) = ax A = 0(1)(m—1) (23)
=S8 1=0 =S8
m+s—1 n—m-+i+1

Z Tigl Z ClnmmtiHlp, +ZfT =0 (24)

where ¢, (x) = QT(.I) — P, and equation (24) is the coefficient of
undetermined canonical polynomials and
Em k'(7 Pk s {Zk 1 ( Jj= k]'(T;S)P],]7k> P'rf.sfk
1
P.o={ 27 0 (ZJ_OJ ("5 )P]J‘HV) PT*SHC} rzs (25)
1, when equating the coeﬂicient of Qr(x) to zero, Vr =0,..., (s—1)
0, otherwise,Vr = 0,...,(s — 1)
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Mathematica code for P,:

1 m m
P = — ! Bi iallr — s,j|Pj i1 | Pr_s_
( > i k!Binomial[r — s, k] Py 45 ( {kzl (]Zk] inomiallr — s, j] P; ; k) sk
s—1 m
+ Z Zj!Binomial[r —5,31Pj j+k | Pr—stk
k=0 \j=0

MATLAB program for P,

P(1)=1;%this is P(0)

P(2)=0;

pp=input (’enter p as a matrix >>’);
n=input (’enter n>>’);

m=input (’enter m>>’);

s=input (’enter s>>’);

A=0;

for k=0:m;

A=A+factorial (k)*nchoosek(n-s,k) *pp(k+1,k+s+1);

end

B=0;

for k=1:m;

for j=k:m
B=B+factorial (j)*nchoosek(n-s, j)*pp(j+1,j-k+1)*. ..
P(n-s-k+1);

end

end

C=0;

for k=0:s-1;

for j=0:m;
C=C+vpa(factorial(j)*nchoosek(n-s, j)*pp(j+1,j+k+1)*. ..
P(n-s+k+1));

end
end
P(n+1)=-1/A%(B+C) ;

The validity of P. and @Q,(z) have been established by [17] and [29]
respectively.
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3. EXTENSION TO NON-LINEAR PROBLEMS

In this section, we shall consider an extension of the generalized
recursive formulation of the Tau method to non-linear problems.
For this purpose, we shall employ Newton-Kantorovich lineariza-
tion process [11, 18, 24, 25| to non-linear differential equation of
the form:

G(z,y(x),y'(2), ...,y (@) =) fra" (26)

and the process of Newton-Kantorovich linearization, derived
from the Taylor series expansion in several variables of (G, is given
by:

oG ,0G , 0G oG
G+A0y a—y+A ?JFA oy A Ay W_Zofr

where Ay = yp —yh, i =0,1.

We seek k — th iterative approx1mant of the form:

27)

Yni() = )y’ (28)
r=0
Adding the perturbation terms to equation (27) we have:

mo . 8Gn
Z(yi,kﬂ(m) _yi,k( ) a j u - fo - nk +an( ) (29)
j=0 nk r=0
where
G = G(&, Yoge(@), Yo (@), P (@), k=0,1,... (30)

The number of overdetermination s, for the non-linear problems,
unlike in the case of linear problems, depends on n and can be very
large depending on the degree of non-linearity of the problem under
consideration. The iterative process is repeated until

| &nk — En g1 |< Tolerance Value

where

Enge = max{| yx(z) — yni(z) | a <2 < b} (31)

The iterative scheme needs a suitable choice of an initial approxi-
mation y, o(z) from linearization process, for a rapid convergence.
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In most problems, the initial approximation y, o(x) is taken to be
the simplest polynomial satisfying the associated condition in (2).
In some cases, good choice of initial approximation is obtained from
the given differential equation itself (see Example 3.1 below).

3.1. NUMERICAL PROBLEMS

We shall consider here three problems of interest for the illus-
tration of the method of the preceding section. It is to be noted
that the results presented in the tables below were obtained using
mathematica 7.0 package.

We illustrate the accuracy of the method presented in this work by
computing &, (maximum error) for some numerical Problems.

Problem 3.1[18]: Consider the first order non-linear problem

y'(2) + (22— 1)y*(z) = 0 (32)
subject to initial condition
y(0)=1,0<z<1 (33)

with exact solution y(z) = (2% —z + 1)~}
For this problem, we have

Gr = Gz, yr(2), yp(x)) = yp(x) + 22 — 1)yi ()

so that o o
Gi + Ayp—2 + Ay, —E =0 34
where
AUk = Ykt1 — Yks DY = Yoy — Yioo Em = 2y,(22 — 1), a—% =1
(35)
substituting (35) in (34), we have:
Y1 + (42 — 2)yryp1 = (22 — Dy; (36)

From (29), we have

y;,,k+]. + (4 — 2)Yp 1 Yn 1 = (22 — 1)3/721,k + Hy ()

where .
H, i(z) = Z Tit1nDntik()
i—0

Thus, the sequence of linearized Tau problem to be solved is:
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Yn o1 + (42 = 2)yp o1 = 22— 1)y5 , + Z TivtnTnvinp(z) (37)
i=0

Yni1(0) =1,k =0,1,2,... (38)

For the choice of initial approximation, we have from (33), /(0) =

1 (since y(0) = 1). Hence , if we assume an initial approximation

of the form y = a + bx, then we get y(x) =  + 1 by using y(0) = 1

and y'(0) = 1 to determine a and b. So, we choose y, o(z) = x + 1
and then compute the approximant solution.

First Iteration (k=0): we have from (36)

yh(z) + (42° + 22 — )y (v) = 22° + 32 — 1 (39)

/
y1(0) =1
Comparing (39) with (1), we have m = 1, s = 2, and the perturbed
problem (37) becomes
y;hl(x) + (42:2 + 2z — 2)yp,1(x) = 22% + 322 — 1+ T1Tn(x) + 2 Tnt1(z) + 73Th42(x)

Applying (22 and 24), for the solution of degree 5, 6 and 7, we
have
13734241z 247786422 1547813623  2400320z* 114217625

vsa@) =1+ 14036168 + 5263563 5263563 + 1754521 + 5263563
vor (@) =1+ 758745347 15990243682 N 9239887362% 15803064192x*
’ 754661830 7923949215 1584789843 2641316405
5494609510425 5926750208z
7923949215 2641316405
Yo (@) =1+ 109326648889z 6431413792 16455708792° 151005422242
’ 109205132560 13650641570 2730128314 6825320785
770053525625 1404364102426  1679799488x7
6825320785 6825320785 1365064157

Second Iteration (k=1): We similarly obtain

ys,2(z) = 1+40.9826334482+0.3983696652% —2.7465450922> 4+-1.345127453z* 40.0208776602°
y6,2(z) =1 + 1.001540930z — 0.07371878422 — 0.275524912> — 3.801892850z*
4 4.7145277412° — 1.5644679192°
y7,2(x) =14 1.001763174z — 0.08171759622 — 0.214195149z> — 3.996928214x*
+ 5.0148541292° — 1.786985423x° + 0.06366696362"
and for Third Iteration (k=2) we have

ys,3(r) = 14 0.982318z + 0.405095x2 — 2.7748125 + 1.3874z* + 5.28099 x 10~ %2>
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y6.3(z) =1+ 1.001699849z — 0.078836193x2 — 0.241731719z°> — 3.889122757z*
+ 4.8119859272° — 1.6039951002°

y7,3(z) =1 4 1.001699864z — 0.0788367194x — 0.241727690> — 3.889135527x*
+4.8120055112° + 4.111601230 x 10~ %27

The Table below gives the maximum error for each iteration

Table 3.1:Maximum Error for Example 4.1

Iteration (k) | Degree 5 (&5x) Degree 6 (§6x) Degree 7 (&7.x)
E=0 9.37x1072 9.39x1072 9.41x1072
k=1 2.23x1073 4.64x107* 4.44x107*
k=2 2.27x107° 1.67x10~" 1.70x10~*

Problem 3.2(A constant coefficients second order Homogeneous
Problem): y"(z) — y(x)y'(z) =0
together with the given conditions
-1
y(0) =0, (1) = tanh(—)

with analytic solution y(x) = tanh(5%), 0 <2 <1
After linearized, we have

Yierr — YkYhr1 — YelUk1 = —Yrs

—1
y1€+1(0) = 0, Yk+1 = tanh(T),O S T S 1

see Table 3.2 for the maximum error

Problem 3.3 Consider non-homogeneous Problem:
y'(z) = (y(x))* =1

y(0) =1
with analytic solution y(z) = tanz, 0 < x <
This leads to the linearized problem

s
4

Yerr — 201 = 1 — y3

yk+1(0) =0

see Table 3.3 for the maximum error
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Table 3.2:Maximum Error for Example 3.2

Iteration (k) 55,k fﬁ,k 577143
k=0 1.14 x 107° 9.22x107% 9.42x107°
k=1 5.91x107% 2.64x10" 3.95x1078
k=2 5.91x107°% 2.64x1077 3.99x10°®
Table 3.3:Maximum Error for Example 3.3
Iteration (k) fg,Jc 66,]{ 6771C
k=20 5.18x1073 5.17x1073 5.16x1073
k=1 1.31x107% 2.86x107° 3.77x10°°
k=2 1.31x107% 2.39x107° 3.78x10°°

3.2. GENERALIZATION OF ERROR ESTIMATION FOR THE
TAU METHOD

In this section, we shall derive the general error estimation for
the recursive form of the Tau method using polynomial economiza-
tion process. Adeniyi [2, 3] reported a polynomial error estimate

(en(®)), 11 = Epga(z) of degree (n + 1) as:

 Gnvm(@)Taemi1 (@) nvm(@) Sr ot g

(en(@))py1 & Entr(z) = = (40)
+1 C(n—m+1) C(n—m.+1)

n—m-+1 n—m-+41

where v,,(z) is to ensure that E,.;(x) satisfies some or all the
homogeneous conditions of e, (z).
He also reported that:

L(E, (7)) = Hn-f—l(x) — Hy(x) (41)
where
. m+s n—m-+i+2 4
Hn+1($) _ Z Tit1 Z CﬁnfererZ)xr (42)
=0 r=0

After assuming that a transformation has been made such that
a=0,b=1 (40) becomes:

() NIt O g

By (v) = C(n—m+1) (43)
n—m-+1

Considering the differential equation (1) in cases (that is varying
m and s).

Case m=1, s=1

Ly(z) = (Pro+ Piaz + P1az?) v/ (z) + (Poo + Poaz)y(z) = » _ fra” (44)
r=0
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The linear differential operator L of equation (44) is:

d
L= (PLO -+ P1,1£U + PLQ[BQ) @ + (P070 + PQJ[L’) (45)

Applying differential operator L on E, 1(z), we have:

L(Epy1(z)) = (P10 + P11z + Pp2z?) % (En+t1(2)) + (Po,o + Po,1z) (Ensi1(z))  (46)

where
¢n Z:«Z: Cﬁn)xr—i—l
Substituting equation (47) in equation (46), we obatin:
L (Eny1(z)) =% Pro > (r+1)CMa" + 3 (Poo + (r +1)Pra) VL
n r=0 =0
(48)

+ Z (Po1 + (r+1)P1,2) () grt2
r=0
from equation (41), we obtain

n+1 n+2 n n+1
L(Ensi(2) =5 > G a4 2,3 0 -1 3" 0fMar — 1 37 0 ar (49)
r=0 =0 =0 =0

substituting equation (49) in (48) and equate the corresponding

coefficient of 2" i =0,1,...,m + s, we obatin:
RO = S5 (Pus + (n+ DA O (50)

n

Aol + *207(3:52) - 7207(3:51 = Cdzz) [(Po,o +(n+1)PL1) CYY + (Poy +nPy2) szn_)l]

n

(51)
#HOTTY 4+ 70" — o — oMt = ‘b(j) [(n+1)PLOCE +
" (52)
(Po,0 +nPr11) C,(Ln_)1 + (Po,1 + (n—1)P12) 07(1"_)2]
From equations (50), (51) and (52), we obtain:
(n)
Tlcn
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where

oy ol oytem, oty o
1= ( L Poo+ ! —

n+1 - n n n+1 - n+1 n+2 n+2
o g oIt T gl e T i3

n n+1 n+1 n+2

(nF 1) o)

n n+1 n

o Hoy Y e
_C 2>P0,1_(n+1)P1,0+ ((n+ ) — L) P+

(54)

Mot o) o (nt2) o t2)

nC el m+ el my ot
n+1 n+1 n+2

n+2

(n—1c,
T om e
Cy

Case m=1, s=2

Ly(z) = (Pro + Pz + Pr22® + P13z?) y/(2) + (Po,o + Poiz + Po22?) y(z)
=2 fra’
r=0

The linear differential operator L of equation (55) is:

(55)

d
L= (P1,0+ P11z + Pioa® + Py 32%) o + (Po,o + Pojiz + Po2a?) (56)
Applying differential operator L on E,,1(z), we have:

d
L(Enyt1(z)) = (P10 + Priz 4 Pr2a® 4 Py 3a®) — (Enii(z
(But1(@) = ( ) = (Bns1(@) -
+ (Po,o + Po1x + P0,2x2) (En+1(x))
where
n+i+1 n+i

2 2
L(Bnp1(2) =Y #is1 > O Der N~ S ot ar (58)
=0

r=0 i=0 r=0

Substituting equation (47), (58) in equation (57) and equate the
corresponding coefficient of ™%, i = 0(1)3, we obtain:

~ ~(n+3)
730,137 = ¢n[Fop + (n+1)Pyg] (59)
200D 4 4Ot _ o2 - On [(Pos + (n+ D)Pr2) O
o (60)
+ (Po,2 +nP13) Cy(Ln_)l]
#OUY 4200 4 250 — el et = ;’(Z) [(Po,o
" (61)

+(n+ 1)Py1) O + (P +nPr2) Oy + (Poz + (n— 2)Prs) O

HOY T 4 0 4 oMY — o — et — ot

= % [(n + 1)P1,007(Ln) + (Po,o +nP1,1) CT(Ln,)l + (Po,1 + (n—1)P1,2) 07(17:)2 (62)

+ (Po,2 + (n —2)P1,3) 07(:1_)3]
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From (59), (60), (61) and (62), we obtain:

7107(1”)
V1,2

¢n:

where

oD o

n n+1 - n+1 n+2 n+2
e CTIel el

<C7(Zn+l) cff_)1> (CT(LnJrl)szn_)l S )
71,2 = 0,0

n+2

_ _ n-+2
C'r(zn) Cy(;”)c(””rl) Cé")c(”+l)c("+2) C(”+1)C("+2)C("+3)

n n+1 n n n+1 n+2 n+1 n+2 n+3
AN e e N e e e ey leivt
n+1 n+2

n+1 n+1 n-+2 n-+3

Cy(LnH)C,(LTIS) ngn-s-z)cr(:i)l 07(1"+2)C7(ﬁ;;3) Cy(L"JrS) 07(:1)3
T (n+1) ~(n+3 n) ~(n+2)  ~(n+2) ~(nt3 n+3) n 0,2
cy )C£L+3 e )07(1-‘-2 ) 07(1-‘-2 )07(1-‘-3 ) C£L+3 bl

(n+1) (n)
Cn+1 C"

—(n+1)P1po + ((nJr 1)07(1 - - nCpy )

Cé”)c("Jrl) B C(”+1)C("+2) C("+2) B CT(L")

nC VO NOTVONEY ot 1oy
1,2
n+1

n+1 n+2 n+2
n+1 n+2

Cy(;”)c(’_rgl) B Cﬁln)c(i‘ql)c(’rgm C(”+1)C("+2)C("+3)

((n —northetr, e et et et ot ol

n+1 n-+2 n-+3
o tolt? el ot m+ eyt Pority s ot

n+1 n+3 n n+2 - n+2 n+3 n+3
C’I(L+1 )C’I(L+3 ) 07(1 )Cr(L+2 ) 07(14-2 )07(14-3 ) 07(14-3 )
(n—2)ct™,
- Pis
(64)

Case m=1, s=3

Ly(z) = (Pro + Priz + Pyoa® + Prsa® + Praa®) o' (z) + (Poo + Po1x + Poaa?

c 65
+Po,32%) y(z) = Z fraz” (65)
r=0

Applying the linear differential operator L of (65) on E,1i(x),
simplify and equate the corresponding coefficient of ™, i = 0(1)4,
then solve the resulting equations, we obtain:

Y
= (66)
71,3
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where
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Case m=2, s=1
Ly(z) = (P20 + Papm + Papx® 4+ Paga®) ' (2) + (Pro + Praz + Proa®) y/ (z)

Z (68)
+ (Po,o + Poiz)y(x) =y fra”
=0
The linear differential operator L of equation (68) is:
L=(Pyg+ P21z + Pa22” + Pa32?) £+(P10+P1 12 + P1oz?) il
’ ’ ’ 3T G2 ’ ’ 2 (69)

+ (Py,0 + Po,1x)

Applying linear differential operator L (that is equation 69) on
(43), simplify and equate the corresponding coefficient of x" =1 =
0(1)3, then solve the resulting equations, we obtain:

(n=1)
bn = 7-10"7—1 (70)
Y2,1

where

- (ci’iz”csz ot oty ci'iz”> Poo + (LIC&?”
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<(n ~ e Y+ e oY a1y
oMol e cth
(n—1)(n —2)C"5Y (n —1)(n —2)c™, c"
_ 07(:1_11) ) Pao+ ( Cy(Ln__ll)C,(L”)
DO s p etz o
oo oty ol ors?
n(n+ 1o, ot - e ey
RO ool
R R N ORI URE IRt [Hr R I
hiplerive oY oY 2’3

Case m=2, s=2
Ly(z) = (P20 + Pe1z + Popx? + P 3z® + Praa®) v (z) + (Pro + Piiz + Py oa®

Z (72)
+P132%) Y/ () + (Po,o + Pojpz + Popa®) y(z) = > fra’
r=0
The linear differential operator L of equation (72) is:
d2
L=(Pyo+ P+ Py ox? + Posa® + P2,4$4) oz + (P10 + Pz + Py o2
(73)

d
+P1,3$3) o + (Po,o + Pojiz + P0,2$2)

Applying linear differential operator L (that is equation 73) on
(43), simplify and equate the corresponding coefficient of "1 § =

0(1)3, then solve the resulting equations, we obtain:
C("*l)
b = Mon-1 (74)
V2,2

where
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n(n+ 1)V oMY 1o e (- 2)(n - 1oy

n n—

AV AV S
n(n = 1)Cy VeVl P et neiVeliP ol
ool AP el ol
n(n+1)CTHV el nm - neitP ol
e e ey
n(n 4 DOIONEY  nn DO - 9o
ool R o

(75)
Observing the trend of equations (54), (64), (67), (71) and equation
(75), we derived the general formula for ~,, ; as:

m r m—r+k n it+1 C(n—m+1)
_ —m—it1
Ym,s = E E E r! ( r ) Pr,k%ﬁmfr+k7i
r=0k=0 =0 n—m-41

76
m s m+i (n—m+1) ( )

PP ( n_]:+ ! )Pk,kJriCjz;Ti;L_f{)lﬁeri—r

k=0i=1 r=0 n—m-+1

i (n—m+i+1)

b= D~ Pt 1= L2 (o), o= =1, (7D

r=1 Onfer'iJrl

(n—m-+1)
1 Cn—m—i—l

Tm,s

On = (78)

and
1

Ym,s

is the error estimate for the equation (1) and we obtained the
value of 71 from equation (24).

(79)

e =max |(e,)ns)(z) : a <z < b=

In the process of solving numerical problems, we assume C'(_"T) =0.
The number of P, ;’s in equation (76) correspond to the expression
$(m + 1) (24 m + 2s) and the number of terms in the coefficient
of each P, ;’s correspond to the expression 2/7™~",

Mathematica Code for 7, ;:

n—m-+1
m r m—r+k C i1
. . . n—m-—u
Ym,s = Z Z Z r!Binomial[n — i 4+ 1,T]Pr’kam,T+k,i
r=0k=0 i=0 C
n—m-+1
n—m-41
m s m-i 11
. . n—m-—r
+ Z Z Z k!Binomialln —r + 1, k]Pk,k+ime+i—r
k=0i=1 r=0
n—m-41
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We validate equation (76) in theorem 1 below.

Theorem 1:
The parametre 7,, s in the general error term &, of the error:

& = max{| y(z) — ya(2) |- a <z < b}
for the m-th order differential equation:

m Ny o
Ly(x) = E Pa® |y (z) = E frx"a<ax<b
r=0 \k=0 r=0
is given by
m r m-—r+k . (n—m+1)
n—1+4+1 Cnfmfiﬁ»l
Ym,s = Z Z Z 7! ( r ) Pr,k: Wﬁm—ﬂrk—i
r=0k=0 =0 n—m-+1
m s m-i n—r+1 (n_m“'}‘_)l
+ZZZ’€!( k )Pk,k+imﬁm+i—r~
k=01i=1 r=0 n—m+1
where

i C(n—m+i+1)
Bi = Z*%ﬁr—l i=1,2,...,m+ sand By = —1.
r=1 n—m-+it+1

(80)

(81)

(82)

(83)

where s is the overdetermination number given by equation (8),
n is the order of the error term and y,(z) is the Tau approximant

given by equation (22)of the solution y(z).
Proof

We shall employ the principle of mathematical induction to validate

Ym,s and this shall be accomplish by varying m and fixed s
Form=1, s=1

1 r l—r+k . C(n)A
V1,1 :ZZ Z T'( " ;+1 )Pr,kﬁﬁlf'rﬁ»kfi

r=0k=0 =0

11 1+4i ner i1 o™
#3 m (I ) P i B
k=0i=17r=0 n

After simplification we obtain:
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o SR

C("+1)C("+2) C("JFQ) B C'r(zn)

e telt? e nedt? - nel, PLy
n+1 n+2 !

n+2

)

[0

Po,1

)

This conform with equation(54), hence equation (25) is true for

m=1, s=1.
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Assume m =v, s=1

r v—r+k . (n—v+1)
%1_222 (n_l—i_l)Pr,k%ﬁv r+k—i

r (n—v+1
r=0 k=0 =0

n—ov+1
1 vt (n—v+1)
- + 1 Cn v— 7‘+1
PSS (M) P
k=0 =1 r=0 n—v+1

Form=v+1, s=1

v r v—r+k (n—v+1)

n—i+1 Chvri
i =050 S (T ) P A

: (n—v+1)
r=0k=0 =0 n—v+1
v 1 v4i (n—v+1)
n—r + 1 Cn—v—r+1
#2525 m( ) P iy i
k=01i=1r=0 n—v+1
B C(nf'u).
n v n—uv—1i
+ (v +1)! ( vt 1 ) PU+1,u+1W/3v—i+1
n—r+1 (n—v)
+(’U+1)!( vl )Pv+1 u+2c(717vﬁu 42

After simplification, we obtain:
v+l r v—r+k+1

. (n—v)
Yo+1,1 :ZZ Z rl ( nored )Pr,khﬁv r+k—i+1

r=0 k=0 =0 " CT(L v
v+1 v+2 (n U
—r+1 Cn v—r
+ Z Z k! ( ) Pk,k+1mﬁu—r+1
k=0 r=0

Therefore 7, s is true for m = v + land s = 1, we assume 7, s is
true form =v -+ lands =1t
And lastly for s =t + landm = v + 1, we have:

v r v—r+k (n—v+1)

n—1i14+1 C 1
S 3D DD DAY (L P VS~ R

(n—v+1
r=0k=0 =0 n—v-+1

v 1 wv4i n 7’+1 C(nf'uﬁ»}‘r)l
- n—v—r
1539 31 ( ) Perni S By
k=0i=1r=0 n—uv+1

(n—v) (84)
n—v n—wv—i
+ (v+1)! ( vl )Pv+1,u+lwﬁu—i+l
(n—v)
_ 1 c,,
+ (v +1)! ( " ]:+ )Pk,kﬂ'ﬁﬁu Pt
C

n—uv
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Simplifying equation (84), we have:
(n—v)

n—uv —v—1

Yo+ 1,641 =Ym,t + (v +1)! (

v+
| n—r+1 T(Ln,qjv,)r
+ (v + 1! L Pk,k+iWﬁu—r+t+1
Equation (85) becomes:
v r v—r+k n—i+1 (n—'u)'
S D) DID DIET (A P .~ RS
r=0k=0 =0 Cnfv
vl 41 vfitl (n—v)
n—r+1 Cnf'ufr
+ 12)21 ZO k! ( k ) Pk,k+i70(n_v) Boti—rt1

Therefore 7, s is true for all m,and s

4. NUMERICAL EXPERIMENTS

The results reported in previous section are employed here to
illustrate our results, we illustrate the experiments by solving nu-
merical problems from literature review. The exact errors are de-
fined as £, = max{| y(x) — yo(z) |: a < x < b}, where {x;} =
(0.01k), k = 0(1)100
Experiment 4.1[16]

Ly(z) = y'(z) + 2zy(x) = 4z
subject to initial condition y(0) = 3
with analytical solution y(z) = 2 + exp(—2?)
Experiment 4.2[16]
Ly(z) = y'(x) — 2%y(z) = 0
subject to initial condition y(0) = 1
with analytical solution y(z) = exp(32?)
Experiment 4.3[3]
Ly(z) = ¢/(x) — 2(1 + 2%)y(z) = 0
subject to initial conditiony(0) =1, ¢/(0) =0
with analytical solution y(z) = exp(z?)
Experiment 4.4[28]
Ly(x) =21 +x)y'(x) +y(z) =0, 0 <z <1
subject to initial condition y(0) = 1

with analytical solution y(z) = (14 x)=
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Experiment 4.5[28]
y'(x) = (L —2)y'(z) +y(z) =0,0 <z <1
subject to initial conditiony(0) = 1,3'(0) =1

with analytical solution exp(z — %2)
Experiment 4.6[3]

y"(x) — 3601y () + 3600y(x) = —1 + 180022, 0 < < 1

subject to initial condition y(0) = y*(0) = y”(0) = y"™*(0) =1

with analytical solution:
sexp(—xz) (=1 + 2exp(z) + exp(2z) + 2? exp())

Experiment 4.7[26]

d*y(z)

cos®(z) L

subject to 1n1t1al COHdlthIl (0

Y
with analytical solution 24/cos(x) sin (g)

: sin(Qx)

+ 2y(z) =
)=

y’(

+/eos() cos (2)

X

2 IA
— A
—_

Table 4.1:Exact Errors for Experiment 4.1-4.7

Experiment

Degree 5

Degree 6

Degree 7

Experiment 4.1

3.57 x 107

1.97 x 107°

1.10 x 10°°

Experiment 4.2

2.07 x 1071

2.96 x 107

4.50 x 107°

Experiment 4.3

1.06 x 102

1.23 x 1073

1.40 x 107 %

Experiment 4.4

3.08 x 107°

4.24 x 107°

6.64 x 10~7

Experiment 4.5

9.42 x 107°

2.62 x 107°

1.81 x 1077

Experiment 4.6

1.70 x 107°

1.60 x 107°

2.48 x 107

Experiment 4.7

2.77 x 1074

9.89 x 107°

6.54 x 107°

Table 4.2:Estimate Error

for Experiment 4.1-4.7

Experiment

Degree 5

Degree 6

Degree 7

Experiment 4.1

4.08 x 107°

2.77 x 107°

1.56 x 107°

Experiment 4.2

3.28 x 1077

4.43 x 107

7.03 x 1079

Experiment 4.3

6.34 x 1073

5.76 x 10~*

1.18 x 1071

Experiment 4.4

290 x 10°°

4.60 x 10°°

737 x 1077

Experiment 4.5

7.08 x 107°

2.05 x 107

2.32 x 1077

Experiment 4.6

7.68 x 107°

5.69 x 1077

5.83 x 1077

Experiment 4.7

4.33 x 107*

7.94 x 107°

3.44 x 107°

The interesting fact that can be observed in the results presented
above is the correlation between the exact error and estimates error,
which so that we can compute the estimates error without actually
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compute the approximate solution of the problem. These further
emphasized the desirability of the reported formula.

5. CONCLUSION

We have obtained the generalized error estimation for the recur-
sive Tau method using chebyshev polynomials as the perturbation
terms and applied the results on some numerical problems. Our
results are compared with some existing ones in the literature and
we found that they are in good agreement. We also obtained the
recursive approximate to non-linear ordinary differential equations
and compute the exact error (&,;). We observed that increase in
degree of approximation reduce the exact error and estimates error
of the problem. Finally, because of the accuracy, effectiveness, and
simplicity of the method presented in this work, we recommend its
application in finding the approximate solution and estimates error
of an ODEs.
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