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ASYMPTOTIC STABILITY AND BOUNDEDNESS CRITERIA
FOR A CERTAIN SECOND ORDER NONLINEAR

DIFFERENTIAL EQUATIONS

D. O. ADAMS1, A. A. ADEYANJU2 AND , M. O. OMEIKE3

ABSTRACT. In this paper, we examined some criteria for the stabil-
ity and boundedness of solutions to certain second order nonlinear
differential equation

x′′+b(t) f (x,x′)+ c(t)g(x)h(x′) = p(t,x,x′),

where b,c, f ,g,h and p are real valued functions which depend on
the argument displayed explicitly. By applying a suitable Lyapunov
function to study the qualitative properties mentioned earlier, we
are able to extablish the asymptotic stability and boundedness of
solutions. Examples on the stability and boundednress of solutions
are hereby included to corroborate our results.

1. INTRODUCTION

Boundedness and stability problems of generalized Liénard equations
have been extensively studied over the years. As a survey, one can
refer to the book by Sansone and Conti [15] and the papers by Adams
et al. [2], [3], Adeyanju et al. [4], Athanassov [1], Bhatia [6], Bihari
[7], Burton and Grimmer [8], Chang [9], Graef and Spikes [10], Hatvani
[11], Lalli [12], Nápoles Valdés [13], Sugie and Amano [16], Tunç [18],
[17] and Wong and Burton [19].

In this paper, we consider the second order nonlinear differential equa-
tions of the form

x′′+b(t) f (x,x′)+ c(t)g(x)h(x′) = p(t,x,x′), (1)
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where the functions b,c, f ,g,h and p are assumed to be real-valued con-
tinuous functions which depend at most on the respective arguments
displayed explicitly.

Now, in 1969, Lalli [12] discussed stability and boundedness of solu-
tions of certain differential equation of the form

(r(t)u′)′+a(t) f (u)g(u′) = q(t)

in which cases q(t) = 0 and q(t) ̸= 0 were considered.
Zarghamee and Mehri [20], gave results on the stability and bounded-

ness of solutions to a class of second order differential equation of the
form

(r(t)u′)′+a(t) f (u)g(u′)+b(t)h(u)m(u′) = 0,

where h and m are chosen so that h(u) ≥ 0 and u′m(u′) ≥ 0. Further
demonstration on the boundedness property of the solutions of the re-
lated nonhomogeneous differential equation:

(r(t)u′)′+a(t) f (u)g(u′)+b(t)h(u)m(u′) = q(t)

was also considered.
In another contribution, Athanassov [1] considered the boundedness

criteria for solutions of the second order nonlinear differential Eq. (1)
through the use of ”integral inequalities” in [5] and achieved some in-
teresting results.

The motivation for this research comes from the work of Athanassov
[1] and that of [12], [18] and [20]. Our goal is therefore to use a suitable
Lyapunov function to study the stability and boundedness of solutions
to Eq. (1) for the cases in which p(t,x,x′) = 0 and p(t,x,x′) ̸= 0 and
thereby improve on the results established by Athanassov [1].

2. PRELIMINARIES AND NOTATIONS

We will have an occasion to use the following well-known lemma due
to Bellman (See [1],[5]) which is also known as Gronwall’s inequality.
Lemma 1. If u and v are real valued functions, defined and nonnegative
for t ≥ t0, u,v ∈ L1(t0, t) and if

u(t)≤ c+
∫ t

t0
u(s)v(s)ds,

for some positive constant c, then

u(t)≤ cexp(
∫ t

t0
v(s)ds).
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Let

X ′ = F(t,X) (2)

Theorem 2 [14]. Assume that there exists a function V (t,X) defined for
t ≥ 0, |X | < δ (δ is a positive constant) continuous with the following
properties:
(i) V (t,0)≡ 0,
(ii) V (t,X)≥ a(|X |),
where a(r) is continuous and monotonically increasing, a(0) = 0,
(iii) V ′

(2)(t,X)≤−c(|X |),
where c(r) is continuous on [0,δ ] and positive, and if F(t,X) is bounded,
the zero solution of Eq. (2) is asymptotically stable.

The following notations are used. We denote the real line R= (0,∞),
I = [0,∞) and an absolute value by |·|. L1(R) denotes the set of Lebesque
integrable functions on R.

3. MAIN RESULTS

We consider first, the stability result when p(t,x,x′) = 0.
Let x′ = y, and transform Eq. (1) into the equivalent system

x′ = y
y′ = −b(t) f (x,y)− c(t)g(x)h(y). (3)

Basic Assumptions
The following are the basic assumptions used to formulate the main

results of (1):
(c1) b(t)≥ b0, where b ∈C(I, I);
(c2) f ∈C(R2,R),g ∈C(R,R),h ∈C(R,R+);
(c3) c(t)≥ c0 > 0, , where c ∈C(I,R+);

(c4) lim
y→±∞

∫ y

0

τ

h(τ)
dτ = ∞ = lim

x→±∞

∫ x

0
g(τ)dτ;

(c5)
f (x,y)

y
≥ η (x,y) ∈ R2,y ̸= 0;

(c6)
g(x)

x
≥ α (x ̸= 0) and

∫ x

0

g(τ)
τ

τdτ ≥ 1
2

αx2 for all x ∈ R.

(c7)
1

h(y)
≥ β (h(y) ̸= 0) and

∫ y

0

τ

h(τ)
dτ ≥ 1

2
βy2 for all y ∈ R.

Theorem 3. If, in addition to (c1)− (c7), we assume that:
(c8) c′(t)< 0 and there exist a positive constant ξ and such that
lim
t→∞

c(t) = ξ then the solution of the system (3) is asymptotically
stable in the sense of Lyapunov.
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Proo f . Consider the function

V (t,x,y) = c(t)
∫ x

0
g(τ)dτ +

∫ y

0

τ

h(τ)
dτ. (4)

This can be written as

V (t,x,y) = c(t)
∫ x

0

g(τ)
τ

τdτ +
∫ y

0

τ

h(τ)
dτ.

In view of the assumptions c3, c6 and c7 we have that the function

V (t,x,y) ≥ c0
1
2

αx2 +
1
2

βy2

≥ A1(x2 + y2),

where A1 = min
{

c0
α

2
,
β

2

}
.

Calculating V ′ ≡ V ′(t,x,y) by differentiating Eq. (4) with respect to
t along the system (3) as follows:

V ′ = c′(t)
∫ x

0
g(τ)dτ + c(t)g(x)x′+

y
h(y)

y′

= c′(t)
∫ x

0
g(τ)dτ + c(t)g(x)y−b(t) f (x,y)

y
h(y)

− c(t)g(x)y

= c′(t)
∫ x

0

g(τ)
τ

τdτ −b(t)
f (x,y)y2

h(y)y

By the assumptions (c1) to (c5), we have

V ′ ≤ 1
2

c′(t)λx2 −b0η
1

h(y)
y2.

There exists a positive constant A2 small enough such that

V ′ ≤−A2(x2 + y2).

Thus, every solution of Eq. (1) is asymptotically stable. This completes
the proof of Theorem 3.

The second main result is the following Theorem on the boundedness
of solution. For the case in which p(t,x,y) ̸= 0 in Eq. (1).
Theorem 4. Let us assume that the conditions of Theorem 1 holds. In
addition, we have that

|p(t,x,y)| ≤ e(t)h(y),
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where e(t) ∈ L1(0,∞) [L1(0,∞) is a space of integrable Lebesque func-
tion]. Then, there exists a positive constant A3 such that the solution
x(t) of Eq. (1) and its derivative satisfy

|x(t)| ≤ A3, |x′(t)| ≤ A3

for all t ∈ I.
Proo f . To prove Theorem 4, we use the Lyapunov function V (t,x,y)

which is given in Eq. (4). For the case p(t,x,y) ̸= 0, and applying
the assumption of Theorem 2, we can revise the result of Lemma 1 as
follows:

d
dt

V (t,x,y) ≤ −A2(x2 + y2)+
y

h(y)
|p(t,x,y)|

≤ |y|e(t).

Using the fast that |y|< 1+ y2, then

d
dt

V (t,x,y) ≤ (1+ y2)e(t)

≤ [1+A−1
1 V (t,x,y)]e(t).

Therefore

V ′(t,x,y)≤ e(t)+A−1
1 V (t,x,y)e(t), (5)

where y2 ≤A−1
1 V (t,x,y). Integrating inequality (5) from 0 to t and using

the Gronwall-Bellman lemma, we have

V (t,x,y) ≤ V (0,x(0),y(0))+
∫ t

0
e(τ)dτ +A−1

1

∫ t

0
V (τ,x(τ),y(τ))e(τ)dτ

≤ V (0,x(0),y(0))+
∫

∞

0
e(τ)dτ +A−1

1

∫
∞

0
V (τ,x(τ),y(τ))e(τ)dτ

≤ (V (0,x(0),y(0))+B)exp(A−1
1 B), (6)

where B =
∫

∞

0
e(τ)dτ .

In view of the last inequality which satisfies the boundedness of solu-
tions of Eq. (1), then the proof of Theorem 4 is now complete.

4. EXAMPLES

Example 1. Consider the second order differential equation (1) in
which the p(t,x,x′)≡ 0, we have

x′′+(1+ t)x′ex2
+(1+ e−t2

)xe(x
′)2

= 0. (7)
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The equivalent system of (7) can be written as follows:

x′ = y,

y′ = −(1+ t)yex2
− (1+ e−t2

)xey2
. (8)

It is obvious that Eq. (8) satisfies the conditions (c1) and (c2) and using
the scalar function

V (t,x,y) = (1+ e−t2
)
∫ x

0
τdτ +

∫ y

0
τe−τ2

dτ,

where c(t) = 1+ e−t2
,
∫ x

0
g(τ)dτ =

∫ x

0
τdτ and∫ y

0

τ

h(τ)
dτ =

∫ y

0
τe−τ2

dτ.

The differentiation of V ≡ V (t,x,y) along the solution path of Eq. (8)
gives

V ′ = −2te−t2
∫ x

0
τdτ − (1+ t)y2ex2−y2

= −te−t2
x2 − (1+ t)y2.

Thus, there exist a positive constant δ small enough such that

V ′ ≤−δ (x2 + y2)

which shows that the asymptotic stability is now established.

Example 2. In addition to Example 1 and following from Eq. (1), we

examine the case for which p(t,x,x′) =
4ex′2

1+ t4 + x2 + x′2
̸= 0. Hence,

with respect to Theorem 4 we have that

|p(t,x,y)| ≤ 4
1+ t4 ey2

. The result follows from inequalities (5) to (6) above that

V ′(t,x,y)≤ 4
1+ t4 +A−1

1 V (t,x,y)
4

1+ t4 ,

Then, integrating the above and applying Gronswall-Bellman lemma,
we have

V (t,x,y)≤ (V (0,x(0),y(0))+π
√

2)exp(A−1
1 π

√
2),

where
∫

∞

0

4
1+ s4 ds = π

√
2.

Thus, this satisfies the boundedness of solutions.
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Remark. In this work, we have been able to established the asymptotic
stability and boundedness of solution x(t) and its derivative by applying
the Lyapunov direct method. This extend and improve on the results
obtained by Athanassov [1] on Eq. (1).
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